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PREFATORY NOTE
The joint authors of this work consulted me, about two years
since, as to the desirability of compiling and publishing a
volume, much on the lines of Graduated Exercises and Examples,
issued by Mr G. F. Hardy and myself in 1889, which work,
owing to the material advance in actuarial science and in
assurance practice since that date, has now become insufficient
for the full needs of actuarial students. Being in entire agree-
inent with the authors as to the demand for such a work,
brought up to date, I encouraged them in their project, and
now welcome the result of their labours.

The authors have kindly given me an opportunity of
perusing a proof of this volume; and it is evident that they
have devoted much care and labour to its production, and that
their large and successful experience in training actuarial
students has wisely guided them in the preparation of the
work, which appears to me to form a most useful and illumin­
ating commentary upon the admirable Institute Text Books.

A fairly'large experience of actuarial students, both in their
preliminary studies and in the examination room, has shown me
two deficiencies frequently manifest in their work; first, the
lack of original and independent thought, and a too slavish
dependence upon the demonstrations and conclusions set out in
the approved text books; and, secondly, a considerable failure
in the power to apply, in practice, the results deduced theoreti­
cally ; these two deficiencies being closely associated with one
another. I have no doubt that the present work, by its
elucidatory notes, alternative demonstrations, and illustrative
examples (which deal not only with the fundamental bases of
our Science, but also with its later practical developments), will
prove most useful to students, by stimulating original thought
and research, and thus enabling them to secure a firmer grip,
both of the Theory and Practice of Actuarial Science.

October 19o?f

THOMAS G. ACKLAND,
Fellow of the Institute of Actuaries,

Hon. Fellow of the Faculty of Actuaries in Scotland,



"rii 
,,”

TT
'



INTRODUCTION
Students preparing for the Second Examinations of the
Institute of Actuaries and of the Faculty of Actuaries in
Scotland have, to assist them at this stage of their studies,
the Text Book of the Institute and Mi- George King’s
Theory of Finance, combined with the Graduated Exercises
and Examples of Messrs Ackland and Hardy. But there is
good reason for believing that, with the extension of the
purely actuarial part of the examinations, these works are
no longer sufficient to enable even a careful student to take his
examination with confidence. To supply a lack so important
is therefore the intention of the authors in compiling this
book for students; of whom even those preparing for the
later examinations will find some parts of it not unworthy
of study. As explained below, however, it is not a substitute
for, but merely a supplement to, the works already mentioned,
which, it must be urged, there is no intention to disparage
in any way. Encouragement to proceed has come to the
authors from various directions: from those whom they have
had the privilege of assisting in their preparation for examina­
tions, from their contemporaries in the profession, and, above
all, from Mr Thomas G. Ackland, whose Prefatory Note they
value very highly, as well as his kindly advice on many points.

Strictly speaking, the book is a compilation of notes on
numerous points which are not disposed of in the text books
so thoroughly as present-day exigencies require. No claim is
made to originality, for that were futile: the matter consists
of extracts from contributions to the Journal of the Institute
and other professional records, or of explanations and elabora­
tions of problems and statements contained in the text books.
The effort throughout has been to simplify the obscure and to
introduce only the essential.

In the authors’ opinion, no student can hope to become
proficient if he confines himself to reading the various books:
it is necessary that he should deduce every formula for himself
at least so often that he shall be confident that his own result
will correspond with that of the text book, and confidence is
essential in the working out of actuarial problems. It’may be
true that in such work memory is all important; the true use
of memory, however, will be found, not in learning results by

vli



viii INTRODUCTION

heart, but rather in the application of the proper methods ot
deduction, and this will only come by practice.

An inspection of the contents of the book will show that
it is based upon The Theory of Finance and the Institute of
Actuaries' Text Book, Part IL These fundamental works must
of course be read side by side with this; otherwise it will in
great part lose its force.' Ample references are made through­
out to enable the student to follow with a minimum of trouble.
The authors have been accustomed, both in studying and in
teaching the subject of interest and annuities-certain, to the
use of Mr King’s book rather than the Text Book, Part I.
But the student will find it advantageous also to follow
closely the demonstrations and practical applications given by
Mr Todhunter in the latter work.

No attempt has been made to deal with the purely mathe­
matical side of the work. The three chapters at the close of
the Text Book, Part IL, and the subject of the calculus
scarcely come within the scope of a work such as this.

The examples are taken for the most part from the
examination papers of the Institute and the Faculty; and the
answers, which follow immediately after the respective questions,
have been prepared with care. The student should, of course,
work answers to these and other examples independently,
though not until the subject-matter of the books has been
thoroughly grasped and mastered. It will frequently happen
that the answer obtained by him will vary from that given ; in
which case it will be a useful exercise to prove the two
identical, or, if they are clearly not so, to find where and how
the difference arises. The authors will be glad if any errors
which are discovered are pointed out to them.

It should be mentioned that, following the Text Book, they
have preferred the more familiar |ejJ to the more officially
correct | (QX. Further, in the discussion of policy-values they
have used the symbols n.(Vx and n;(Ux to represent the ordinary
and special reserves after n years for whole-life policies with
premiums limited to t years. Otherwise they conform to
Institute notation.

Their grateful thanks are due to Mr John H. Imrie, M.A.,
F.F.A., and Mr Thomas Frazer, jun., F.F.A., who have read the
proofs, and made many valuable suggestions.

W. A. ROBERTSON.
F. A. ROSS.

Edinburgh, October 1907.
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ACTUARIAL THEORY

THEORY OF FINANCE

CHAPTER I

Interest
1. The first matter requiring attention is the question of the

difference between the nominal and effective rates of interest.
In explanation of Article 12, it may be pointed out that, where

a loan is made at 5 per cent, (for example), the interest is,
in the ordinary case, payable half-yearly. Now the theory of
compound interest is that interest earns interest, and therefore
the interest paid at the end of six months earns interest to the
end of the year. In this way the interest actually earned is
over 5 per cent., though the loan is always nominally a 5 per
cent. loan. The amount of a unit at the end of six months is
1’025, for the interest then paid is ’025. Starting then on the
second six months with 1’025 of principal we have the interest
thereon for the second six months 1’025 x ’025, and the amount
of principal and interest at the end of that time will be

1 -025 x 1 -025 = (1-025)2 = 1 -050625,
which is therefore the amount of 1 at the end of a year, and the
actual interest on 1 for that period is ’050625 or £5, Is. 3d. per
cent. By similar reasoning, the general formula (14) follows:—

iw - {(' +1)' - ’}

where i is the nominal rate of interest convertible m times a.year,
and is the corresponding effective rate of interest.

From the above we arrive at the following'statements :—
The Nominal Rale of Interest is the rate per annum at which

interest is quoted, no matter how often within the year that
interest is convertible.

A
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The Effective Rate of Interest is the total interest realised by the
investment of a unit for a year.

Now interest may be convertible half-yearly, quarterly, monthly,
or at the close of any fixed intervals. And these intervals may be
reduced in length, until at last we have interest convertible at
infinitely short periods, i.e., momently. In this case, in formula (14),

- f / 8 \m \we write i for inland 8 for i; and we have i = | (1 + —) - 1 j

m being infinitely great. But by the theory of logarithms

(8 \TO1 + — ] in the limit becomes c» and we have
mJ

i = e3 * 5 - 1

and 8 = log;(l + : )

8 is called the Force of Interest. It takes the place of the
nominal rate of interest only when interest is convertible
momently. We therefore define the Force of Interest as the
nominal yearly rate of interest when interest is convertible
momently, or the annual rate per unit at which a sum of money
is increasing by interest at any moment of time.

2. To find the amount of 1 at the end of the pth part of a
year where interest is convertible q times a year.

The amount of the unit at the end of a year will be

(i \1
1 + —) = (1 + But by Article 16 the amount of 1 at

the end of thepth part of a year at rate i is (1 + i) p , and therefore
at rate ito is (1 + jW)P = (1 + ~)p

3. Articles 17-21. Discount is defined as the difference
between a sum due at the end of a given term and the present
value thereof.

Discount assumes three forms according as it is calculated by
the three following methods :—

(a) Commercial Discount.—In trade transactions, as in discount­
ing a bill, the discount is calculated like simple interest at the
quoted rate for the currency of the bill. That is to say, the
discount is ni for each unit of the bill, n usually being fractional.
If n were large, then the present value of the bill to be handed
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over to the seller, B(1 - wz), might be negative, which manifestly
is absurd.

(b) Simple Discount.—The present value of a bill, B, due at
the end of n years, where n may be fractional or integral, is

 assuming simple interest. The discount, or by definition
1 + ni J
the difference between B and its present value, is therefore

B - —. = B(1 - —
1 + m \ 1 4- ni)

(c) Compound Discount.—Again, the present value of a bill, B,
due at the end of n years, where n as before may be fractional or
integral, is by compound interest __Jl_ and the discount is

° ’ J 1 (14-z)'1
accordingly, B - = B-[ 1 -

a)> (l+z)n I (l+z)’J
The formula for simple discount may be written in the form

ni and that for compound discount -f(T+z)n - 11,, ,
1+zzz’ 1 I? ' 1(1+/)"’

from both of which it will be seen that discount is really interest
for the whole period on the present value of the sum, not, as is
assumed in commercial discount, on the sum itself.

Discount may, in similar manner to interest, be convertible at
any fixed intervals, and as is shown in Article 22, the value of 1 at
the end of a year, where discount at nominal rate d is converted

(d \w1 - —) . Now, as before, the intervals may
mJ

be made infinitely short, that is, discount may be convertible
momently, and we have

v = (1  —1 , where v is written for i>, and 8 for d.
\ mJ

/ 8 \,rt
In the limit when m is infinitely great M - -—\ — e~°,whence

v = e-°
and — 3 = log v°C

= -iog/i+O

Here, then, 8 is called the Force of Discount. It is substituted
for the nominal rate of discount when it is converted momently,
and we may define it as the nominal rate of discount when
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discount is converted momently, or the annual rate per unit at
which a sum of money is decreasing by discount at any moment
of time.

4. In Article 26 it is assumed, in finding the number of years
in which money will double itself, that interest is convertible once
a year. By a similar method it might be shown that, if interest
were convertible m times a year, the number of mthly periods in
which money would double itself would, by the first formula, be
•69-j-, and to find from this the number of years, it is necessary to

m
divide by m, and we have therefore the number of years,

•69
i

the periods of conversion making no alteration in the length of
time. It is obvious, however, that the length of time will be
shorter the oftener interest is converted, and therefore it is
necessary in this formula to use the effective rate of interest
always. Thus:—

(1 + :»)n = 2

where i<"> is the effective rate corresponding to nominal rate i.

From this we get n = approximately.

By the second and more exact formula, i.e., n = ——’ 4- -35 on
i ’

the other hand, the same error is not found. We have, if interest
be convertible m times a year, the number of mthly periods

•693
= ■ ■ + '35- Dividing by m, as before, we get the number of years

m
1 f-R93 , 1 -693 -35

= —J —r- + -3o I = —t— + —
«<] 2 I I Wi

\ m J
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If, however, we use the effective rate i<”») we have the number of
•693years = -------- 1- -35. These two formulasJ iW

and

n •693 -33
--- ;— 4- ----i m

n — -rr~r + *j(m)

give results almost equal for ordinary rates of interest and periods
of conversion, and this is a further proof of the superiority of the
second formula over the first, as the nominal rate may be used
without loss of accuracy. It is, however, necessary to note that
the addition to be made to the result of dividing by the nominal

rate is — of ’35 and not -35 as in the case where interest is
in

payable yearly.

5. With regard to the equated time of payment, the proof that
n, as found from

S1»1 + S2»2 + • ■ • + Sr»r
Sj + S.j 4- • ■ • 4- Sf

is too great, is as follows :—
The Arithmetic Mean of Sj quantities each »ni in amount, and

S2 quantities each t>“s in amount, etc., and Sr quantities each u"r in
amount, is equal to the total of the quantities divided by the
number of quantities, or

Sjl)'1! 4-S2t)'‘2 4- • • • 4-Srt)ur
Sj 4- 4- • • • 4- Sr

while their Geometric Mean is equal to the product of all the
quantities to the root of the number of quantities, or

S1»1+S2n„+- ■ ■ 4-Sr"r
'Q —»1+S+ • • • 4-Sr ’

Now, as is shown below, the Arithmetic Mean of any set of
quantities is greater than their Geometric Mean. Therefore

_ _ _ Sin1+S.>"»+' ' ’ +Sr«r
Sjt>"i4-S2i;»24- • • ■ 4-Srt>»r s^+so+. . .+s,

Sj4-S24- • ■ • 4-Sr

or 4-S2i>"e 4- ’ • • 4-Srt'nr) >
S1"1+%"2+- • 4-Sr"r

(5,4-8., 4- • • • 4-Sr) V S1+S-^’ • +“r
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That is to say, the present value of Sj due at the end of years,
S2 due at the end of n., years, etc., and Sr due at the end of
nr years, is greater than the present value of (S2 4- S2 4- • • + Sr)
due at the end of

Spi, + S;W, + • • • + Sr«r
Sj + S.j + • • • + s,

years (or n years). Therefore
Sa + S.?».,+ - ■ • + Sr»r (or,A

S, + S.,+ • ■ • +sr v J
is greater than the correct equated time of payment.

Proof that the Arithmetic Mean of n positive quantities is
greater than their Geometric Mean.

The Arithmetic Mean of the n quantities a, b, c, • • • k, is
(i 4- b + c 4- ■ • • 4* k

n
while their Geometric Mean is

i_
(abc • • ■ k)n.

Now, in place of each of the greatest and least of these
quantities, say a and k, put !Li3. It may be easily proved that

> "k’ an^ therefore the result has been to increase the

Geometric Mean while the Arithmetic Mean obviously remains
as before, since

. ci 4~ k ci 4" ka + k — —— 4- •

In place of each of the two quantities which are now the greatest
and the least, put their Arithmetic Mean as before. The result is
again to increase the Geometric Mean of the n quantities, while
their Arithmetic Mean remains the same. This process may be
repeated until the quantities are all, as nearly as possible, of equal
value, in which case the Geometric Mean is equal to the Arith­
metic Mean, for

z , r , z r 4- r 4- r 4- • • to n terms(r.r.r- ■ to n factors)n = (rn)’> = r = ---------------------------------

But we have seen that the Arithmetic Mean remains the same
throughout, while the Geometric Mean has been increased at each
step until it equals the Arithmetic Mean. Consequently the first 
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Geometric Mean (of the n original quantities) must be less than the
final Geometric Mean (of the n equalised quantities), that is, less
than the Arithmetic Mean of the n original quantities, and we have

. , . — <z + 64-c4-*"*4-A*
(aoc - • ■ k)n < ----------------------------  •

Here we have

EXAMPLES
1. A sum of .£500 payable certainly at the end of 20 years is

purchased for £239, Ss. lid. Find the rate of interest realised by
the investment.

whence
and

The rate realised is therefore 3J per cent.

239-44G = 500 a20
Hence v-° = -478892.

Resorting to the use of logs, we get
, log-478892

1OKD = -^20------

v = -96386
i = -0375.

2. Verify the following figures:—

Nominal Rale.
Effective Rate, Interest being Convertible

Half-Yearly. Quarterly. Momently.

•04 •04040 •04060 •04081
•05 •05063 •05095 ■05127

Effective Rate.
Nominal Rate, Interest being Convertible

Half-Yearly. Quarterly. Momently.

•035 •03470 •03455 •03440
•045 •04450 ■04426 •04402

3. («) What is the amount of £100 at the end of seven years,
interest 44 per cent, convertible half-yearly ? (6) What is the
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present value of £250 due at the end of twelve years, interest
4 per cent, convertible quarterly?

Answers: (fl) £100 x (l'O225)14 = £136, Ils. nearly.

(6) £250 x = £155, ls- 3d- nearly.

4. There are two sums of money, £A and £B, due at the end
of n and in years respectively. («) Find p the equated time of
payment (6) If this equated time of payment be extended to
r years, to what sum will the amount due fall to be increased ?
Interest to be at rate i.

(«) By the approximate formula, we have
nA + mB

p ~ ~a+b"

(6) Let C be the addition to be made to A + B if the time
of payment be deferred to r.

T. A + B + C A B
e“ (l+i)r “ (l+i)» + (1 +i)»

and (A + B + C)(l - ri) = A(l-ni) + B(l-mi) approximately,

, r, Ai(r - n) + Bi(r - in) . ,whence C = —------ 4.---- --------- - approximately.

5. The premium income of an Insurance Office is distributed
throughout the year as follows:—

Premiums due in Amount. Premiums due in Amount.

January . £1000 July £1900
February £1100 August . £2000
March
April

£1250
£1500

September
October .

£2300
£2800

May £1700 November £4000
June £1850

1
Decembei- £6000

Assuming that the premiums in each month are due on the
average in the middle of the month, find the equated time of
payment.
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Here we have
 (1000 xj) +(1100 xU) +(1250 x 2J)+ • • ■ + (6000xllJ)

" 1000+1100 + 1250+’- • +6000

= 7-768 months approximately.

6. If a sum of money at a given rate of interest accumulate
to p times its original amount in n years, and to p' times its
original amount in n' years, show that n = n Jog^p'.

By the terms of the question
(1 + i)n = p-

whence n logj;(l + i) = logpp
= 1

, 1and n = .-----~
iog/i + 9

Again (1 + ?)“' = p'
Therefore n' Iog^(l + i) = log^p'

log p'
and n' = .-----7’’— 7

7. A sum of money is invested at 3 per cent. Find approxi­
mately in how many years the sum will have increased to four
times the original figure.

From G. F. Hardy’s formula we may obtain the time within
which the sum will double itself—

•693
” = ^03 + ‘3°

= 23-45
The sum at the end of 23’45 years, being double that at the

beginning, only needs to be redoubled to reach four times the
original amount. The time required for this operation is, of
course, again 23’45 years. Therefore the time required for money
to become fourfold the original sum is 46’9 years.



CHAPTER II

Annuities-Certain

1. The amount of an annuity-due of 1 per annum for n years,
interest at rate i convertible yearly, is as follows :—

(l+i) + (l + i)2 + (l + i)3 + • • • +(1+0"
= (l + i)l— or J-rr-.-l-' 7 n| n-rl|

The value of the same annuity-due is as follows :— •
a— = l + t> + i>2+ • ■ • +un-1"I

= (l + i)«-j or 1+n—' 7 n I n -11

2. The value of an annuity-due of 1 per annum for n years,
payable p times a year, interest at rate i convertible </ times, is
found as follows:—

That is, the value of an annuity-due is equal to the value of an
ordinary annuity of this nature with all the payments advanced by

— of a year, which is obviously correct.

3. Formula (13) may be written in the form—

9
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—from which it is more easily seen that an annuity for n years, both
payable and with interest convertible q times a year, is the equiva­

lent of an annuity of — for nq periods, calculated at interest —,

or we may write—
(7) 1 t t ia— = —a—, at rate —•« I q q

If i be the effective rate of interest, we have :—

(7) l-(l + i)-»
n_ — ----------— . —-------
»l 1

(/{(l +i)" -1}

l-(H-i)-" i
i I

7{(i+ty-i}

'/{(!+o’ - 1}

The following explanation of this formula may be offered in
supplement of that given in Article 26 :—If the q payments of

— each, payable at the end of each <?th part of the year, were to

be superseded by one payment at the end of the year, this single
payment must be made equal to the accumulation to the end of

the year of all the q payments of — each ; that is, equal to

If - —
“^1 +(1 +i)' +(1 + z) 1 + - • • +(l+i)’j

___ 1_ i
~ <1 -

(1+0" -i

We therefore have the value of an annuity of 1 per annum,

payable q times a year in instalments of — each, equal to the

value of an annuity of
z
z

9{(l+0’-l}
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payable once a year, or in symbols

- ■■ x ------------------

In formula (13) as modified at the beginning of this section, if
n be increased indefinitely the annuity is changed to a perpetuity,
and the term involving n in the numerator disappears ; we have

,, 1 1 / 1 , t »\ 1«('') - ------- r- ( = — a., at rate —) = -r-” q i_ \ q q J i
1

as the value of a perpetuity at nominal rate of interest i, perpetuity
payable and interest convertible q times a year.

The value of such a perpetuity may also be found as follows :—

The value of the first instalment is —fl + —, of the second
?\ q)

—^1 + —, and so on. We therefore have

n“= HO+7) +0+7) +0+7) + ■ ■

1_ _1_
1 L

That this value is correct may be shown thus:—If 1 be

invested at this rate of interest it will provide — at the end of
1 . . ’

each — of a year (which is the same thing as saying that, if it

be invested at rate 2. per r/thly period, it will yield — at the 
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end of each such period), and therefore, if -i- be invested, by

simple proportion it will yield — at the end of each period,

which is the perpetuity we desire.
Similarly in formula (13n), let p = <? and let n be increased

indefinitely, and the annuity becomes a perpetuity, the term
involving n vanishing as before. We then have

4” = A------- L------
7 2

{(1+/’>)" -1}

where i('i> is the effective rate of interest convertible q times a
year.

This perpetuity may also be valued thus The value of the
i __2

first instalment is — (1+i’W) ', of the second —(1 +/('/)) ’,andso

on. We therefore have
i_ 2 2.

= -!—f(l+i'W) ,+(l+i(9)) ’+(l+i(,)) '' + . . . all inf.}

, x (!+»<< *

7 --

1 1
7 -

(l+id))’ -1
This, then, is the value of a perpetuity at effective rate of

interest »<•»>, perpetuity payable and interest convertible q times a
year, and may be explained thus :—If 1 be invested at this rate of

1 . 1
interest, it will yield at the end of each ofayear {(1 + Wfl - 1},

and therefore--------- —-------  will produce 1 at the end of each
{(1-1}

such period, and
_1________1
7 -

{(1+,•«))’ -1}
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These formulas are of importance in connection with Interest
Tables. It may be desired to obtain the value in respect of (m + n)
intervals, where the values in the tables are tabulated in respect
of intervals up to m only.

will produce — at the end of each period, which is the perpetuity

required.

6. The value of future fines for the renewal of a lease, or, in
Scotland, of future duplicands of feu-duty, and the substitution for
them of an equal annual payment in perpetuity may be considered
as follows:—

Suppose F the duplicand due now and at the end of every
I th year from now. Then the present value of all the payments of
F in perpetuity is

F(1+i>(+ t>2'+ i>3'+ • • • ad inf.)

= F -i-
1 -i>*

Now let P be the annual payment to be found which will be
substituted for the periodical payments of F.

’1 hen the present value of all the payments of P, assuming the
first to be due now, is

P(1+ i> + »2 + t>3+ ■ • • ad inf.)
= Py-L = Pli^

1 -r i
Now the present values of these two series of payments must

be equal to one another, and we therefore have

P — = F - 1
l-i> l-t><

whence P = F^-Ll.
1 -v1

F d

4. The following equations should be carefully noted :—
(l+i)’,+’* = (l+i)m x (l+i)a
vm4-n _ Vm X Vn

J------ i = S-. +m|
a---- .. =

m+nl +m| vma—
n|
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Now the annual payment which requires to be set aside to
accumulate to the sum F due at the end of I years is

F — = F------ -------Si (1 + O'-1

this result also being arrived at by general reasoning.

We therefore have in a similar way as before

p T = F (1 + O‘-1

p = f^-4^

But we see that the annual sum payable in advance for / years
which a sum of F payable now will purchase is

F----- ------ = F —------— = F ——(l+i)a_ l + il-i/ l-v‘

Our result is thus confirmed by general reasoning.

Suppose now the first payment of the duplicand be due t years
hence ; the present value of all the payments is then

F (d1 + v-‘ + a31 + • • • adinf.)

= F —
l-v‘

= F___ -____
(1 + O‘-1 .

And the present value of all the annual payments of P, the first
being assumed to be payable a year hence, is

P(a + t>2 + u3 + • • • ad inf.}
= P-1-

6. The schedule given in Article 39 illustrating the redemp­
tion of a sum by equal payments including principal and interest
is very instructive. It is shown how the capital contained in the

v-
with payment of the annuity is ---- vn-m +1, We also know that

the capital contained in the first payment is —, and in the
"I
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second is — (1 + i), because the interest on the first repayment
"I

of capital has been released and must be utilised to increase the
capital contained in the second payment. Similarly in the third

Kinstalment the capital is —(1 + :)2, and generally in the with

instalment the capital is — (1 + i)CT" *.

K KThat -—(1 + i)"1-1 = —t,n-m+i js easily proved.
an |

_ K .. . . K^l+i)’’-!
For —(l+i)m~* = ----------- -----J-. k ’ 1>" s-,

n| n|
Kui-m+l

By the first way of looking at the matter, the repayments of
capital in I years amount to

K K
—(i>n + u’1"1 + • • ■ + + = —(fl­fl-, K ' a- v «l

And by the second the total capital repaid in I years is
K W
— {l+(l+f)+ ... +(l+i)‘-1} = f—
»l n|

These two expressions are identical, for
K K K

sn= = —»"{i+(i+i)+--. +(i + i)‘-i}
n| n| n|

= — (vn + vn “1 + • • • -f- vn “t

K
a- ( n| an

*1

K - — .a- »-<l

Again, the capital returned in the first payment is — i)n,in
fl—jn

K Kthe second—ti"-1, and so on, and in the last it is v. Now
“"I aJi
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the present value of the capital in the first payment is

v —vn

of that

= —rn + 1, of that in the second v2—vn~1 = ■—■ wn+'
fl- a— a-,
»| n| n|

K K
in the last vn — v = — ®n+1. Therefore the totala-, a—.

value of all the capital repaid in the n instalments is n — t>n+1.

This expression is of use in ascertaining the value to be paid for
an annuity-certain allowing for income-tax, when tax is deducted
from the whole annual payments without regard being had to the
proportions of capital contained therein. It is obvious that, for an
annuity of 1 for n years, a purchaser in these circumstances should
not pay a— , but should deduct the value of income-tax on capital
at t per unit, or lnvn+'i. Thus the net price paid for the annuity
will be «— - Zwt>n+1. This result is necessarily only approximate,
as an adjustment should now be made for the reduction of interest
following on the reduction of capital invested, and for the con­
sequent increase of capital returned in the successive payments of
the annuity.

In making up a schedule such as that given in Article 39, it
should be carefully noticed that it is only necessary to work out
the figures in column (3). The first value in this column is

------The succeeding values are obtained by continued multipli-

cation by (1 +i). The figures in all the other columns are obtained
from those in column (3). In forming the schedule in this way,
however, a periodical check should be applied, the figure in column

(3) opposite m being ----- (1
*n|

When the annuity is payable q times a year, it should be
assumed that interest is convertible at the periods of payment of
the annuity. The schedule should then be formed in respect of

an annuity for nq intervals at rate of interest —, bearing in mind

the formula previously found, namely

= — a—, at rate of interest —n| q n'd q
B
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7. In the circumstances mentioned in Article 40, where an
investor has lent money, repayable by an annuity and yielding a
given rate of interest, say i, but where he is able to accumulate the
sinking fund returned to him annually at a lower rate only, say i ,
it will be seen that for an advance of 1, the borrower must pay
interest amounting to i per annum, and also the sinking fund at
rate i' to replace the advance of 1 or —!— In other words,

*nj

1 is the value of an annuity of i + —L_, and by proportion
fSl

s'-
y—51— is the value of an annuity of 1 per annum.

»l
To find in such a case the amount of capital outstanding at the

end of t years.

If K was the original advance, the annual payment being

the sinking fund will have accumulated at i' to

in I years. Now, if the borrower be asked to repay the capital
outstanding for the convenience of the lender, he should pay only
the balance outstanding after deduction of the accumulation of

g
sinking fund, that is, K - -— s'_.

n)

If, on the contrary, it be to the borrower’s convenience that he
should repay the balance of capital, the lender must receive such
a sum as will enable him to purchase an annuity of K Q + } )

for the remainder of the term, that is, K (i + —— , the
K »-<l

value of the annuity being calculated at rate i', as that is the rate
returned by investments elsewhere.

The third case may, however, arise where both parties desire
to end the contract, and in such circumstances it will be sufficient
if the lender get such a sura as will enable him to set up a similar 
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contract for the remainder of the term. That is, he should get
the value of an annuity of K (j + -y for the unexpired period

on the same terms as the original annuity was calculated. We
saw that the value of an annuity of 1 for the whole n years was

— / 1 \
.—Hence we get the value of an annuity of K ( i 4—-—)

for (n - /) years as K

8. The general rule given in Article 43« for finding the present
value of a series of payments of any amounts, to be made at any
times, the value to be so calculated as to yield the purchaser the
remunerative rate, i, on his whole investment throughout the
longest of the periods, n years, and to return him his capital at the
accumulative rate, i', should be most carefully noted, as it is in­
valuable in finding the present value of varying annuities of this
nature. It is sufficient to know the first part of the rule ; namely,
that the present value may be found by multiplying the amount
accumulated at rate i' to the end of the n years of the series of

payments by -——
+ 1 s »Tj

9. In Article 50 it is shown how to approximate to the rate of
interest by means of Finite Differences, given the value of the
annuity and the term. By the same means an approximation may
be made to the value of an annuity at a rate intermediate between
the rates in a given table of values.

The general formula may be stated in the form

h ~ 0

where the values at intervals of ,r in the rate of interest are given.
For example, if tables of values at 3 per cent., 3i per cent.,

4 per cent., etc., be given, and it is desired to find the value at,
say, 3J per cent, we have

■>p _n
= «(3%) + + — -Q ^(3%)
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For a term of 20 years,
«(S}x) = 14-87748+ 3 (- -66508)+ £ x -04301

= 14-87748--99762 +-01613
= 13-89599

10. With reference to Article 65, a, it should be noted that the
value of an annuity-certain for n years deferred I years, interest
at rate i during the first ( years and at rate j thereafter, can be
conveniently expressed only in the form .

(1+o-
j

It should not be written in any modification of the formula

l|°n| an+l] a~|

11. To find the annual premium payable in advance for i years
required to provide an annuity-certain for n years, the first payment
of which is to be made at the end of I years.

The value of the benefit to be obtained is r*
» I

The value of the payments to be made to secure this benefit
(P being the required annual premium) is

P(1 +» + t>2+ ■ •. +V1-') = P a—

Now the value of the benefit must equal the value of the
payments made for it, whence we have

Pa— = u'-'a—
<1 "|

and P — 'd

=
#7|

If the premium be payable half-yearly, we have as before the
benefit side = a1"1 n— , and the payment side

= -was7i where interest is at rate —.2 9
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Therefore
p v‘~1a—
£. _ ________ 1L
2 l+«___

21 -11

being calculated at rate -i- and the other functions at 

rate i.

12. Sinking-Fund Assurances are of importance, as they are more
frequently in use than formerly was the case. They are employed
to provide sums required for the redemption of debenture issues at
their due date, to return at the expiry of a lease the capital sum
paid for property held on leasehold, and, in short, to secure the
payment of a sum of whatever nature at the end of a term certain.

The present value of such a stun, that is, the single premium
to secure it, is vn .

Putting P— for the annual premium to secure this benefit,
the present value of the premiums is

Pnl(l+i> + u2+ . . . = p_ (l+(7._)

whence P— (1 +<i-----A = vnn | K n -11'

If the premium be payable p times a year, we have the payment
side equal to

where a  is calculated at rate —."i‘ -11 p
From this we get

p(p)
nl

We have so far made but a simple application of the formulas
already obtained, interest being assumed to remain constant
throughout the whole terra of n years. It is, however, the case
that the rate of interest has shown a tendency to decline for many
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years, though of late this tendency appears to have received a
check, which however is probably of only temporary effect. It
will in any event be prudent to make allowance for such a fall,
and we must seek formulas to give effect to this consideration.

Suppose the rate of 31 per cent, to hold for 10 years, there­
after falling i per cent, every 10 years till a minimum of 2 per­
cent. is reached. Then the value of 1 due at the end of (10-f-m)
yeai-s (m < 10) is v(8J) x t>(3J).

At the end of (20 + iw) years (»i < 10), the value is
10 10 m

”(3») X ’’(SI) X ”(3)'

At the end of (60 + in) years the value is
10 10 10 10 10 10 m

"(3J) X ’(31) X ”(3) X "(2J) X ’(2J) X ”(2W X ”(2)

where m has any value.
The present value of the annual premiums where the sum is

due at the end of (10 +in) years (tn < 10), is
T) f , 10 X1 ^'10. (Si) + ®(3}) “m| (31))

10 m
and P = ”<3i) X *’<3»

ai0| (3J) + ”(3l) am|(Si)

Similar values of P where the sum is due at the end of
(20 +in), (30 +in), (40 +in), and (50 + m) years, m in each case being
less than 10, may be found.

Finally, when the sum is due at the end of (60 + m) years, in
being of any value, we have for the value of the annual premiums

kaio|<si) + r<«) “io;(sp + v<si) “(sp aIol (3) + ’ ’
, 10 .10 10 10 10 10 X+ (3!) (Si) ”(3) ®(2J) ®(2i) ’(21) aM|(2) )■

And, the value of the benefit being as found above, we may at
once determine the value of P.

13. To find the value of an annuity-certain of 1 for n years
paying the purchaser a desired rate of interest and securing by
a Sinking Fund policy the return of his capital with one year’s
interest at the end of the year following the last payment of the
annuity.

A purchaser would pay 1 for an annuity-due for (n+1) years
"’here P;^ is the premium payable in advance 
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charged by an office for a Sinking Fund policy of (n+1) years
term, and d is the interest in advance on 1 at the rate desired.
For an annuity for n years of + d) he would therefore pay
1 — (P. + ri), and for an annuity of 1 for n years he would pay

1
P—, + d

Again, for the annuity of (P;--p + d) for n years, we saw that
the policy effected was for 1, and therefore for an annuity of 1 the

nolicv will be for -------------- , and the annual premium will be
J P—r, + d

P
n-H |

P—, + d'

We have now to see
(1) What the total capital invested is ;
(2) How each annual payment is divided between interest and

premium ; and
(3) Whether the policy returns the capital invested with one

year's niterest at the end of (»+ 1) years.

(1) The value paid for the annuity is, as above,

But in addition the purchaser must pay the first
premium on the Sinking Fund policy, which is

p-+n+'z 1

P^l + rf

Therefore the total capital invested is . . ,
Pn-+T| + tZ

(2) Each annual payment is 1,

whereof there is

Interest on of capital
1 —rr, + “n+l|

And premium on policy .

d

P,77Tl

P^! + rf

Together . 1
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(3) The capital invested is, as before,

One year’s interest thereon

as

to

n-

EXAMPLES

p
-1 

1. If an annuity-certain is payable twice a year, interest con­
vertible four times a year, and the effective rate of interest is i,
what is the amount of the annuity in n years ?

The general formula to be applied is

°n+l|

For, since P—, =’ n+l|

an+l| 

If P—- be a net premium, and calculated at the same rate

d, then the price paid for the annuity, —---- ------ — 1, is equal

the value of an annuity-certain for n years.

— -d
an+l|

1

a———-1
n+l|

1
J = —

P

PWi+d =

Together, making up the amount payable 1
under the policy .... P——, + d1 1 »+i|

v
P=+d

n+l|

d
P^ + <1
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where j is the nominal rate of interest convertible q times a year.

But by the terms of the question = (1+9 where

7 = 4. Also;? =2. Therefore we have

2(1+94-1

2. Find the amount per annum payable momently, interest
convertible momently, for n years, corresponding to a yearly
payment of « for n years, interest convertible yearly.

Let K be the amount per annum required. Then the value
of K for n years will be K -—|— , which must be equated to

the value of the payments of a, that is, to a -—— .

We therefore have
1 -c-"? 1 - (1 +9"71K 5 — (I--------:-------O I

. „ l-(l+9-» 8
i 1 - e~ni

3. An annuity-due of 1 per annum is to be allowed to accumulate
until the first payment has doubled itself. Assuming that this occurs
at the end of an integral number of years exactly, find what is then
the amount of the annuity. Prove the result by general reasoning.

If n be the number of years it takes the first payment to double
itself, we have the amount of the annuity-due at the end of that
time equal to

(i+9 + (i+9* + • ■ ■ +(i+9»
= (1+O O+O’LJt

.. X 2-1
= G+9 —

since (1 + 9n = 2
1+i

i
This is the value of a perpetuity-due of 1 per annum, and our

result is easily proved to be correct. For, the first payment having
accumulated to 2, of this 1 may be paid away and the remaining
1 accumulated for n years further, while the second and succeeding
payments will accumulate to 2 in succession, yielding 1 per annum
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to be paid away and 1 per annum to be re-invested and accumu­
lated, and so on, ad infinitum; all which is obviously the value of a
perpetuity-due.

4. Find the value of an annuity-certain of 1 payable half-
yearly for 48 years and 48 days at £3, 3s. 2d. per cent, interest,
given log 1-01579 = -006804 and log -22132 = 1-345027.

We must assume here that interest is convertible half-yearly',
and then remembering that where both annuity is payable and

interest convertible » times a year as*’ = — a— at rate of
n | p "P I

interest —, we have
P

1—1)(2) = I (-015-9)

Z3S 2 -01579
S+ soil

To evaluate > "’e have

/ 96 \= -(96 + W '°g 1'01579
/ 96 \

= - 96-i-^lx-006804\ 36a/

= 1-345027

Therefore

= log-22132
1 --22132

-03158

= 24-657.

5. Each payment of a perpetuity is divisible equally among five
funds. It is arranged that, instead of the perpetuity being shared
as at present, four of the funds should for a fixed number of years
each in succession, receive the annual payments in full, and that
the fifth fund should be entitled to the perpetuity in full
thereafter.
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Find the number of years which must elapse before the fifth
fund conies into possession.

Here the benefit which the fifth fund is procuring is a perpetuity
deferred t years, and the benefit it is forgoing is a fifth part of a
perpetuity, and these two must be equal.

„ t 1 11
Hence v‘— — ——-

i i> i

= -2

and t tog ~2
log v

6. Find the value at 3 per cent, of an annuity-certain for 30
years, the annual payment to be reduced by one-half after the end
of each period of 10 years. Given t>10 at 3 per cent. = ’74409.

Here the value of the annuity may be written
° = "iol +4*’1O"iol +T"20"f5l

xt I-”10 1 -’74409 o_„nNow a—. = ---- :— = ----- -------  = 8’530wl t -03
pion- = -74409 x8-530 = 6-347

and 1,20'7io[ = ’74409 x 6-347 = 4-723
Therefore a — 8-530 + 4-x 6-347 + 4-x 4-723

2 4
= 12-884.

7. A shareholder in a life company holds £2000 of its paid-up
capital, the dividends on which are increased 10 per cent, every
quinquennial valuation. Supposing a valuation to have just taken
place and the dividends for the next five years to be fixed at £100
per annum, what is the value of his interest in the undertaking
upon a 5 per cent, basis ?

The annual payment for the first five years is 100, for the next
five 100x1-1, for the next five 100 x (IT)2, and so on. The
present value of all these payments is

100«rj + v!1100(l-l)a- + i>10100(l-l)2<i-1+ • • •
= 100a^{ 1+u6(Tl) + v10(lT)2 + •• • }

100afi i -«\i-i)
which at 5 per cent, is equal to £3134-547.
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8. Calculate the price to be charged for an annuity-certain of
£25 for 30 years, assuming 4 per cent, interest for the first
10 years, decreasing thereafter by ’ per cent, per annum each
period of 10 years. (Use the Tables given at the end of the
Theory o f Finance.)

We have
10 X 10 10a - "ioltw + ”(WnIo;(SK) + ”<■>;.') "io| (3%)

= 8-11090+ (-675564 x 8-31661)
+ (•675564 x-708919 x 8-53020)

= 8-11090 + 5-61840 + 4-08528
= 17-81458

and 25 x a = 445-3645
= £445, 7s. 3d. nearly.

- pw -
Equating the two sides, we have

25 P = 27-083,
whence P = 1-083.

= £1, Is. 8d.

9. In connection with a feu-duty of £20 per annum, a duplicand
is payable every 21 years, the next being due 7 years hence.
Find the present value at 4 per cent, of all future duplicands;
and the equivalent addition to the feu-duty if all duplicands be
dispensed with. Given i>3 = -88900, v4 = -85480.

The present value of all future duplicands is
20 (a7 + ti23 + a49 + • • • ad inf.)

= 20 Ah
1 - a-1

Now t>7 = ti’xd = -88900 x -85480 = -75992,
and t21 = (i>7)’ = -43883.

Therefore the value of the duplicands
= 20 x -J3"2

1 - -43883
= 27-083.

This may be looked on as the benefit.
If, then, the annual addition to the feu-duty be P, we have the

payment side
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10. The annual value of a certain property is £20, and this
increases each year by 1 per cent. The property is subject to a
feu-duty of £8 a year, but the feu-duty payable at the end of
every 21st year from the present time is to be, not £8, but the
full annual value of the property at that time. Give a formula for
the present value of the feu-duty.

The value of the annual payment of £8 in perpetuity is
, . , 8obviously ——.

But every 21st year the £8 is not receivable, and the deduction
on this account is therefore

8 (v21 + a42 + u03 + • • - ad inf.)

Instead of the £8, there is receivable the full annual value of
the property, at the end of every 21st year, and the present value
of this is

20 (l-01)21v214-20(T01)42t>42 +20 (l-01)6M3 + . . . ad inf.
20 (T01)2Ii>21

“ 1-(l-01)21t>21
Therefore the full value of the feu-duty is expressed by the

formula—
8 s 1,21 ,-->0 C1'01)211'21
i l-u21’*' l-(l-01)2'a2‘

11. Construct a schedule showing the repayment of a loan of
£1750 by means of an annuity-certain for 4 years payable half-
yearly at 5 per cent, interest.

Half-
Year.

Interest
contained in

each Payment.

Principal
contained in

each Payment.

Principal
Repaid

to Date.

Principal
still

Outstanding.

1 43-750 200-318 200-318 1549-682
2 38-742 205-326 405-644 1344-356
3 33-609 210-459 616-103 1133-897
4 28-348 215-720 83T823 918-177
5 22-954 221-114 1052-937 697-063
6 17-427 226-641 1279-578 470-422
7 11-761 232-307 1511-885 238-115
8 5-953 238-115 1750-000 ...
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12. Construct a similar schedule of the repayment of a loan of
£1300 in 7 years at 34 per cent.

Year.
Interest

in Annual
Payment.

Principal
in Annual
Payment.

Principal
Repaid

to Date.

Principal
still

Outstanding.

1 45-500 167-108 167-108 1132-892
2 39-651 172-957 340-065 959-935
3 33-598 179-010 519-075 780-925
4 27-333 185-275 704-350 595-650
5 20-848 191-760 896-110 403 890
6 14-136 198-472 1094-582 205-418
7 7-190 205-418 1300-000

13. A loan of £10,000, bearing interest at the rate of 4 per
cent, per annum, payable half-yearly, is to be repaid by 40 equal
half-yearly payments, including interest and instalment of principal.
Having given (l-02)-M = -67297, find

(a) The amount of the half-yearly payment.
(6) The amount of principal included in the first and in the

twenty-first half-yearly payments respectively.
(c) The total amount of principal repaid, after payment of the

twentieth half-yearly sum.

m ti i ir i . 10000(«) 1 he halt-yearly payment --- ——
“w|(2Z)

10000 x -02  200
1 _ u40 1 -(-67297)2

(W

= 365-557.
(6) The principal in the first payment

 10000 *  355.557 x (.67297)2
“fol

- 165-557.

That in the twenty-first payment
= 19222 x = 365-357 x -67297

“lol
■= 246-009.
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(c) The total principal repaid after the twentieth
payment

= 10000 - 10000
■ -------- X“io| 201

= 10000 - 365-557 x

= 10000 -■ 5977-405

= 4022-595.

14. Given a— at 4 per cent. = 15-6221, and a— at the same25] x 10J
rate = 8-1109, find the capital included in the 15th payment of
the former annuity.

The capital included in the 15th payment of a— |
= „25-15+1 - i,ll

the value of which is found as follows:—

whence

Therefore d11

= 1 ~t,1°
i

= 1- -04x8-1109
= -675564

■675564
= 1-04
= -649581.

15. A life office advances £1000, repayable in 10 years, by an
annuity to secure interest at the rate of 5 per cent., and provide
for the accumulation of the sinking fund at the rate of 3 per cent.
When the sixth annual payment becomes due, the borrower desires
to cancel the arrangement and repay the loan at once. Find the
amount of capital actually outstanding and state what sum you
would advise the office to accept in satisfaction of its claim.

The capital outstanding is the original loan less the accumula­
tion of sinking fund,

= 1000 - —9— x (1-03)5-(W = 522-988
,SiO| (3%)

But the redemption money should be the value of an annuity-due,
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of the same amount as the office was receiving, for 5 years at
3 per cent.

= looof—— +-05\l= 647-330
\ e_ J X 4 I (3/o)
X10|(3%)

16. Given that the amount of an annuity-certain of 1 is
26'87037, and that the present value of the same annuity is
14'87748, find the rate of interest.

Using the formula
1.1---- - i = ----

%
, .11we have > = ----  - ----

s-.n| n|
In the present example

.1 1
' - 14'87748 26'87037

= -067216 - -037216
= -03.

17. A perpetuity of £1,10s. payable yearly, and a composition of
£7, 10s. payable at the end of the 10th and every 20th year there­
after, are to be redeemed by an annuity payable half-yearly for 30
years. Find the amount of the annuity, taking interest at 4 per cent.

Here it will be convenient to find separate expressions for the
value of the old benefit which is being given up and for the value
of the consideration which is taking its place, equating the two
thereafter to ascertain the amount of the annuity.

The Benefit Side = 7'5 -[-J- +

= 7-5(25 +

= 196-82Q5.
Now, if P be the half-yearly payment, the Payment Side

= p x a-
601 (2%)

= P x 34-7609
interest being assumed to be convertible at the periods of payment
of the annuity.

(v’0 + v30 + ii50 + • • ad !«/•)}■

I-dOoJ

•675564X
•543613/
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Equating, we have
Px 34-7609 = 196-8205

, D 196-8205
and P = 3T7609

= 5-662.
= £5, 13s. 3d. nearly.

18. If a sum of £1,000,000 be borrowed at 4 per cent, interest,
payable annually, and £60,000 be applied each year towards
paying the interest and reducing the principal, in what time will
the loan be finally discharged ?

Here we have 1,000,000 = 60,000 a— where n is unknown.«l
To find n we proceed as follows :—

6«- = 100>‘i
«- = 16-jn| J

1-P" = #

= -J
n log v = - log 3

- log 3
n = -log 1-04

--4771213
- -0170333

= 28-01.
The time is therefore practically 28 years.

19. An annuity of £50, payable by half-yearly instalments for
20 years, is bought at 14 years’ purchase. Find, approximately,
the rate of interest realised by the purchaser.

It should be explained that, when “r years’ purchase” is
spoken of, it means that the price paid is r times the annual
rent of the annuity. In this case £700.

[Effective rate = 3J per cent, almost.

20. An annuity-certain for 35 years is bought at 20 years’
purchase. What rate of interest is made on the investment ?

[Rate of interest = 3J per cent, very nearly.
C
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21. An annuity of £80, payable in half-yearly instalments for
25 years, is bought for £1400. Required the half-yearly rate of
interest which is made on the investment.

Here we have 1400 = 40 «—(
Hence = 35.

Rate of interest = 14 per cent, very nearly.

22. Find the rate of interest at which a is calculated when
it = 16'938, given annuity values for the same term as follows :—

3 per cent. 17'413
3J per cent. 16'482
4 percent. 15'622

Using formula (43) of this chapter in the Theory of Finance,
we have

— *931 4- *0355
P = -005x(-931)2

- -47 a
nn. -8955= ’00oxF7893

= 0025, approximately,
whence i = '03 + p = '0325, or 3| per cent.

23. From the tables given at the end of the Theory of Finance,
calculate the value at 3| per cent, of an annuity-certain for
20 years.

The formula to be used is
s -1/4__

"six) = “(SZ) + T Aa(3%) + ~ J2 A2"(s%)

where A« and A2« represent the successive differences of a,..,,
and b for a period of 20 years.

The true value of a—. at 3| per cent, is 14'539.

24. From the tables given at the end of the Theory of Finance,
calculate the amount at 7] per cent, of an annuity-certain for
25 years payable half-yearly, interest convertible half-yearly.
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The formula to follow is

'S25\m7,) = - S5O|(S3Z) = -{ *<SJX) + T^'W) + p ^2j(SJX)}

where A j and represent the successive differences
of f(3i%y W and for a Period of 50 years-

The true value of i s— at 3" per cent, is 68-032.

Neither in this question nor in the previous one will the formula
quite give the true value of the function, as second differences
are assumed to be constant.

25. Assuming one rate of interest throughout, obtain pro­
spectively and retrospectively the value of a Capital-Redemption
Policy of 1 taken out n years ago for a period of t years at an
annual premium of P—, and prove the identity of the two
expressions.

Before attempting this question, the student should know
something of prospective and retrospective policy-values, though
he will come more in contact with them when discussing life­
policies at a later period.

When a capital-redemption policy is entered upon, the value of
the benefit to be ultimately received is exactly equal to the value
of the series of premiums to be paid therefor. As time goes on
and the date of payment approaches, the value of the capital sum
obviously increases, while on the other hand the premiums to be
paid are fewer and their value consequently decreases. Thus the
value of the benefit now exceeds the value of the premiums still to
be paid. For this difference the office must keep a sum in hand
which is called the “ policy-value.” The policy-value has here
been looked at from the “ prospective ” point of view.

But again, after the policy has been in force for a number
of years, the premiums which the office has received have been
invested and accumulated (at the rate of interest assumed in the
calculations). These accumulations constitute the value of the
policy, which has here been discussed from a “ retrospective ” point
of view.

In the case in the above question the value of the benefit at
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the commencement of the contract is v* ; and the value of the
V'premiums is P-(l+a—(), whence P^ = * —
'-'I

After n years the value of the benefit is increased to while
the value of the premiums is reduced to PyjCl +fl,—nTi |)- There­
fore prospectively for the value of the policy we have

\vn = *-"-^(1+",-^)

Again, the n premiums already paid have accumulated to
P-(l +r).r-, and therefore retrospectively

These two expressions are identical, for

u1-’1 - P_(l+«------ ) = v‘-n - _——---- (1 +a-------r)

= r,r(i+Q"{(i+o-»,-i}-{(i+o-"‘-"-in
L (i+VT|)Xi’ J

= * x (i+01(1+0"-n
i

= PtiO+O-i

26. Calculate the net level annual premium for a capital-
redemplion assurance of £100 payable at the expiration of
50 years, assuming 3.1 per cent, interest for the first 10 years,
3 per cent, for the next 20 years, and 21 per cent, thereafter.

The Benefit Side = 100 x x x

The Payment Side
nr , io . io 20 x■ “ P(aiO|(Sro + ”(3iX) X a20i(S%) + ”(3JX) X Vm X a20|(24%>)

Therefore

. / 10 . , / 10 20 \aiO|(31;;)+(t'(3J-0 X a20|(3%)) + ( U(3}X) X '’(3%) X a20|(2J%))

100 x -7089188 x -5536758 x -6102710
8'6076866+ -7089188(15-3237994+ '5536758 x 15'9788911)
 23-954

25-743
= -931
= 18s. 8d. nearly.
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27. Find the annual premium per cent, for a Leasehold Assur­
ance to mature at the end of 30 years,

(a) assuming 3 per cent, interest throughout;
(6) assuming 3 per cent, for the first 20 years and 2J per cent.

thereafter.

Answers: («) £2, Os. lOd. percent.
(Z>) £2, 2s. 8d. per cent.

28. It is desired to have a policy providing £1000 at the end
of 30 years. The policy is to be by annual premiums imder a
special system which provides for the premium being doubled at
the end of 5 years. Calculate at 3 per cent, interest the premium
payable during the first 5 years.

Here we may state the Benefit Side as 1000 i30 = 411'987,
and the Payment Side as

PUi+^p + ^G+^i)} or P{2(1+«jrl|)-(1+«4-)}
= P x 35'660.

Equating the Benefit Side to the Payment Side, we get
Px 35'660 = 411-987,

whence P = 11'553
= £11, Ils. Id. nearly.

29. Express in the simplest form for applying to Interest
Tables the annual premium required to provide £1000 at the end
of 3n years, the premium to be reduced by one-halt from the
beginning of each n years.

The simplest formula for this premium is
1000 1'3,‘

a +a,- + 2a-3n | 2n| n|

Then the premium for the first n years is 4P, for the second
n years 2P, and for the remainder of the period I*.

30. Calculate the reserve required at the end of 30 years
under a Leasehold Assurance policy with a premium of £10—
(«) assuming 2| per cent, throughout; (A) assuming 3} per cent.
for 10 years, decreasing thereafter by | per cent, per aimum each
period of 10 years.
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(a) The reserve required is (by the retrospective method)

(6) The reserve here is
10{(*nl(!lx)- 1)(1-03)io(1-0275)>o + (._(3%) - l)(1 0275)>0

♦W1” = 483-

31. An insurance office calculates its Leasehold Assurance
premiums at 3 per cent, interest, and allows as the surrender value
of a yearly-premium policy the premiums paid, with the exception
of the first, accumulated at 3 per cent, interest, less a deduction of
10 per cent. Given a20 at 3 per cent. = -55368, find—

(a) The annual premium required to provide a Leasehold Assur­
ance policy for £100 payable at the end of 20 years ;

(6) The surrender- value allowed by the office for such a policy
at the end of 10 years.

, ,  a20 -55368 x -03
~ (1 + '>55, = (l'03)(l--55368)
= £3, 12s. 3d. per cent, nearly.

(6) S.V. = -9{3-613x(.Vo|-l)}

- Vol -
10) v10 11)10

W1O = = (-55368)1
= -74410.

1-24410
*w| -03 x -74410

= 11-464,
S.V. = -9 x 3-613 x 10-464

= 34-026
= £34, 0s. 6d. nearly.

32. If A represents the fund of a life assurance company at
the beginning of the year, B the fund at the end of the year, and
I the amount received for interest during the year, find the rate of
interest realised by the office during the year.

—Lg represents the instantaneous rate or force of interest, 

ow

and

Therefore

and
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•u13 _ „20.

Now log (1'OG)-13

And log (1-06)-2°

•06

33. An estate, the clear annual value of which is £800, is let by
a college at a rent of £300 per annum on a lease for 20 years, which
may be renewed at the end of 7 years on payment of a sum of
money. Interest being reckoned at 6 per cent., what sum should
the tenant pay on renewing his lease ? Given log 106 = 2-0253059,
log 4-688385 =-6710233, and log 3-118042 =-4938820.

= 1 -6710233
= log -4688385
= - 20 x -0253059
= --5061180 

-13 log 1-06
- 13 x -0253059
- -3289767

The lease has 13 years to run; the tenant wishes the term
extended to 20 years. Therefore, if he is to continue at the same
annual rent, he must pay the difference between the full annual
value and the rent for the period of extension, or

50013|a7| = 50°(a20|-ai5|)

Z1 - v-° 1 - a13\

being the annual rate per unit at which the funds are increasing
by interest at any moment of time, assuming that the increase or
decrease in the funds is uniform throughout the year.

- --------------- represents the effective rate of interest or the rate
_xi2 -

of interest actually realised by the company during the year.

= 1 -4938820
= log-3118042

mi r unn . rnn ’4688385 --311804 2Therefore 50013|a_ = 500 x-----

= 1308-619.

The sum to be paid by the tenant is thus £1308, 12s. 5d. nearly.



CHAPTER III

Varying Annuities

1. In the scheme of figurate numbers it is to be noted that
the mth term of any order is equal to the sum of the first (m — 1)
terms of the preceding order.

Again, from the consideration that the terms of the (r — l)th
ordei are the first differences of the terms of the rth, those of the
(r-2)th are the second differences, and so on, and those of the
first are the (r- l)th differences of the terms of the rth order, and
from the formula

= ,q + (m-l)Awj .

+ (”’-!)(>«-2) • • • (”■->•+l)A,-it, + . . .
|r-l 1

we have

(m-l)(m-2) ■ ■ • (w-r+l)Ar-i,
|r-l '|r|

(all higher differences vanishing)

(»i - l)(m - 2) ■ ■ ■ (m-r+l)
|r-1 i|H

But the first terms of all orders except the first are zero, and the
first term of the first order is 1. Therefore

I  (’»-!)(’«-2) • • • (m-r+l)
Si d |r- 1
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a—. —: is as follows2. A proof by induction of the value of

We must premise that
a -, — = v a. ■ + vn~ 'rt—

which may easily be proved by expressing a— — in simplest terms
of v and t, and rearranging so as to obtain the right-hand side of
the above equation.

Then we have
1 - vn

i

1 - a”-1 1 - a'1-2 , 1 -v= V ----- :------hV------ ------ 1- • ■ • +au-1 -- :--I I I

11

i

a-----— n vn
«IH

i

a— a -(w-2)rn-2
-------- >--- ■------------------------ h ------- !--- -----------------------I I

Here the law of the formula seems to be disclosed, and we may
assume that

_ «(»-!) • ■ • (»->•+2) un
n|~1| |r-l

To obtain the value of a—---- • we must add to the right-handn | r + 1’
side the difference between a— —. and a— or otherwise

n| r| n| r+lf
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I

-l’"Z.-+r|^)-(n^1^T1 + Bfl^|,—|+t,2a^|r^T|+ ‘ ’ +Un"2"U r^i|)

■ • +B',’,'lrr-) + fc|r-| + UnZ»|r’|)j

= 4 {”" 'n’l 7H|+ «’ Zn-| H - ”n ZJTi| 7| - Utt f+I|

+^M+Bn^Tiri+’’2'l„—in+ • • +’'n’,flTi^

" Zn+ij f+Tp

which follows the same law as the expression we assumed
for a— and which has been obtained therefrom by assuming
nothing but the truth of the equation above premised. Therefore
if the expression holds for the rth order it also holds for the
(r + l)th. But we have seen that it holds for the third order,
therefore it holds for the fourth; therefore for the fifth; and so
on, until we reach the rth order, when we have the general
expression

n(«-l) • • • (a-r+2)(I— --- ----- ------------------------ 1-------------- ' nW
»|r-l| |r-l

Qn'|ri = i

3. The following may serve as an alternative explanation of the
value of an annuity of the rth order as found by general reasoning—

Suppose one is entitled to a perpetuity of the (r- l)th order,
a_.| but prefers not to spend the payments as they fall due.
Instead, they are invested, and the interest on the investments 
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alone is spent. Now for the first (r - 2) years nothing is received
and nothing can be invested. At the end of the (r - l)th year a
payment of Z—( —is received, which is invested, and yields in a
year interest of iZ—| —,■» or iZ-j . This aipount is spent at
the end of the rth year.

But, further, at the end of the rth year a payment of Z— —is
received, which is invested along with the previous —p and
the interest received at the end of the (r+ l)th year is

since the with term of any order is equal to the sum of the first (in - 1)
terms of the preceding order. This amount of i I—( — is spent at
the end of the (r + I) th year.

The payment of Z—, —, receivable at this time is also

invested and the whole interest received at the end of the (r + 2)th
year, i(Z—,-j + Z— —() or i t— ( , is spent.

This process goes on in perpetuity. But we notice that the
annuity being spent is i a—^ —

We therefore have

If, however, the payments receivable cease at the end of
n years, we have an annuity for a years, and in this case we must
take account of the payments of the annuity of the (r - l)th order
which have been held back and not spent. The sum of these at
the end of n years is

Gr—|r—I + z7i—u + Zr~!lr—| + • • • + r̂—
which is of course equal to Z—- —

We thus see that the value of an annuity for n years of the
(r-l)th order is equal to the value of i times an annuity for n
years of the rth order plus the value of a payment of Z—- due n
years hence. In symbols
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4. As explained in Article 25, Finite Differences are of great use
in finding the value of any varying annuity, and it is here also that
the use of the values of annuities according to the several orders
of figurate numbers comes in. For it will be observed that, in
stating uv w.„ Wj, etc., in terms of iq and its successive differences,
the coefficients of the differences follow precisely the same laws
as the scheme of orders shown in Theory of Finance, Article 3.

Thus we have
t> Wj + v-u, + v3ii3 + • ■ ■ + vn «n

= a--n, + a——Aw, + a----A2w, + • • + a----- AT-1w.n|l| 1 n|2| > n|3| 1 T »I f I 1

where the rth and higher differences of the series »p u.„ etc.,
vanish.

If the series be a perpetuity, we have, as is shown,
u Hj + trw, + v’mj + • • ■ ad in f.
= a-in”i + + a-.-A'b/. + ’ ’ ' +«-,-Ar‘1zr.

co 111 1 oo 121 1 00131 1 co J r | 1
where the rib and higher differences vanish

w. Aw. A2w. Ar-1w,
= + ~~ + + • • • +---- 2I I- i2 jr

From this we may get a formula for the value of the series of
payments wp u„, Wj, • • • w„, as follows :—

V Mj + »2w„ + i?w3 + ■ ■ • + l>"w„

This will be found useful where the differences are not numerous,
and the number of terms unknown.

As an example, suppose it is required to find the value of the
annuity whose payments are 1, 5, 11, • ■ • 109.

Here iq = 1, Aiq = 4, Abq=2, and

109 = «n = Uj +(w-l)Au1 + A2w1

= l+4(n-l) + (n-l)(n-2)
= «2 + n-l

whence n=10.
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Also wn = 131, w,., = 155, A«n = 24, A2hh = A2«j = 2.
Therefore

v + 5i>2 + 11 v3 + • • • +109i’,n

EXAMPLES

1. A 20-year sinking-fund policy is effected on an increasing
scale of premiums, beginning at £100 per annum and rising by £3
each year till the end of the term. At the end of the fourth year
it is proposed to commute further payments. Determine their
value on a 3 per cent, basis.

The premium due at the beginning of the 5th year is £112,
which will increase by £3 per annum for each of the succeeding
15 years. Now, assuming for the moment that the premiums will
be payable at the end and not the beginning of each year, we have
their value equal to

112 "raj n + 3"i?i2i

Adjusting this expression (since the premiums are actually payable
at the beginning of each year) by multiplying it by (1 + i), we
have the commutation price of the future premiums equal to

(1+0(H2«£5ir + 3«-1_)
, a— - 16i>’0\= (1+0(112^ +3 ------- )

= 1-03 (112 x 12-56110 + 3 ^-oGllO-J6 x -623167)

= 1-03 (1406-8432 + 3 12'56110-9-970(D)

= 1-03(1406-8432 + 259-043)
= £1715-863.

2. Prove that if <z— —j denote the value of a varying annuity of
the rth order for n years then (1 +i)T — is equal to the sum of
the first (n-r+1) terms of the expansion of (l-u)"r in powers
of v.
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Remembering that
= (»i-l)(»i-2) • • • (»i-r+l)_ c

-lr| |r- 1 r‘l

and that where m < r, I— - =0, we have (1 + tya—. -j

= 0 'fjr-1 +
■=(l+>)r(r.iCr-1«r+rCr.1«r+1+- • +„-1c.1«n)

= (1 +iyJi>r + ri>’-+i+(L+1)’>+2+ . . +(’i=lX"-2) - • 24 u,J
' ' \ 12 |n - r | r -1 J
. , , r(r +1) , _Lr(r+l)’ ’ (”~1) n-r= 1 +rt>+ A, ' ■-i>’ + • • + -A-----J------ A----- 'vnr12 |» - r

which is the sum of the first (n-r+1) terms of the expansion
of (1 — u)-r in powers of t>.

3. Find at 4 per cent, the value of the annuity of which the
first three payments are 40, 45, and 52 respectively, and the
last 325.

The first step necessary is to find the term of the annuity.
For this, we use the formula

»n = «i 4- (n - l)^»i + ~ ~ ^Ag«1 + • • •

In this case
325 = 40 + 5(n-!) + (»-l)(n - 2), since Awj = 5 and A2«j = 2

Hence n2 + 2n - 288 = 0
(n+18)(n-16) = 0

n= 16.
Now, proceeding to find the value of the annuity, we have

a = 40 a- + 5 a- - + 2 a----
10| 10| 2 | lol s |

= (40 xll-652)+(5x 77-744) + (2 x341-879)
= 1538-558.

4. What is the value at 5 per cent, of the annuity whose pay­
ments are 16, 26, 58, 124, etc., the sum of all the payments being
1322480?

Here it is necessary to find n, the term, from the formula

s«. = »«, + + ”("-\)(”-2)ax+ • . .
L. 11
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Then proceed to apply the formula of varying annuities—

a = va— — + Ah.« —— + A2«,«—_ + ----
‘ »I 11 1 «I 21 1 n | 31 1 n14 |

The value required is 287998'936, as follows :—

“ = 16 "4-0! n + 6 * * * 10 * "4-0121 + 22 “ioiai + 12 "4-0!4-

= (16 x 17-159) + (10x 229'545)
+ (22 x 2374'991) + (12 x 19431'595)

= 274-544 + 2295-450 + 52249'802 + 233179'140

= 287998-936. '

5. Find the present value of an annuity of the rth order, to yield
interest at the rate i per annum on the whole capital for the entire
term of the annuity, the capital to be replaced by means of a
sinking fund accumulating at the rate / per annum.

Here we must resort to the general rule given in Article 43« of
Chapter II. that the present value of any series of payments, n
remaining constant, may be found “by multiplying the amount,
accumulated at rate j to the end of the n years, of the series of

payments by 1
1 + is —“I

Now the amount of an annuity of the rth order accumulated at
rate j is /— — and we therefore have the value of an annuity of

j-----
the rth order under the conditions laid down as — where1 +1 s
s'—, and s'— are taken at rate j.n | r | w | 0

6. Find the value of an annuity-certain for 20 years whose
several payments are 1, 2, 3 ■ • • 20, the value to be so
calculated as to yield the purchaser 5 per cent, on his whole
investment throughout the whole of the 20 years and to return
him his capital at 3 per cent.

Applying the rule cited in the preceding example, we have

a
'?'20| 1 | (3%) + *'20l '2 | (3X)

1 + ’05
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since the amount of the annuity to the encl of 20 years is
(s---- + s---- 1 at 3 per cent.' so. i| '-r 1

26-87037+ 229-01248
1 + 1-34352

= 109-187.

7. A loan of £42,000 has been made with the following
condition as to repayment: Annual instalments of principal for
20 years, the first being £4000, the second £3800, the third
£3600, and so on; interest at the rate of 4 per cent, being paid
annually on the outstanding amounts. Immediately after pay­
ment of the fifth instalment, it is arranged to repay the balance of
the advance with a premium, the lenders being able to re-invest at
only 3 per cent. Show how the premium should be computed.

The value of the capital at 3 per cent, is
3000a---- -200<i

15|1|(S%) 16|-2|(3%)

and of the interest on the outstanding amounts of capital
•04(24000fluin(8Z)-3000ais^(TO + 200^^(3%)).

Therefore the whole value of the outstanding loan is
3960nTs| F|(SX) - 320ou| 21 to) + 8ni5| 31 TO)-

And the premium required is
3960«iqilTO)- 32%,2-(TO) + ^is-iTO) ~ 2400°-



CHAPTER IV
Loans Repayable by Instalments

1. In connection with the discussion of loans repayable by instal­
ments, it is important to remember that the symbol C stands for the
capital actually returnable by the borrower, that is, taking account
of any discount or premium on the par value of the loan, and
further, that j is dependent on this definition of C, being the ratio
which the annual payment of interest bears to C. These two
points must be clearly borne in mind in all questions of this
nature.

2. The following wording, differing slightly from that of Mr
King, may be useful to explain the general formula for the value
of a Ioan, repayable by instalments at stated periods of time, with
interest in the meantime at rate j, so as to yield the purchaser a
given rate of interest, i.

Had the borrower contracted to pay interest at rate i per
annum on the capital C, then the required value of the loan would
have necessarily been C, since, interest at rate i being payable at
the end of each year, with C repayable, the investor would have
realised rate i on the purchase price. The value of the capital at
rate i being K, the value at rate i of the interest, on the basis
assumed, would have been (C - K), which then is the value of the
annual payments of interest, if these were made at rate i. But, in
point of fact, the annual payments of interest are made at ratey,
and therefore by simple proportion their value is -■?- (C — K).

Adding to the present value of the interest the present value of
the capital as already noted, namely K, we have the whole value
of the loan equal to K + -4- (C - K).

3. In the converse problem to find the rate of interest yielded
by a loan purchased at a given price, we have the equation 

 y'(C-K)
A-K ’

whence i may be found as explained in Articles 

11 and 12.
D
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1

Mr Ralph Todhunter has given (J /. A. xxxiii. 356) a very
useful formula for approximating to the rate of interest yielded by
a bond bought at a premium. In the explanation accompanying
the formula, he suggests that the premium might be dealt with
in practice ba- writing down the book-value out of each dividend
bv an equal proportionate part of the premium, the remainder of
the dividend being treated as interest. Taking the case of a bond,
repayable at par at the end of n years, interest meantime at rate j,
purchased at a premium of p per unit, Mr Todhunter gives us the
following schedule:—

. « T A
1 + -X— pin

giving an average rate of interest

j-?-
_____________ J n__________
/ n - 1 n - 2

• • ■ +

‘4^

Year. Book-Value of Bond at
beginning of Year. Interest.

1 1 + p j -2-
J n

2 1 » - 11 + -----pn 1 J n

3 . n-2
1 + -----p j -n 1 J n

4)
n-1 1 +-Pn 1 j----—J n

n . 11 + —p11 '
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The result by this formula will as a rule be sufficiently close for
practical purposes ; but if greater accuracy be desired, the rate of
interest thus found may be used to obtain K in the formula

i = when a very close approximation would be obtained.

Mr Todhunter, however, points out that his formula should only
be applied as a final result when n and j are not large. The
reason for this will be readily understood from the following:—

Using Makeham’s formula, we have

_ J(C-K)
A-K

or in the example submitted by Mr Todhunter

£ = yu-v”)
1 +p - vn

where a" is calculated at rate i.

Hence i(l =j(l-vn')

and pi = (ji- i) (1 - t>n)

j-i = pi{ 1 -(1 +i)-"}-l

= /" - - |3 - 1 - + —--- 13 ----- «8~ ' •

_ P n + 1 .(« + !)(»+ 2) V1
- tv ~ "v'+ nr 1 ■ j

p / n + 1 . n- -1 .„ \= t(? +—‘+ T2-‘2-' • ' )

Neglecting higher powers of i than the first, we have

whence i = ----------- T— 

which is Mr Todhunter’s formula as given above.
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EXAMPLES

1. A bond for £775, 15s. 10d., repayable at par in five years,
and bearing interest at 3J per cent, payable half-yearly (first
payment six months hence), is bought at a price (£750) to yield
the investor 44 per cent, on his investment. Draw up a schedule
showing the amounts that must be added to capital each half-year
so as to gradually write up the sum invested to the redemption
value.

The schedule will be as follows :—

Balt-

(1.)

Book-Value at
beginning

of Half-Year

(2.)

Interest on
Book-Value

at 2|£.

(8.)

Interest
received at

on
£775,15s lOd

(4)

Amount to
be added to
Book-Value.

(8)-(4)
(5.)

Book-Value at
end of

Half-Year.
(2)+(5)

(6.)

Half-
Year.

(7.)

1 750-000 16-875 14-546 2-329 752-329 1
2 752-329 16-927 14-546 2-381 754-710 2
3 754-710 16-981 14-546 2-435 757-145 3
4 757-145 17-035 14-546 2-489 759-634 4
5 759-631 17-092 14-546 2-546 762-180 5
6 762-180 17-149 14-546 2-603 764-783 6
7 761-783 17-207 14-546 2-661 767-444 7

■ 8 767-444 17-267 14-546 2-721 770-165 8
9 770-165 17-328 14-546 2 782 772-947 9

I 10
1___ 772-947 17-391 14-546 | 2-845 775-792 10

2. The value to yield 4 per cent, of a 5 per cent, bond for
£1000 due after five years is £1044, 10s. 4d. Give a schedule
of the amounts to be carried each year to principal and interest,
with the amount of principal outstanding at the beginning of each
year.

Here the bond’s book-value has to be written down (not up, as
in the former case), and the schedule will accordingly be:—

Year.

(1.)

Book-Value at
beginning
of Year.

(2)

Interest on
Book-Value

at 4%.

(S.)

Interest
received at

on
£1000.

(4.)

Amount
carried to
Principal.

(<)-(S)
(5.)

Bouk-Value at
end

of Year.
(2)-(5)

(6-)

Year.

(7.)

1 1044-517 41-781 50-000 8-219 1036-298 1
2 1036-298 41-452 50-000 8-548 1027-750 2
3 1027-750 41-110 50-000 8-890 1018-860 3
4 1018-860 40-755 50-000 9-245 1009-615 4
5 1009-615 •10-385 50-000 9-615 1000-000 5
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3. The five per cent, stock of a colonial municipality is
redeemable at par in 20 years. What can a purchaser give for it
in order to make 4 per cent, on his investment?

Using Makeham’s formula,
A = K + 4-(C-K)

we have K = lOOe^, j = -05, i — ’04, and C = 100.

Therefore

A = 100 { C') +S (1" O} = 100 C456387 + T x -543613)
= 113-590.

4. Two loans were granted 10 years ago—(«) £20,000 at 4J- per
cent, per annum nominal, repayable by 60 equal half-yearly
instalments which include both principal and interest; (6) £20,000
at 4i per cent, per annum nominal, repayable by 60 equal half-
yearly payments of principal, interest being also paid on the
balance from time to time remaining outstanding. Find in each
case the amount of the payment due to-day, and show the amounts
of principal and interest included in the payment. Find also the
sum for which each loan may be redeemed to-day, assuming
interest at 3J per cent, per annum nominal.

a—,

First, as to the payments due to-day—

(a) In this case the periodical payment is always the same, and

is equal to--------whereof---------------x v is principal, and the
A— fl—. (-2Z)

6C| (23%) 60|

. j 20000 4i x . . , .remainder, or--------(1 - v o ), 1S niteres^*
"oo|

20000(6) The payment due now consists of (1) ' — of principal

and (2) interest on the balance of principal outstanding at the

beginning of the twentieth half-year, that is

(20000 - 19 -°225.

Thus the whole payment due is 20000 + (1 - -022aJ-
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Secondly, as to the redemption price—
(a) As the amount paid to redeem the loan can only be

invested at 31 per cent., the future half-yearly payments must be
valued at that rate, that is, the price is

20000 n , a

eo (>;■.)

(6) The value of the future instalments of capital is

20000 x 11110 the future payments of interest

20000f— x -0225a— x -0225 a Therefore the

redemption price is
20000-ff— + —x-O’^oY/-,- - — x -0295«—i — r

l\G0 GO / •iolilOi;.') GO ’"-1012 1(1}?')J

plus the payment due to-day.

5. A 6 per cent, debenture of £100, redeemable at par in
20 years, is sold for £107, 10s. How would you approximate to
the rate of interest realised by the purchaser, given that to obtain
5 per cent, he would have paid £112, 9s. 3d. ?

Since we are given the value of A to return 5 per cent, to the
purchaser, we can find the value of K from the equation

112-463 = K + ^(100-K)

For K(«-l) = 120-112-463
and K = 37-685
But K = 100

therefore = -37685.

Now the question is to find the rate of interest when the
purchase price is £107, 10s.

We have i = j 9_~.
J A-K

or substituting 37 685 for K (that is, approximating with 5 per cent.)

= -0536
from which we see that 5 per cent, is too low, the true rate
being about 5| per cent.
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6. A bond of £100, bearing interest at the rate of 4 per cent.
per annum, payable half-yearly, and redeemable at the expiration
of 30 years at a premium of 10 per cent., is bought for £114.
Find approximately the rate of interest realised by the investor,
having given a—at 1J per cent. = 36’964.

In the formula * = J
C-K
A - K’

i and j for this question denote

half-yearly interest, j = ’02 x ——= = —£, C = 110, K = 110uc0,
} J J 110 11

and A = 114.
1 -1)60Since A—= 36-964
•0175

uG0 _ -353] 3
Therefore trying 1-J per cent., we have

•02 110-38-84431 — __  y ___.___________
1 1 114-38-8443

= x -94678 

= -01721.

Hence the approximate yearly rate of interest is
(1-01721)2- 1 = -03472, or 3'472 per cent.

7. A bond for £1000, bearing interest at 5 pen cent, payable
half-yearly, and repayable at par in 30 years, is purchased for
£1250. What rate of interest does the investment yield to the
purchaser ?

As before, we have
.C-K

1 J A - K

where it will be well to treat i and j as interest for a half-year.
We then have

.  1000 -1000 1)00
1 - 1250-1000 s'50

Trying u°° first at 2 per cent, we get
1000-304-782

1 = ’02° 1250^307782

= -0184
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Seeing that 2 per cent, is too large, we try again with If per cent.
and get

. 1000-353-130
’ ' 1250-353-130

= -0180.

Now a reduction of f per cent, makes a change of -04 per cent.
in the result. Therefore to get the true rate we have

•042 - ,t = 1-84 -

whence .r = -19
and i = -0181.

This being the half-yearly rate, the effective yearly rate is

(1-0181)2 - 1 = -0365, or 3-65 per cent.

8. Towards the close of 1905 the Japanese Government issued
a four per cent, loan at 90 per cent., repayable at par on 1st
January 1931 (or in certain circumstances earlier), coupons for a
half-year’s interest payable 1st January and 1st July each year,
with first payment on 1st July 1906. Allowing for discount on
the instalments the issue-price may be taken as 89J on 1st January
1906. Find the rate of interest realised.

_ ,0g100- 100»«>
89-5 -100 a50

= (taking t)M at 24 per cent. = -29094) -0235
= (taking at 2| per cent. = -32873) -0237

whence approximately the half-yearly rate is -0236 and the effective
rate is (1-0236)2 -1 = -04776 = about £4, 15s. 6d. per cent.

9. A debenture of £100, redeemable at £110 on 1st July 1915,
and bearing interest at the rate of 4J per cent, per annum, payable
half-yearly on 1st January and 1st July in each year, is purchased
on 1st April 1905 for £109. How would you calculate the yield to
the purchaser ?

Here i must be considered as the rate yielded to the purchaser
per half-year. At 1st July 1905 the value of the capital will be
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110 xd^®, and of the interest 2 25(1As that date is half
a period forward we must discount these values for that time, and
we get the equation

109(1 +o* = 110^+2-25(1+^^.

i must now be approximated to, and this result being the half-
yearly rate we obtain the effective yearly rate from (1 + «)2- 1.

It is probably better, however, to proceed in the same way as
in our other examples. Then, i being the half-yearly rate as
before, we have

•0225 110(1 +i)i- 110 iAOJ
’ “ 11 X 109-110 a20!

As before, i may be approximated to, and the yearly rate found
from the result.

The formulas produce the same result.

10. A bond for £100, bearing interest at 6 per cent, per
annum payable half-yearly, and redeemable at par at the end
of 40 years from the date of issue, was issued at par 30 years ago,
the present market value being £115.

(«) Find the rate of interest yielded to a purchaser now buying
at the market price.

(6) Find the rate of interest obtained by the original holder
when his profit on sale is taken into account.

(c) If it were proposed to convert the bond into one for £125
bearing 3| per cent, interest, redeemable at par in 30 years, what
gain or loss would there be to the holder of the bond on
conversion ?

. C-K ao 100-1001,2®
’ =^XA^K = '°3X 115-100^

Trying 2 per cent.,
100-67-297
115-67-297

•03x 32-703
47-703

= 2-0567 per cent.
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Also trying 2} per cent.,
100 -G4-082

’ “ x 115-64-082
 -03x 35-918

- 50-918
= 2-1162 per cent.

2-25 gives 2-1162
and 2 gives 2-0567.

Thus a difference of -25 gives a difference of -0595.
Therefore 2 + .r = 2-0567 + ^-.v

•20
whence .t = -0744

and i = 2-0744 per cent.
The yearly rate then = (l-020744)2 - 1 — -04192 = 4-192 per cent.

.  -03 115-11^««
W ‘ “ 115 X 100 - 115 v™

Trying 3 per cent.,
■03 115-115 x-169731 — -- Y--------------
115 100-115 x-16973
 -03(100- 16-973)

100-19-519
= 3-0949 per cent.

Also trying 3| per cent.,
.  -03(100-14-676)
‘ 100- 115 x-14676

-03x85-324
83-123

= 3-0794 per cent.
A difference of -25 in the rate per cent, gives a difference

of -0155.
Therefore 3 + x = 3-0949 -

•2d
whence x = -0894

and > = 3’0894 per cent.

and the yearly rate = (l-030894)2- 1 =-06274 = 6'274 per cent.
(c) A = K + 4(C-K)

«= 125 t£°+—(125 - 125 v30)
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Where i = ’04192, as found in («)

A = 36’465+^2 (125-36-465)

= 36-465 + 73’920
= 110-385.

Thus there is a loss of 4’615, or, say, £4, 12s. 4d. to the holder
of the bond on conversion on the terms given.

11. A foreign corporation issues a loan of £390,000 4 per cent.
bonds, repayable by annual drawings as follows:—£10,000 at the
end of 5 years, £11,000 at the end of 6 years, £12,000 at the end
of 7 years, and so on, till the whole is repaid. The issue-price
being 941 per cent., what rale of interest is paid by the
corporation ?

Here it is necessary to find the term when the last instalment
is paid. We have

390 = 10 + 11 + 12+ ■ • • +{10 + («-l)}
20 + («-l)

= ------
whence n = 20.

Therefore the value of the instalments of capital is
1000a‘(10„-)- + fl-|^).

C — KUsing now the formula i = j ------ and tryingA — K 41 per cent.,

we have K = 196943’6, as found below.
Also “sol 1 1 13-00794

C = 390000 20a2» = 8-29286
A = 390000 x -945 = 368550 + -045 4-71508

and j = ’04.
“»0l sf = 104-7796

Therefore 10 “sol n = 1300794
. 390000- 196943-6
1 UlX 368550 - 196943-6 X 1000a4

234-8590
838’561

= -045. K = 196943-6

Thus the rate is 4J per cent.
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12. Having given the value of a— at 4J percent. = 13’0079
and at 5 per cent. = 12’4622, find approximately the rate of
interest yielded by an annuity for 20 years, in which the payments
are successively 20, 19, 18, etc., when purchased for £150.

The successive terms of this annuity involve first differences
only, and consequently its value may be stated in the symbols

Now at 44 per cent. — = 13’0079,

20 "so| H “ n20|21

Therefore 20o-|_-n-,- = 260’158- 104’778 = 155’380

t’20 = = 1 --585355 = -414645
20|

and a- —2012|
"STF201-20 13’0079 -8’2929 ...

= ----- ——■ = 104’u8•04d -04o

Again, at 5 per cent, a—, — = 12’4622.

t>a> = 1 = 1 --623110 = -37689

and „ _ ^.n-20*20
»|2| -05

12-4622-7’5378
•05 98-488

Therefore 20 o-= 249’244-98’488 = 150’756

We see that a rise of 005 in the rate means a fall of 4’624 in
the price, and to bring the price from 155’380 to 150 (a fall of
5’380) the rate of interest must be increased by

•005 x 5-380
47624 ■00582

Therefore approximately at the price of 150 the rate of interest
realised is 5 082 per cent.

13. Apply Todhunter’s formula to determine the rate of interest
yielded by a terminable 6 per cent, debenture, repayable at par at
the end of 20 years, purchased for £119, 10s.
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Here we use the formula—

j - ?-
J n

n + 1
1 + -5—F2a 1 

-19506 20
91

i + iox'195

= -04558

= £4, Ils. 2d. per cent.

14. Twenty years ago a Local Board borrowed £100,000 at
5 per cent, from an Assurance Company, such loan being repayable
by 30 equal annual payments, including principal and interest.
The Board now offers 3J per cent, debentures, repayable at par
60 years hence, but now issued at 90, in equitable fulfilment of the
contract with the Assurance Company. What amount in deben­
tures should the Company accept ?

The annual payment made under the contract of the original
, . 100000 , in , i kii 1. 1 1loan is --------- , and there are 10 such payments still to be made.

”sol (5%)

If the Company is to forgo the receipt of these they should be
commuted at the rate of interest presently ruling in the market,
and the proceeds should be employed in buying the new debentures
at 90.

To find the rate of interest now obtainable on investments we
may take the rate yielded by these debentures as fair. Thus we
have 

where j = -0375, C = 100, A = 90, and K = 100 u60 at, say, 4| per
cent. = 8-231

■0375(100-8-231)
90-8-231

■0421 approximately.
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The value of the 10 annual payments outstanding is therefore
100000 , u x r A , x xl • •»
--------  x flio (4t/)’ anc ”le amount °1 debentures this sum will
nsOI(5Z) ' ‘ '

purchase at the price of 90 is

100000 
fl30 m ai0,(4'21X) = 100000 x 8;02677

•9 15-37245 x -9

= 58016-994 = £58,016, 19s. lid. nearly.

15. A Company has an issue of 6 per cent, debentures
maturing after 5 years, which are quoted at a price which yields
4 per cent., and it proposes to redeem them by issuing 5 per
cent, debentures for the same nominal amount in lieu. Show how
to find the number of years for which the 5 per cent, debentures
should run so that the holders would still realise 4 per cent, on
their investment.

In the general formula

A = K + 4-(C-K)

when C=l, we have

A = 1-(1-K)(1 -

Under the present arrangement of 6 per cent, debentures

On the proposed altered basis of 5 per cent, debentures

- 1+'Mtlro

Equating these two
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Therefore

and
„ = l°g G* I)

log V

1-80879
1-98297

= 11-23.



CHAPTER V

Interest Tables

1. In Articles 16 and 17 is discussed the formation of a table of
log (1 + i)“. The column of values thus formed may be used further
to get the values of (1 + i)n by taking the natural numbers corre­
sponding to the logs. As this is not done by a Continued Process,
a periodical check is not sufficient. Each value must be separately
checked. This may best be done by taking independently the
logs of the table last found and comparing the results with the
original logs.

2. If a column of (1 + i)’ has been formed, a column of vn may
be obtained from it by the use of a table of reciprocals. By taking
the reciprocals of the values thus found the original table of
(1 + i)n should be reproduced, and a check put upon the work.

Again, a column of log a'1 might be formed in the same way as
a table of log (l+i)" (in this case there is no need to start at the
end of the table as for forming a table of o’1 directly) and the
natural numbers corresponding would be the values of vH, each of
which requires to be checked as before.

3. In view of what has been said about Leasehold Assurances it
will be well to discuss methods of forming a table of annual
premiums for such. It is necessary to note that as the premiums
are due at the beginning of the year, we have to deal with
annuities-due throughout.

First, we have P_
n|

and hence log P_
n|

Dn Un

a-, l + «—-n| n-l|

logo" - log (1 + «—,).

Therefore, being supplied with values of ru and a—, we proceed
to form columns of log and log (!+«_) and, deducting the 
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value in the latter of these from the value in the former, we obtain 
log P , from which P— may be obtained at once.

” n I n I J

Again, we have

'Die following schedule shows the process:—

Term
n.

(1)

logo”

(2)

■“sG+o^T])

(3)

logP-j =

(2)-(3)

w

pJj =

10g-\4)

(5)

1
2
3
4

etc.

vn 1 11
a—; — (l+«)“a— ~ (1+Z).r— — s---- .-1

Therefore knowing the values of .r—, we form therefrom a column° n\
of jy—- 1 and take the reciprocals of these, the results being
the values of P—, . The following schedule indicates the
method :—

Term
n.

(1)

■«+i| 1

(2)

P-=±
”1 (2)

(3)

1
2
3
4

etc.

Further, P- = — = 1 "C1
711

1
1 +

E
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It is on tins relationship that Orchard’s Conversion Tables for
annual premiums arc founded. By them if one enters with the
given value of a—  the result is P—. They are fully discussed in
Chapter VIII. of the 7c.ri Book, Part II., and are only mentioned
here to show their use in forming a table of P —° n |

In all the above methods it has been assumed that one rate of
interest holds throughout the term of the assurance, but it is not
implied that this assumption always holds good.



INSTITUTE OF ACTUARIES’
TEXT BOOK —PART II.

CHAPTER I

The Mortality Table

1. A Mortality Table is defined in this Chapter as an instrument
by means of which are measured the probabilities of life and the
probabilities of death. In its final form a mortality table sets
forth the history of the experience by means of the number living
and the number dying columns. If we refer to page 494 of the
Text Book, we find the following figures:—

Ago. Number Living. Number Dying.

0 127,283 14,358
1 112,925 3,962
2 108,963 2,375
3 106,588 1,646
4 104,942 1,325

etc. etc. etc.

These figures tell us that, according to this experience, out of
every 127,283 persons born, 112,925 on the average survive to age
one, 108,903 on the average survive to age two, and so on. Or
again, they tell us that out of the same number of births,
14,358 on the average die before attaining age one, 3,962 on
the average attain age one, but die before attaining age two, and
so on.

It cannot be too carefully impressed upon the student that a
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mortality table does not give absolute but only relative or average
results; in other words, it is not intended to be inferred from
these figures that 127,283 children were in reality found who
were all born at the same moment of time, that 14,358 died before
attaining age one, that 3,962 actually attained age one but died
before attaining age two, and so on. An arbitrary figure called
the radix is selected to represent the number of entrants at the
initial age, and the figures submitted are only on the average, and
relative to one another.

Were we asked to form a mortality table representing the
experience of Edinburgh during the calendar year 1906, it would
not be sufficient to give us merely the deaths that occurred
in Edinburgh during that calendar year, arranged according to
year of age. The summation of these deaths would have no
relation whatever to the /0 persons out of which the d0 deaths
actually occurred, nor again would the (Zo - <70) persons have any
relation to the l} persons out of which the dx deaths occurred,
and so on.

It is possible that the deaths column so supplied us might adopt
a quite irregular form, for it naturally depends on the number
living at each age out of which the deaths occurred. For example,
the deaths between twenty and twenty-one might be twice as
numerous as those between twenty-one and twenty-two, owing to
the fact that the number living between twenty and twenty-one
happened to be fully twice as numerous as those living between
twenty-one and twenty-two.

Again, it would not be sufficient that it be added to our data
that the number born in each calendar year for many years past
had been equal to the annual deaths. The migration element
would require to be kept before us, since people might be
emigrating and immigrating in different numbers and at entirely
different ages.

Before a mortality table can be formed in the way here dis­
cussed, it is essential that the population be proved to be in
every way stationary; that is, that the annual births be equal
to the deaths, that the births all take place on the same day of
the year, say 1st January, and that there be no emigration or
immigration.
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EXAMPLES

(a (<l V
1. Prove that ’»z = qx + K + • • •

We have by Text Book formula (9)
2m x

‘Iz = 2+77

~'lzwhence m — ——
1 2 - 7X

7.
1-^

= 7.G-A'/.)"1
(7,7 (7.)3

= 7.+ — + -4- + • • •

2. Prove that p = l-m + )-— !(’« )’ + • • •1 X X - ' X' 1 X X'
and that <]x = mx - (771J2 + (7/zJ3 - (mJ1 + • • ■

From Text Book formula (8), we have
1 —

~ 1 + ■’ m- X
= (1 C1+
= (1-|’"X){1-i’"x+rW2-l("'x):'+• ■ •}
= 1 - 7Hx + (>Hi)2 - -} (7«x)3 + ■ • •

Also from Text Book formula (9)
in

I* 1 + '.-VI- X
= ’"x(l+v”'x)-1
= 7/z^-j 1 — 1| (?wz)2 ~ Kw/Z)3+ ’ ’ ' }
= ’''x-K»'x)2+:(»'x)3-i(’"x)'+ • • ■

The latter result might have been derived directly from the
former, since (]x= 1 -px>
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3. Given the following particulars
1 ’x
20 ’00572
21 -00608
22 -00643
23 -00668
24 -00691

find how many of 10,000 people living at age twenty die during
each year of age up to twenty-five.

Here we are given /.,9 and q.,^ and hence we may find since
from Text Hook formula (5), /.,9 x 7„0 = rf„0. Also from Text Book
formula (1), /21 = Lo - </.,0, and being given q2V we may similarly
find d.,p and so on for d„„, d.,3, and d.,t. In the example, </20 = 57,
</21 = 60, d.„ = 64, </.23 = 66, and z/.,4 = 67.

4. Find, out of 30,000 persons living at age thirty-five, the
number who arc still alive at each age up to forty, being given
zzz3i=-00865, »zzSG =-00889, »zz3f=-00914, zzzM= 00942, »z39=-00975.

Here the first step is to find p^, pw etc., from zzz35, zzz3G, etc.
By Text Book formula (8)

2 - m_ ____X
“ 2 + ?zix

, 2 - -00865hence p35 =

= -99139

Also, p3(. =-99115, p3- = -99090, p33= -99062, p39=-99030.

Now, from Text Book formula (4), we have ^-X+1 = ^XPX> and
therefore

^36 ~ l&Pes
= 30000 x-99139
= 29742

^37 ~ ^36 Pin
= 29742 x-99115
= 29479
= 29211

/39 = 28937
lw = 28656



CHAPTER II

Probabilities of Life

1. It is very important that the student should have at his
finger-ends the values of all probabilities in which two lives may
be involved, and for that purpose he should practise, till he attains
complete proficiency, writing down the values of the following,
giving in addition the symbols, where these are possible. The
answers should be carefully compared -with those given in the
Text Boole.

The probability that:—
1. (a) will survive n years.
2. (,r) and (y) will both survive n years.
3. Neither (.i) nor (y) will survive n years.
4. At least one of the lives (a) and (y) will survive n years.
5. (,r) will survive n years and (y) die within n years.
6. Exactly one of the lives (.r) and ( y) will survive n years.
7. At least one of the lives (.r) and ( y) will fail within n years.
8. Both (.r) and (y) will die in the nth year from the present

time.
9. The first death will happen in the nth year from the present

time.
10. The second death will happen in the nth year from the

present time.
11. One only of the two lives will fail in the nth year.
12. Neither of the two lives will fail in the nth year.
13. One at least of the two lives will fail in the nth year.
14. (.i') will survive n years and (y) will survive (n - 1) years.

With regard to the last of these, it is useful to note that,
besides the form given in the Text Book, this probability may be
written :—

= P»X»-lPx+lXn-A = P^n-lP.+l-.y
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2. To find the probability that r at least of m lives will survive
n years.

An alternative proof of the formula
p______

n xj: • • • (m) (1 + /y

is as follows:—
This probability is equal to the sum of the probabilities that

exactly r, exactly (r+1), exactly (r+2), and so on nd in/., will
survive n years (though, when r + k > m, the individual prob­
abilities will have no value).

But by Text Book formula (14), we have
p_____ M = ____ ______

zy: ■ ■ ■ (m) (1+Z)r+1
Hence

Zz Z'+’ , Zr+2
.7x,.-...M - (14-zy+i + (i + zy+2 + (i+zyt-s + • • •

zr f, z z= )
(i+zy+>u +(i+z) + (l+zp + ' " ' f

= _^_fi - —V1

(i+zy+iv i + zj
Zr

" (i+zy

3. In expansion of Text Book, Articles 34 and 35, it may be
asked what are the expected deaths and expected claims respec­
tively amongst m joint-life policies on (,r) and (;/) for £K each.

The expected deaths are ’"('/z+ '/,), and the expected claims
XKm(l-p ). In the former of these expressions, however, it
might fairly be argued that it is incompetent to take account of a
second death on any one policy in the year, as the lives are not
traced beyond the first death.

But in last-survivor policies this docs not hold, and the
expected deaths are as before ’«(7x + </y), while the expected
claims are £!<«(</ x q ).

In contingent insurances payable if (.r) die before (//), the
expected deaths may be considered to be niq. and the expected
claims are £Km</x(l - ). 4 *

4. It is most necessary that a clear perception should be
obtained of the nature of the force of mortality, and the following
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explanation is offered in the belief that it will assist towards the
attainment of that object.

On page 495 of the Text Book will be found a table of qx, the
rate of mortality. This is the probability that a person aged x
will die within a year, and it is deduced from the elementary

cl
equation cj = —.

X
It must, however, be evident on consideration that the rate

of mortality is not constant between ages x and (.r+1), then
suddenly rising to <7x+1; nor constant between ages (.r-f-I) and
(.r-f-2), then suddenly rising to 7x+„ and so on. The probability
that a person of any age will die within a year obviously depends
upon the number who arc alive at that age (whether the age may
be expressed by an integer or not), and the deaths within one year
after that particular age.

Now it is frequently necessary in actuarial work to have the
probability that a person aged x will die at a particular moment.
The function, however, that is tabulated is the force of mortality
at age .r, which is clearly defined in Text Book, Article 38, as
“ the proportion of persons of that age who would die in a year, if
the intensity of mortality remained constant for a year, and if the
number of persons under observation also remained constant, the
places of those who die being constantly occupied by fiesb lives."

It may be useful at this point to introduce an illustration to
assist in making the idea clear. Let us consider the speed or the
“force” of a railway train. This is generally measured by the
distance covered in the course of an hour, c.g., the speed is 40 miles
an hour. Any other function if tabulated would convey but little
meaning. For the same reason the force of mortality is always
measured as within one year.

Suppose now we wish to measure the rate at which a train
is travelling at any particular point. We might ascertain precisely
the distance covered during the following minute, when simple
proportion would give us the distance covered in an hour. It is
obvious, however, that a minute is too long a period within which to
measure; that, in fact, the rate at which the train was travelling
may have varied considerably within that interval. A better
result would be obtained were we to measure the distance covered
during the. following second, and resort as before to simple pro­
portion. In other words, the smaller the interval of time within
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which we measure, the more accurately shall we be able to gauge
the rate at which the train is travelling at any particular point.
It will be noticed that our answer gives us the distance that the
train would cover during one hour, were the speed at which
the train was travelling during the infinitely small interval of
measurement to remain constant for an hour.

When now we come to measure the force of mortality at any
age .r, we might work out the probability that a person of that
age will die within one day. Multiplying the result by 365, we
should get an approximation to the force of mortality. In symbols

I -I ix x 4- —
365 . ,/x* = 3Go ----- j------  approximately.

X

A day, however, is too long a period within which to measure.
A better result would be obtained were we to reduce the interval
to one hour. This would give us

I -I i
n, 1 I + 24X3C5

= 24 x 36o -------- j--------  approximately.

The smaller the interval within which we measure, the more
accurate will be our result. Hence we say that

where I approaches the limit 0.
When I approaches the limit 0, we have dl = I -I andZ x + l X?

t, the infinitely small increase in a-, is written </.r. We therefore have
1 dl

X
dl

where is the first differential coefficient of lx with respect to x.

It may be pointed out here that the value of the force of
mortality among lives assured varies between zero and infinity.
The value is nearly zero in the case of lives of age at entry x who
have just passed the medical examination for life assurance. It is
infinitely great when we come towards the end of the mortality
table, say when there is only one person alive, and that one about
to die. In the last year it rises from a fraction less than unity to 
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infinity. It may be noted that the rale of mortality can never
exceed unity.

If the column I followed a mathematical law,'it would be a
dl

simple matter to evaluate , and hence « . The several formulasd.v x
that have been suggested for I will be discussed later in Chapter
VI. Meantime we must take it that the column I does not followX
a mathematical law, and be content to obtain an approximate
formula for p.%.

At this point we find it useful to resort to the method of Central
Differences. The ordinary formula of Finite Differences for
interpolation between two of a number of given values of a
function is

u = u + t^u + Mi + W--2) Mi + ■ ■ •
x + l Z X 12 X |3 X

where all the known values but one are on the same side of the
unknown value, for I is supposed to lie between 0 and 1. In a
scheme for Central Differences we choose values of the function
which are distributed more nearly equally on each side of the
required value. We have the following

Also,
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Then since
"l+< = °x-i+(/+1>x-i + q7^/'x+ ^+’+ ‘ '

neglecting differences beyond the second, and substituting for
u , and a , their values as found above, we have2-1 X —1

«x+. = ("x - =x + l6x) + (' + 1) K -

= "x + /flx+ y 6X

Adopting now the notation of the mortality table, and
writing I for we have

1= I + ta + Lb
s+t x x 9 x

l- I t ,
whence ------ = a + — 6

t 2 1
from which we get, in the limit when t approaches 0,

But

Therefore,

or

We might otherwise arrive at the same result by a process
slightly different.

rlu* ux n ~ "r
-j— = ------ - when I approaches the limit 0,

(« + lSu + + . 1 _ u
I 1 1 |2 1 |3_ x J 1
' ' i

when I approaches the limit 0,

r. . . -
 .
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</.r 1 2 1 G
when t approaches the limit 0,

= A// -?.A2« + ?.A3w - . . .X - X " X
= Aa* — JA2w approximately.

Hence, since in this approximation third and higher differences
are held to vanish, and therefore second differences are constant,

duX
dx

^kx - ^.^-kx approximately,

= AWj- KA^-A^^)

W — II
= T+ -—— approximately.

From this we get as before
t/Z I -1 ,_ x _ r+1 x — i
dx 2

, 4- -1 “ (r+l
and ------

X
This formula provides a good working approximation to the

value of the force of mortality in almost all cases.
Again arguing from the same formula as the preceding result

was obtained from, we may obtain a general formula for p.x.
We have successively

1 1/x = -2--? = -4-(AZ -1A2Z + ’A3Z - . . . )/ ,/j. / \ x - x >X X
— - — (  dj (stopping at first differences)

llX =

= 9x

(stopping at second differences)

= '/xO+D-^XlI'/x

u = --L{-d -!(</ -d ^)-l((l -2d + d x,)l
•x / < x - V x x+P •> \ x x+1 x+2'>

Lx
(stopping at third differences)
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F, = ?i + K'7i-1|9i) + M7i-2x1|7i + 2|<7i)
= 9,(1 +1 + 3) " 1 |7x(i + 5) + 3 x 2 |9x
= 9I(1+l+3+T)_i|9I(l + § + ir) + »|<7I(a + J)-|x8|7i

(stopping at fourth differences)

And generally

ff, = 7I(1+I + I + I + I+• • • )-i|<Zi(I+j + t + I+• ■ • )
+ j|7i(3 + T + 3 + ■ ■ ■ )-s|?x(t + 3+ ■ • • )
+ 4|7xG+ ■ • • etc.

The proof that the central death-rate is equal to the value of
the force of mortality at an age half a year older is as follows :—

Making the usual assumption of a uniform distribution of deaths
throughout each year of age, we have

('x-1-0 = <-l

= 2GX-}-'x)

a"<> (^-Ui) = <

But u  4-1 ~ 4+1
1 2/X

Gx-r-O+Cx-4+0

21X
_ 2(Zx-r-U + 2(/i-/i+p

21X

Zx

whence also m ^x+i
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EXAMPLES

1. Write down formulas for all the possible combinations of the
probability of dying in or surviving a year among three lives, and
prove the truth of your answer.

w
live

(!/)
live

(-)
live

live live die = Pr/1 -P.J
live die live = PzX1 "Py)
die live live =
live die die = PI(1 “Py)(1 "PS)
die live die = PyC1 -Pz)0 -P.-)
die die live = P_-(1-PI)(1-Py)
die die die = (1-Px)(l-Py)(1-P.-)

If these probabilities be summed, the result will be found to be
unity, and thus proof is obtained that all possible contingencies
have been noted.

2. The probability that two persons aged respectively twenty
and forty will not both be alive at the end of 20 years is '38823.
Out of 96,223 persons alive at age twenty, 6,358 die before they
attain age thirty. Find 130<730-

130*730 = 1 - soPso

 i 4.o
~ 1 I*30
— 1 ^00 ^10 ^20

III'10 *20 *30
96223= 1 -(1 --38823)

= -34495

3. Given that the probability that two persons aged twenty-
five and fifty respectively will both live 25 years is -27516, and
that, by the same mortality table, out of 93,044 persons alive at
age twenty-five, 82,277 attain age forty, what is the probability
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that a person aged forty will survive till the attainment of age
seventy-live ?

ss/ho — /
'40 '■* /40

(-.0: Ta £>S,

^25’50 ^40

Zgj
25^25:50 X /

‘40

= -27516 x 93014
82277

= -31117

4. An annuity society is formed in which members may secure
an annuity of in at age ,r + « by payment of a single sum at age x.
If Z- members aged r start the society and / new members of the
same age join each subsequent year, find how many members will
be entitled to rank for annuities at the end of n +1 years and the
corresponding amount payable.

Of /x entering now Z will survive at the end of n +1 years,

and therefore of Z- entering now k —will survive at the end
X

of n + t years. Again, of Z entering one year hence I . , will
survive at the end of n +I years from now, and of I entering one year

hence / _£±2±lzl will survive ; and so on for succeeding years.
Z ° JX

Thus the total number surviving at the end of n +1 years and
entitled to rank for annuities will be

>. 4+n+t /(^z+n+t-l 4+n+l-2 , , ^x+n\
A —j- + ----  + —j-----  + • • • + —)

X X X X
Each of these gets an annuity of in, and therefore the total
amount of annuities in force will be

+ ^n+l-lZ'x + + • • • +„Px)}

5. Obtain from the Text Book mortality table the numerical
values of the probability that out of three lives 30, 35, and 40

(1) One, at least, will die in the 10th year.
(2) Not more than two will fail in the 10th year.
(3) All will die within 20 years.
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(1) This probability in symbols is
1 0 ol^?3o)(l o1135) G — ol'7-io)

= 1 _ (1 _ ^2LW1 _ ^LWi _ JJ2.1 \
\ 89685/V 86137/V 82277/
88879 85213 81176
89685 X 86137 X 82277

= -03274.

(2) This is the probability that all three will not die in the
10th year, and is equal to

1 - ol*7so x ol?35 x 9(Vao

— 1  "so v v ^10
x / x / x /'30 *35 l40

806 924 1101
1 89685 X 86137 X 82277

= -9999987.

GO I20730 :35 : 40 G 20P30) G 2o/?3j)G 2O?4o)

_ - 4o v 4s - 4s v 4o ~ 4o
— . X - . 1

'■30 ' 35 '40

16890 19571 23435
89685 X 86137 X 82277

= -01219.

6. There are X persons living aged x, and the number of
combinations of them taken 3 together is 35. What is the
probability that, at the end of n years, the number of combinations
of the survivors taken 3 together, will be at least 10?

By inspection one may see that the number of combinations of
seven persons taken 3 together is 35, and of five taken 3 together
is 10. Thus the question is to find the probability that at least
five persons out of seven of age x will survive n years.

XT Zr
NOW T>__________' = -T-.------.7T-

n‘ xy: ■ ■ ■ (m) (1 + Z)r
Z6Therefore, p------5 = , '

n£ xxxxxxx (1 +
= Z5-5Z»+15Z’’
= vCXj^-^C^p^ + ISCp^

F
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7. Find the probability that, out of five lives all aged .r, one
designated life, A, will die in the year and be the first to die.

This may happen in several different ways,
(1) A alone may die in the year, the other four surviving to

the end of the year. The probability of this event happening is
iM*-

(2) A and one other may die in the year (A first), and the
other three survive to the end of the year. This probability is

AWW-
(3) A and two others (A first), the probability being

(1) A and three others (A first),
4Cst(7i)4Z’i

(5) All (A first), l(7l)\
The total probability therefore is

+A K<7x)U)3+A W (px)2
+ At(<7x)4Pi + 1('7i)5

= }■[{ W5+ 57I(PI)4+ +10(^(7^

+ 5(9i)4Fi+(7i)5}-(pi)6]

= ip-w5}

8. Find expressions for the following probabilities :—
That out of 25 persons aged x,

(a) Exactly 5 will die in a year.
(6) Not more than 5 will die in a year
(c) 5 designated individuals and no more will die in a year.
(d) 5 designated individuals at least will die in a year.

(«) The 5 may be chosen in ?5C5 ways, and therefore the
probability is 25Cs(?i)5(px)2<>.

(6) This is the sum of the probabilities that none, exactly
1, exactly 2, exactly 3, exactly 4, and exactly 5 will
die, and is therefore equal to
(/'Z + + nsWU)23 +

+ 25C4(7x)4(px)2I + 26Ci(<Zi)X7^o.
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(c) The 5 can only be chosen in one way, and therefore
the probability is (9x)5(px)20.

(d) It is no matter what happens to the remaining 20, and
therefore the probability is simply (<7X)5.

9. Two offices have each £1,000,000 assured — office A, by
100 policies of £10,000 each; B, by 1000 of £1000 each.
Assuming all the ages equal, and the rate of mortality to be
2 per cent, per annum, give an expression for the probability in
each case that the claims will amount in one year to £30,000 at
least.

In the case of office A, in order that not less than £30,000
of claims should be made, not less than 3 deaths in 100 must
occur. In other words, the deaths must not number either 0, 1,
or 2. The probability required is therefore

1 r/49\1(>0 „ /49\M 1 n /49\®s / 1 VI
](.5o) +1»»C1(.5oJ 50 + 1o°C:! \50/ Go)/’

the probability of one life’s surviving being,
98 49 1
100 or and of its dying

according to data,

In office B, the deaths must number not less than 30 in 1000,
if £30,000 at least is to be claimed; and the probability of this
happening is, similarly to the above, 

'49\1000 /49\M!I
.50 J +ioooC1\56/ 50+ + 1000^29^50/ /

the probabilities of surviving and dying being as above.

10. At the beginning of a year there are 100 policies in force,
each for £100, and each payable on the death of the survivor of
two lives, the ages in each case being thirty-six and fifty-five
respectively:—Calculate (1) the expected mortality in the year;
and (2) the expected claims in the year—given ps& = ’991, and
p55 = -980.

(1) The expected mortality is
100(<736 + 755) = ‘100 (-009 + -020) = 2-9.

(2) The expected claims are
£10000(9a. x 9e5) = £10000( 009 x -020) = £1-8.
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11. Show approximately that the force of mortality at age x is
greater than the probability of dying in the year after age x, when
the number dying in the year after age x - 1 is greater than the
number so dying after age x.

^> = <9z
approximately as

d ,+rfX-l X dx
21 " ~ < I

according as
dX-1+dx> = < 2d

that is, according as
dx-i> = <dx

12. Show that q= ,.dl,x ! J o *+<'*+<

X
d

= z
lx

= *7z

13. Prove that =/0/l+1Pl+1rfZ

/. ~ - f i^jL^

x+l ui
”dl
_z±ldto dt

~ (ZZ+<O ~ Q

= I
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■ CO

14. Show that approximately colog^ = Pi+j + tV(7)s-

coXoScPx = ~l°gePx
= - log/1 - qx}

— <7X4—2—1—3—*■ etc'
Also p-x+y = approximately

%

= -zx(i -I'?.)-1
(<Z,)2 (7r)3

= 9x + —+ —+ etc.

Stopping at the term involving (</ )8, and deducting (2) from (1)
(.</ yoology

and colog^ = Px+i + T^<]xy

15. Show how to obtain an approximation to p.^.

I ,-Z,.
Here the ordinary approximate formula px = 4 9/ * 1 ^a’’s

us ; for if we wrote w. , = we could assign no mean-7 ' [z] 9/ °
“ M

ing to I, , The Z, , persons aged x are select, and come under
observation at that age for the first time, and consequently we
know nothing of the persons of age x- 1, of whom they are the
survivors. We must accordingly seek another approximation.

1 dl, i„ =____ _ _121
Z(x] dx

= - T- (A/(x]-?A2/[x] + ^A3/m_ ’ ’ ■ ) approximately.
w

If then we take the column I „ Z. . , Z , etc., and difference[z J PTJt* Put—
it, we obtain successively ZV[c], A2Z[x], A3Z[x], etc. If, further, these
be divided by 1, 2, 3, etc., respectively, and the sum of the odd
terms deducted from the sum of the even, the result, divided
by Z^j, will give us an approximation to p^.



86 ACTUARIAL THEORY [chap. ii.

Or we may proceed thus—

rfl°K,'W
dx

] r/logj^ . (M being the modulus of common log-
= “ M d.i arithms and equal to •4342945).

= - ^(^iogio4I)-lMogi4)+^3i°gio,t»j_ • • • )approx-

Following a method similar to that indicated above we obtain
another approximation to the value of /i .



CHAPTER HI

Expectations of Life

1. The definitions of the following functions and the dis­
tinctions between them should be carefully noted.

The Complete Expectation of Life at any age is the average
future lifetime of each person of that age.

The Curtate Expectation of Life at any age is the average
number of complete years which will be lived by each person of
that age.

The expectation of life, or more properly the complete expecta­
tion of life, is also sometimes called the “ mean after-lifetime” ; the
“average after-lifetime”; the “mean duration of life”; or the
“average duration of life.”

The most probable after-lifetime at any age is the difference
between that age and the year of age in which the life will
most probably fail, that is, the year in which most deaths
occur.

The Vie Probable at any age is the difference between that age
and the year of age to which there is an even chance of living,
that is, the year in which the number living is reduced to
one half the original.

2. In Text Book, Article 24, Lubbock’s formula is applied to
find a more exact expression for ex than cx + 4. The deduction of
the formula itself may be presented as follows :—

To find the sum of the series

«o + "i+“2+- ’ • +"i + "i+l + "i + 2+’ ' *
T T ‘ 1

to the end of the mortality table, the values ultimately disappear­
ing whatever function u may represent.
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We have then

And summing these
1-1 /-I ,2 1

20 ‘ « = <«0+ -y Aw0 - + -^y- A\ - • • •

since coefficient of Ah0

= 1(1+2+. . . +7TT) = L(£r2) =
/ J 2l 2

coefficient of A2«0

= l{P + 2=+ • . . + (/-l)’}-1(1+2+- . . +7Z-1)

= (t-1)1(21-1)  /-I _ fi_ 1
12(2 4 “ 12/

and so on.

Similarly
i __ I /2 _ 1 /2 _ 1

V ” = /«1 + ^-aK1 - WA2«1+ _A3K1

8<-’ /-I /2_1 12 1
v , „ = ta2+ — Aw2 - — A2«2+ -24y-A8«2 _ . . .

and so on.
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Now summing these summations, we get

“o + ”l + “2 + ■ ’ ■ + ”i + ”i+± + ”i+2 + • • ■
T T 11

= Z(w0 + «1+w2+ • • • )+^22(Aw0 + Aw1 + A„2+ ■ • •)
21

- ^r(^«o+^«i+^”2+ • • •)
1 £11

+ (A3”° + A3"i+ A3"e + • • • )- etc.

Z—1 Z2 — 1 Z2 — 1= <(«o + «i + ”2+ • • • )-—«o+ -I2z-A"o - -2lt A2"o+ etC’

Subtracting u0 from both sides we have

u +n + . ■ ■ +u+u i+u 2+ . ■ •
1 “ A 1T — A T —It t I

t — 1 Z2 — 1 Z2 — 1
= *(«i + «2 + • • • ) + —«o+ -J2TA"o - ^4FA2"o+ etc-

For the application of this formula to the case of the complete
expectation of life, we may proceed as follows:—

If we were to say

Sx = 7-(/x+l + /x+2 + /x+3+ • • • )
X

we should be wrong in that we take account of no more than
complete years lived. We should therefore obtain a somewhat
better result from

$x ~ (4+J + ^r+1 + ^r+lj + ^r+2 + ’ ■ ’ )

The same error in principle appears, however, for we take account
only of complete half-years lived; and we shall obtain a correct
result only from

S = (I , 1 + I. 2 + I . 3 + ■ •' • )x z/ v x+-r x+~rX * 1 1

where — is smaller than any assignable value.
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Therefore

e

was obtained was perfectly general,

and generally

12

The process by which e
and we may similarly write

But in discussing the force of mortality in Chapter II. we
showed that

dl
= AZ* - \&-l-x approximately.

1 ^+1

24/

e — c llx + l\
12

i AZ -1A2Z
= (where — is infinitely small) c* + ' + T\r —---- ?

We now use the summation formula, and say

= 1 (tU +l + . . .) + '-Zl l +/±L1A/ - '2 — A2/,4-etc.l
x+2 2 x 12/ 1 21/ * J

I 1 ,21 AZ -JA2/= e •- 2 4- '---- - -x—-—1 + • • •
* 2/ 12/- I

1 dl
tht ~r^ approximately12/ dx

! I1! + + F- + • • - to m terms

a.1= cx + ‘2-12

Z
=

xy:.. . (ra) iy: .

EXAMPLES

1. Given the following mortality table, deduce, in respect of a
life aged eighty-two, («) the curtate expectation of life, (Z>) the vie
probable, (c) the age at which it is most probable that he will
die. Find also the average age at death of the 129 lives, aged
ninety-five.
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X IX dX 1 x lx (1X

82 10096 1712 92 575 209
83 8384 1540 93 366 144
84 6844 1361 94 222 93
85 5483 1180 95 129 58
86 4303 1002 96 71 34
87 3301 830 97 37 18
88 2471 671 98 19 10
89 1800 527 99 9 5
90 1273 402 100 4 3
91 871 296 101 1 1

Answers: (a) 3-582.
(6) 3’5 approximately.
(c) 82.

The average age at death of those aged ninety-five will be
96-593.

2. From the Text Book mortality table ascertain the values of
lioe3O ar*d 5115®10-

lio«3o = 9-599, 6|15e40 = 12-643.

3. Deduce a formula for I without making the assumption
of a uniform distribution of deaths.

By Text Book formula (27) we have approximately
4 = cx + ^-r^

Now |b5x = &x-npex+n
= (ex + i - T-^x) - nPr^x+n -H - T^x+n)

= I »ex + K1 " »?*) - A “ nPz^+n)



CHAPTER IV

Probabilities of Survivorship

1. In Text Book, Article 3, is derived from formula (1) by
giving to n successively every integral value from unity upwards.
It may be derived by a similar process from formula (2)

=
^x+n-1 X ly+n-j

I

d , , x I ,
Here then Qi = —-*+”-*■

*y ix I
x y

_ V T-f-n-l ?'x+n ^y+n-l ^y+n
" I 21

x v
1/1 I ll

_ y 1 / x-f-n-1 y+n-l x+n y+n-1
2 v 11 n

x y X y
I x+n-I ly+n _ ?x+n ^y+n\

I I I I )
x y Lx y '

since S

e

I I
x y

I , yl ,x-r-n-1 y+n-1

Cx.y-i | x-
Py-1

^x+n ly+n\ _
I I ) ~
x y '

2. The formula Q1 - -J:y~1 4- -*"1 is, by the intro-xy 2 \ p y V.'1 y-1 'x-l
duclion of ages x - 1 and y - 1, in a form unsuitable for application
to select tables. To render it in a suitable form we have

Q1 - 1(1- , Cx-1
2 V p + p )

' y-1 ‘ x-l
1 f, Px^-lG+'x+l:,,)

2 t " Pv-1 +
Px-1 : yO gx : y+1)

Px-1
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since ex.y^ = Px:y.1(l+ex+1:!,) and^ = PX_T :,,(1 + <\: y+1)

QJ, = T {1 " + cx+i: P + P/1 + cx; y+i) J

3. By the use of Text Bonk formula (2) we may also very easily
arrive at the probability that (.r) will die before (y) or within t
years after the death of (y), i.c., formula (14), as follows:—

-d +,■ J . i
We have Q> ; ^ = (1 - A) +

x <J
I ?d I— Cl _ „ a. *+i x+f+n-1 ?/+n-|

- V1 A> + / I I
x x+t y

~ ~ tPx^ + tPx^x+i'-i)

= i-Aa-Q^y

4. To find the more restricted probability that (.r) will die within
i years after the death of (y), we have the required probability

 ^“^y+n-l^x+n-} ^x+n+t-y

I Iy x
I I I_ ~ t/4-n-l r-Hi-fr x+t ~ y-f-n-1 x+n+t-}

ll / lly x x y x+t

= QxJ-aQx+cJ
= g-q^-ag-Qa )

x+t'.y

= i-aG-Q^ )-QJi,
x+f.y

= QJ : ^(77) “ Qly

which is obviously correct; for, if we take the probability that (.r)
will die before (,y) from the probability that (a) will die before (y)
or within I years after, we are left with the probability that (a)
will die within t years after the death of (y).

5. The allied probability that (.r) will be alive I years after the
death of (y) is found as follows :—

Taking the nth year, the probability of (y) dying therein
<Z

is Jt+Zt—> and the probability of (.r) being alive at the end of
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t years after the middle of the nth year (since (y)’s death will

occur at the middle of the year on the average) is Hence
X

the required probability
_ ~'dy+n-l ^x+n+t-^

I I '
V x

= .P Q ,, 1 as above.t‘ z ^x+i: y

This probability is the same as the probability that (.r) will not
die before (y) or within t years after (y)’s death, since

tPx^z+t-.y = AO-Q-L )
x+<: y

= )}
x+l: y

=

6. The preceding probability must be clearly distinguished from
the probability that (.r) will be alive at the end of the /th year
succeeding that in which (y) dies, which may be found thus—

Taking the nth year, the probability that (y) will die therein

is ^y1"1, and the probability that (.r) will live to the end of the
y

/th after the nth year is The total probability required
X

must therefore be
^x+n+t _ v „ ( m \

I I x y nPy)
y x

= <Px(S«?x+( X n - iPy " -nPx+t X nPj

= )

Or = AW1+ex+1+1:P-Cx+(:s}

7. We may find an alternative formula for c I as follows:—y\x
Taking the nth year, the probability of (y) dying therein is

^n-iPy~ nPy)’ an<^ (•r)’s expectation of living to the end of that
year and of each year after amounts to

(nPx + n+l/,x + n+2Z’x+ ■ • • ) = nPx(1+ex+n>
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The expectation of (,r) after (y), should (y) die in the nth year, is
therefore nPx(n_1Py-nPy)(.x + el+n)> and the total expectation

Six = -nP^n-lPy-nPy 1̂ + S+J

That this expression is identical with that in the formula

Six = -nP^-J’y)

may be shown as follows :—

\P^-nP,) = lPz^-lP^ + 2P^X-2P) + 3P^-3P<)+ • • •

= i/’zS+2^(s + ilS) + s/’z(s+i|S+2|S)+• • ’

= S(l^x + 2/’z + 3?,x+ ' * • )

+ l\<lV^Pz + 3Pz+ " ■ • )

+2Is(3^+ •••)+•••

= lyPx^1 + Cz+1) + 1 IS X + S+2)

+ 2|7iZxsS(1+cz+s)+• • ■

= 2,JUn-l^-nS)(1+S+n)-

8. In finding e we have, as shown in the Text Boo/.-.to divide
‘ x:y(/|)

the expectation. Then the expectation for I years depends on (.?)
alone, and is equal to |(cx. Thereafter, in order that (.r)’s living
to the end of the (/ + l)th year may count, ( y) must live to the end
of one year ; that (.r)’s living to the end of the (Z + 2)th year may
count, ( y) must live to the end of two years ; and so on. We have
therefore

. ___ _ | _ , ,x+t+y/!l+3 + !z+t+2/y+2 + '

ex:y(lp \tx + I I
x y

_ I _ , z+i+1 Zy+l + /z+(+2/i<+2+ '

~ Ill'll,: / /
x+t y

= \lCx + tPxCx.Vf.y

= S-lPz(ez+I-Cz+(:y)

9. Coming to the probability that (,r) will die first of the three
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lives (,r), (y), and (s), we may proceed in the same manner as
in the case of two lives.

d / , . I , ,
/ / /
x !/ 5

v ^x+n-1 ^x+n ^j/4-n-l ^y+n z+n-1”^" -4-n

" " 1 X “ 21 21
x y 2

I I IX y i

^c-|-n-l ly+n-1 ^'z+n-1
x-bii y+n-1

since I Iy+n-1 x-f-n-1
I I I
x y s

I , I . \n y+n ;+n\
III )x y : '

1

Die formula given in the Text Book differs from the above,
exceeding it by
1/S cx:y-l:z-l

12 V ~V' cy-l:z-l

C Px-l:y-l:z x-l:y:z-l

I’x-liy-l Px-1::-1

x:y-l :z Cx:y:z-1 Cx-1 : y : A

Py-1 Pz., Px_X )

which, however, is a very small quantity.
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10. To adapt the expression given above for use with select
tables, we have

- + Cx+1: v+l: x) - Pxz$ + £'x+l : y: x+l) + Py-X1 + Cx: y+l: x+1)}

Since ex:y-l:.-l=7’«:y-l:»-l(1+<?x+l:y;S)» etc’

11. A simpler solution of the problem to find the value
of ej.|x than that given in the Text Book may be suggested.
If, in the equation

e1 | = S n x | q1yz | x ti* x | n ' yz

it be assumed that, for all values of n, I o1 =Q' xi q (see’ ’ \n 1 yz '■yz |n ‘ yz V
Articles 7 and 8 Text Book, Chap. XV.), we have at once

e1 I = S p Q1 x | qy:\x n‘ x '■yz Ik ‘ yz

= Q1 e |S- yzfx
= Q1 (e - e )v2/A x xyz'

Also
e 2| = c1 I — e |yz\x yz\x y\xz

— Q1 (c — e ) - (e — e )x xyz' x xz xyz'

= ^ex-exz')-^Cx-exyz')

Or we may proceed thus:—
V-|x = \Px*\n<lyz

= Vx(|n?.-- Ik^D
= el — e J|zlx yzlx

= (e -e )-Q Ye — e )V x xz' ^-yz^ x xyz'

12. The following should be carefully noted.
There are two formulas for q— :—

lxu

^xij ~ ^x ^y ^xy

and q— = q x qIxy 1 x 1 y

We may express in similar forms the probability that two
G
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children, ten and fifteen years old respectively, will both die
before attaining age twenty-one, viz.:—

|11'/Io+|S?15-(|O71O:1S + 6?'1O:15X|5,/1g)

and |n7iox|o7i5

The probability that one at least will so die is

Now to obtain the probability that both the children will die
before twenty-one in the lifetime of their mother aged fiity, we
have analogously

111710 : 50 + |<j715 : 50 - C|g7'10:15' : 50 + G^IO : 15 : 50 X 157 ic : 50^

and 111710: 50 X|o7i16: 50

The probability that one at least will so die is
1 “0 “ 111710 :5oX^ -|o7io:5O^

EXAMPLES

1. Out of I married couples, the husbands being all aged x
and the wives aged y, show how the number of husbands who
become widowers in the nth year may be ascertained.

The number of husbands becoming widowers in the nth year is
ZxX»-l|7^ = ^K-l^-n^K-l^ + n/'x)

- 1 v x+n-J
* i x ~t~y lx

We do not cancel I* in the numerator with I in the denominator,
since the former is taken from actual experience, while the latter
is taken from a table which represents suitably the mortality of
the lives concerned.

2. If the probability that (,r) will die before (s) is T996 ;
» f.r) „ both (y} and (z) is • 1610;
» ' (y) „ (s) is-2990;
» (y) „ both (,r) and (s) is -2602;

find the values of the following probabilities :—
(1) That the survivor of (x) and (y) will die before (s).
(2) That (x) will die before (s), (3/) having died first.
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(1) Q-.. - Q= +Q2 = Q1 2 -Q1 +Q1 -Q’v ' '■xuz xyz zc 'xy~ yz xyz
1 1

= -1996--1610 +-2990--2602
= -0386 +-0388
= -0774

(2) Q2 = -038G

3. Find the probabilities that, in the /th year from the present
time,
(<■/) A life now aged .r will die, having survived a life now aged y

by at least m years, and a life aged z by at least n years.
(/•>) The last survivor of three lives (.r), (//), and (rr) will die.
(c) A life (c) will die, leaving (,r) and (y) surviving.

(«) To fulfil the conditions, (.r) must die in the /th year, (;/) on the
average before the middle of the (/ - m)th year, and (z) on the
average before the middle of the (/ - n)th year respectively.
The probability is

J ,, , / - I , I -1x-~t-l y y+t-m-K z z-rt-n-%
l x I x I
X y z

G') 1-1 pJJ? = t-lP^7z~ iPxyz

~ G-l?,z + t-\Py + t-lP: ~ t-lPxy ~ t-lPxz ~ t-lPyz + 1-lPxyz)

- G/’z + ,Py + ,P.- ~ tPxy ~ tPi: - tPy. + 7'zy.-)

— i-1 |^z 1-11<-l|*7z t-ll^xy l-l|7z_-

+ (-l|7zy.-

(c) 1 X X 2'-^

z z y

4. Find expressions for the probabilities that of three lives
(.r) (^/) and (z), (.r) will die

(1) In the same year as (s), whether first, second, or third of
the lives.

(2) At least / years after (y)s and at least / years before (s).
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(1) This probability is equal to the sum for all values of n of the
probability that both (x) and (s) will die in the nth year

= “ClEz-J'zKn-lP.--,,?.-)
= “ (» -1 Pxx + „ Pz.- “ n -1 Ex X n E.- - n Px X „ - 1 E;)

c c_ 1+ 9e _
‘ X: Px-1 P:-y

(2) If (x) die in the (« + Z + l)th year, then to fulfil the conditions
(y) must on the average have died before the middle of
the (n + l)th year, and (s) must live on the average till the
middle of the (n + 21 + l)th year. The probability required
is therefore

2 ^z+n+l x ly+n+l x ^4-n+2<+j

I I I
* y i

- n -x. n x S ^l+‘+" x ^+2t+n+i
tPx X 21P: X ~j------- x --------- 7---------- X -----7

x+l y z+2t

= tPx X 2t?;^x44: v :»+2i
1

5. Required (.r)’s expectation of life ten years after the death
of a life presently aged y.

From the whole expectation of life of (x), we must deduct the
part during the life of (y) and for ten years after. The expectation
required is therefore

Cx Cz:y(iO|) — ex loPx^Px+lO *+4-10 :

= 10?x(ex+10-ex+10:p

Or we may proceed otherwise. The („ + 10)th year will count
only if (x) survive it, and if (y) die within n years. The prob­
ability of its being reckoned is therefore (1 - npy~)n ^qPj and
sum of this expression for all values of n is the expectation
required

= 2(1-nE!/)n+10EI

= loEx^C^ “ nPpaPx+10

= loEx(ez+10 ~ ex+10 : y)

6. Write down in respect of the (t + l)th year the probability
indicated by each of the following symbols:—(«) (6)

(c)Q;? (d)Q[-, (e)QL:i,



CHAP. IV.] TEXT BOOK—PART II. 101

W III dz+t(lV ly+l+i^l:+t+i
x y z

W I I I <Zx+AZ»-Zi/+i+j)Z--+<+} + ^---Z2+i+j)^+<+j}
x y z

W TT7 ^-z,+(+J)(z.--<+(+i)
X y z

III dz+lJy+t+l ^z+l+i + (Zy_ Zy+«+j)Z;+l+J
x y z

+ (Z2~ ^ + ( + 1)  ̂+ 1 + ^

W U+1^ - U+P<,+1 + Vy - ^<+1X+1}
x y z

III Is+t+l^,z+t+i dy+‘ + ly+t+h dz+t)
z y z

7. Show that = A (■ *~1:y Pz^z+i-.y) approximately.

Qxj l l f0 lz+tPz+tly+ldl

z V ' u
_J_ r l l lz+l-l z+l+1 d/ approxiraately.

= ZjJo r+« 2lx+t 11

== 2FT (/0 lz+t-l ly+tdl~ Jo lz+l+1ly+d')

= — (“ lz+‘~l 1V+1 dl - p [“^+,+-l-l«+l dl
2 \Pz-J° lz-lly Z-° 'z+lly

J ' Iz-1

since S = J dt



CHAPTER V

Statistical Applications of the Mortality Table

The intricate problems relating to population in this chapter may
be simplified by the following explanations.

1. In Text Book, Article 14, we are told “the average age at
death of a stationary population, kept up by births alone, is
If = which is explained as follows:—
'o

The rf0 persons who die between 0 and 1 are on the average
-j year old at death, that is, amongst them they have lived Wo
years.

The d] persons who die between 1 and 2 are on the average
li years, etc.

The d„ persons who die between 2 and 3 are on the average
24 years, etc.

Therefore, the </0 + + </., + etc. persons who die have, taken
altogether, lived 4</0 + iidj + £d., + etc. years, and the average age
at death of each is therefore

|d0 + SrZ, + ?,</., + etc. _ Lo + L, + L., + etc.
d04-dj + d.,+ etc. ” /0

- Io
>0

— ^0
To find the average age at death of those who are aged .r and

upwards, we have by a similar process such average age

= (■r + l)rfx + Cr + i’)<+1 + Gr + f)rfx+2+ • • ■
dx+ dX+l + dx+2+ ’ ’ ’

_ , . Lx+Lx+1+Lz+2+ ‘ ‘
" + I--------------
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Again, similarly, the average age at death of those who die
within the n years after age ,r is

(■r+A-)< + (.v + a)dx+1+ • • • +(-r + »-j)rfJ+n 1
dx + dx+l+ ■ ‘ ’ +dx+n-l

\<l + 3<7 + • • ■ + («-!)</__ , - x - z4-l V x+n-l- a + z —z-——

since K + iWx+i+- ’ ' + (" ~ M+n-1

= (K+H+i+K+2+ ■ ■ •)
~(X+n + ^x+n+l + 2rfz+n+2+ - ‘ ’)

-”(rfz+n + rfz+B-M + Jz+n+2+ ’ ’ ' )

= T - T -nlx x+n x+n

We are now in a position to state the solution to the problem
in Text Book, Article 14, as to the effect at the end of n years,
on the average age at death of an otherwise stationary population,

disturbed by “ an annual influx of — x I persons aged x."
k 1

The total years lived by those that have died out of the original
population are G”fZo+L-<Zi + -W2 + • • • ), and the total years at
death lived by the immigrants are

-^-{(•r+2)<Zx + (x + ?)<Zx+i+ • ' ’ +(‘r + 'i~i)'Zx+»-i}

Also the whole number of deaths of both is
(rf0 + d1 + d2+ • • • ) + ^-(<Zx + 'Zx+i+ ’ • ■ +rlx+n-i'>

and therefore the average age at death of each who dies is

(1^ + 3^ + ^+ ■ • •) + ^-{Gi' + A)^ + Gr+H>zx+1+ • • ■ +(x + n-J)<zx+n_]}

Zo + ^-U)
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2. Passing to the problems discussed in Text Hook, Articles
18 to 20, we may find the average present age of the existing
population as follows :—

There are Lo persons living between 0 and 1, and they have
lived on the average i year each.

There are Lj persons living between 1 and 2, and they have
lived on the average li years each.

There are L„ persons living between 2 and 3, and they' have
lived on the average 2J years each, etc.

Therefore the total years lived amount to (i Lo + £Lj + #L2 + etc.)
and the average lived by each person is

^Eo 4-yLi+ ^L2 + • • • _ ^T0 + T]+Tq*4- • • •
Eo + Lj + L2 + • ■ • To

Ill
To

Similarly the average present age of the population who are
aged x and upwards is

(J+^)Ex + (g + f)Lt+1 + (.r+-g)Li+i,+ ■ ■ •
Lx+LH.l + Lx+2+ ’ • ■

+ \---------------

3. Again, to find the average future lifetime of the existing
population, we must first note that the average future lifetime
of I persons is T . Hence the average future lifetime of L
persons, i.e., i(l +1 ) persons, is i(T +T Y and the
average future lifetime of each of these persons is therefore

Now the average future lifetime of Lo persons living between
0 and 1 will be A(T0 + Tj), and of Lj „
1 » 2 „ J(Ti + T2), and of L2 „
2 „ 3 „ i(Ta + T8), and so on.
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Therefore the average future lifetime of each of the whole
existing population will be

j(T0 + T1) + i(T,+T!!) + |(T!; + T3)+. ■ •
JLq + -L»i 4- L.j 4- • • •

• • •

II
To

Similarly the average future lifetime of the existing population 

who are aged x and upwards may be shown to be

4. Now if the average present age of the existing population is
Y Y
ip3, and if their average future lifetime is ttt, it is obvious that
1 o ^o
the average age at death of the existing population will be
2Y
-wr2 ; and for those of the existing population who are aged x and

1 o
2Y

upwards the average age at death will be x + —

5 The distinction drawn in Text Book, Article 21, may be
shown thus :—

In the case of the stationary population which is recruited each
year by births, we have for the average age at death

A + v d., + • • •
d3 4- dj + rf., + ■ • -

='L

= c0
In the case of the existing population we have as follows:—

Ago.

(1)

Number
living.

(2)

Average age at death
of each.

(3)

0-1

1-2 ’

2-3

etc.

Lo

Li

L,

etc.

j , "(Tn + T,)
2 Lo

, KT1+T2)

6 KTq + t3)
- l,

etc.
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Midtiplying the number living at each age by the average age
at death of each of the group, and dividing the sum of these pro­
ducts by the total population, we have for the average age at death
of the existing population
|Ln + l}L, + SL2+..- |(T0 + T1) + KT1 + T2) + |(T2 + T3)+ • ■ ■

Lo + Lj + L2 + • • • L0 + L1 + Le+---

|T0 + T1+T2+• • • AT0 + T1+T.,+ - • ■

- 0

In the case of c0 we have the average age at death of the
population and, assuming that there are 70 annual births, this

2Y
average age is the same every year. In the case of ttt2 we

■*o
multiply the number at present living in each age group by the
average age at death of the group, and by this process obtain
the average age at death of the present members of the
community.

Applying the same process to those of the present population
aged ,r and upwards we have for their average age at death

(■r + A)L+(.r + ^Li+1 + (.r + 4)L+2+ ■ ■ • AT + T +1+ T +2 + ■ ■ ■
L«+Lx+l + Lx+2+ Lx+Lx+l+Lx+2+

EXAMPLES

1. Having given a complete table of p^ accurately representing
the probabilities of life at all ages, show how, from the deaths
taking place in one year, to calculate approximately the total
numbers living in a stationary population where there is no
disturbance from immigration or emigration.
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Since the population is stationary, the deaths in any one year
must equal the births, that is

Zq — ^Zq + <Zt + ^2 E dg + • • •
We are also given pg, pv p.,, p.v etc., and therefore since

Zj = Zo x ]>0
= Pi

l3 = l2*p2
etc.

we can successively obtain Zp Z.„ lz, etc.
Now making the assumption of a uniform distribution of

births and deaths, the total population numbers
+ + Q + ■ • •
= zzo + z, +1., + Z3 + . . .

2. A military power desires to maintain a standing army of
1,000,000 men. Five years’ service is compulsory on all males
attaining the age of twenty. How would you apply a table,
showing the mortality amongst males, to ascertain the annual
number of recruits required to maintain the army at its proper
strength ?

By the tabic, an entry at age twenty of Z.,o males will support
a popidation between twenty and twenty-five of T„0-T25. By
simple proportion we find the number of recruits of age twenty
necessary to support an army of 1,000,000 men of ages twenty to

, - . 1000000 .twenty-five to be —----- — l.,0.
* 20 - 125

This formula naturally only takes account of the numbers in
time of peace. It further does not allow for the necessary
selection by medical examination of the recruits, nor for the effect
thereof on mortality.

3. In a stationary community supported by 5000 annual births,
each member, on attaining the age of twenty, makes a payment of
£20, and contributes £1 at the end of each succeeding year until,
and inclusive of, the sixtieth birthday; receiving thereafter an
annuity of £15, payable at the end of each year. In respect of
each contributor who dies before receiving the first payment of
£15, a payment of £5 is made. Find expressions for («) the
number of contributors, (Z>) the annual receipts, (<•) the total
yearly annuity-payment, and (<Z) the annual death claims.
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(a) The number of contributors is (T20 - Too).
Zo

(Z>) The annual receipts are
^(2OZ,o + l21 + l22+■■■ + Z,-,o) = (2OZ20 + N'so - N'oo)

‘0 'o

(c) The total yearly annuity-payment is
5000 , 5000
—X 15(/01 + Z(;2 + Z6S+ • • • +/w-l) = > X GO

‘0 o

(rf) The annual death claims are
5000 J > x 5000 -// / >

x o(f/.,0 + + (/.-»+ • • • + ^X>) ~ I XOV20
‘0 " 0

T* 9V2oandz_Lo. What
^0

T -T
does represent?

X
A community otherwise stationary is subject for n years to an

annual increase from immigration at age x to the extent of 10 per
cent, of the number who attain that age. Show how to ascertain
the effect of this immigration upon the average age at death at
the end of n years. What practical consideration would vitiate
your result ?

4. Explain clearly the difference between

T-yi is the average age at death of each of Zo persons born in a
'o

stationary community, while as explained in Text Book, Article 21
2Yof this chapter, 0 is the average age at death of the present

members of this community.
T -T

■ 1 . * n is the average number of years lived by each of Z^
X

persons between ages x and (.r + a). See Text Book, Article 12.
To get the average age at death in the above described com­

munity, put  = _L in the formula in Text Book, Article 14.

The result is vitiated as shown in Text Book, Article 16, by
reason of no increase in births following on the increase in
population being taken into account.
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5. In a population of 1,000,000, hitherto stationary, the birth­
rate begins to increase at the rate of 1 per cent, pel- annum.
M hat is the population at the encl of three years, assuming a
uniform distribution of births and deaths throughout the year?

According to the mortality table, a population of To must be
supported by Zo births, and therefore a population of 1,000,000

. , . , , , 1000000 , . umust be supported by l0 x ---- —----  births.
■* o

At the end of a period of three years, the population due to
the increase in the birth-rate is

l0 x i^00 [ {(1 -01)3 - I } Lo + {(1 -01)2 -1} L, + -01L2]

= Zox 1900000 (-O3O3OlLo + -0201 Lj+ OIL.,)
■*o

Hence the total population is
1000000 + A(3O3O1Lo + 2O1OOL1 + 1OOOOL2)

•*o

6. In a certain community the number of annual births has
been observed to decrease approximately in a geometrical pro­
gression. It is desired to introduce a pension scheme, pensions
to commence at age sixty-five, the contribution being from age
twenty to age fifty-five. The number of births this year being k,
find expressions for the immediate numbers of pensioners and
contributors.

Let — be the common ratio of the geometrical progression

in which the annual births are decreasing. Then it follows that
the births n years ago were rnk.

Assuming that the births take place uniformly throughout the
calendar year, that the figures are required at the close of the
calendar year, and that there is no disturbance from immigration
or emigration, we have the number of immediate pensioners

±(^ + ^ + ^4- ■ • • )
40

and the number of contributors
±(r=»L2() + r=*L21 + r=2L22+ • • • + r^LJ.
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7. A system of free education is introduced into a community,
embracing all children from the age of five to thirteen inclusive.
The present number of such children is A, but the birth-rate in
the community, previously stationary, has been increasing during
the last four years at 1 per cent, per annum. What would you
estimate to be the number of children under education at the end
of twenty years, and how many children will have passed out
during the period ?

Assuming that, during the period the population was stationary,
a table of mortality was formed showing the column of L and the
column of T, we may proceed as follows ;—

In the first year of the system the number under education is

A ^L5 + Lc + Lr + ■ • ■ + L,a\

In the second year A / L^b01)+L« + L7 + ~ ' + L13>
} t T5-Tn J

In the third year A /y]lI)i+Li(1'01) + 1;+ ' J_.-. + 1-i3\
? L T5-T14 J

and so on, till at the end of the twentieth year the number
will be

(L,,(1-01)1°+L,.,(l-oi)18 +L;(1-OI)1-+ ■ , , +^(1-01)1^
I T5 - Tu \ J

The number that will have passed out during the twenty years,
having attained the age of fourteen, will be

A^fio+(i-oi)+(i-oiy+ . . . +(i-oi)i'>}

8. In a pension society it is a condition that if a member dies
after m years from entry his widow is entitled to an annuity. If
on the average there enter the society in the course of the year
/>■ new- members aged .r, each with a wife aged y, how many
widows entitled to draw annuities will there be at the end of the
nth year of the society's existence ?

The widows between (>/ + ’«) and (y + m+1) years of age are
on the average each (j/ + m + J), and that they may’ be entitled to
annuities their husbands must have died between (.? + ?») and
(j + m + A). Similarly the husbands of the widows whose average
age is (y+ >« + #) must have died between (.r + »n) and (a + w + il) 
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if their widows arc to get annuities, and so on for (n - m) terms.
Therefore the number of widows entitled to draw annuities is

Z Z 1 ^x-l-m+0 ^y-i-in-r-^x+m ^x-t-ln+i^
x y V

ly+n-^x+m ^x+n- P J

= lt( p X \ i — ie)1 x m I n - M y m [ n - m xy'

An alternative method of arriving at the same result is to
deduct from the number of females who are alive and who have
become entitled to annuities by the survivance of their husbands
for the necessary m years the number of females who are alive and
whose husbands are still alive. The result is obviously the number
of widows who arc entitled to draw annuities. Following out this
plan we get

Z Z ‘f^y+M+J ^r+>» ^y+»>+5 ^yd-n-4 4:d-iP

z V '■

^yd-md-4 ^y-|-ni+3 ^x+m+2 ^yd-n-i ^r+n-p J

= k ( p x | i - I c 1 as above.Mjm x m|n-m y mln-m xy'

9. A railway staff in a stationary condition is recruited
annually by 500 entrants at age twenty, who are required to
contribute to, a pension fund. At age sixty they have the option
of retiring on pension, and retirement is compulsory at age
sixty-five. Assuming that there are no secessions other than by
death, and that one-half of those who reach age sixty retire at
that age, the others remaining till age sixty-five, give expressions
for:—

(1) The total number of present contributors.
(2) The total number of present pensioners.
(3) The total number of future years’ service with which

existing contributors will be credited.

(1) The total number of present contributors is

*-21+ • • • + ^«d)“ 2 (Lg0 + Lg1 + • • . +LW)J

= ^{(T20-TC5)-KTC0-TC5)J

= ^{T2O-KTM + ToP}
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(2) The total number of present pensioners is
-p'{*(L*>+L6l+ • ■ • + Lih) + 0 '05 + L0C + • • ■ )j-

= ^(Tco-Tw) + Tw}

- ^xKToo + Tcs)
*20

(The total of present contributors and present pensioners makes
up the whole population of age twenty and upwards. This is
obviously correct, and goes to prove our results.)

(3) i(T.,„+ l’ol) represents the total future lifetime of the L.,o
persons living between twenty and twenty-one. Of this number
of years, however, A(TCO + TC.) is lived after retirement. Hence
|(T20+ T„t)-A(T^ + T^) represents the number of future years’
service in respect of the L,o persons living between twenty and
twenty-one.

Similarly 4 (Tol + T„,) - 4 (Tco + T05) represents the number of
future years' service in respect of the L.(1 persons living between
twenty-one and twenty-two.

We shall obtain similar expressions for L„„ L„3, etc., to L59,
that for the last being J(T69 + TJ - A-(Tgo + Too)-

Further, for the JLC0 persons between sixty and sixty-one
who have not retired the number of future years’ service is

^ci)_ TG5}. Also for the AL01 persons between sixty-one
and sixty-two years of age the expression is |{J(T01 + TC2) - TC5};
and so on, till finally for ALM it is i{KTci + Tcs) “ TG5h

The total number of future years’ service with which existing
contributors will be credited is therefore

{(YM - YJ - 20(Tw + TJ + J (Yw - Ym - 5TC5)}.



CHAPTER VI

Formulas of De Moivre, Gompertz, and Makeham,
for the Law of Mortality

1. Under the supposition named at the beginning of Text
Book, Article 7, viz., that the numbers living at successive ages
are in geometrical progression, it may be shown as follows that
“ there would be no assignable limit to the duration of human
life, and the values of annuities would be equal at all ages.”

Let k be the radix of the table, and r the rate at which the
population is decreasing, and therefore fractional. Then the
numbers living at successive ages will be k, kt, kf2, kf3, etc., to
infinity.

At any age x we have the force of mortality
1 <«,

^~TTxX
1 dur1

kt* dx

1- ------ kx1 log rKrx °C

= - log/
which is independent of the value of x, and therefore constant at
all ages.

Also the complete expectation of life at any age x
1 r"'■ - rk‘^‘

= —/ Ki^^dl
K}'xjJ 0

=
i

loger
1

H
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ez is therefore also constant at all ages ; and thus the first part
of the statement is proved.

Anticipating by a little the theory of annuities, we have for
the annuity value under the supposition

a = ^I dl
X I I

xJ o
= — /

= (“u'r'd/
J o

1
logu + logr

which as above is independent of x, and is therefore constant at
all ages. Thus we find the second part of the statement correct.

2. Under Gompertz’s law the formula for I is expressed in
terms of three constants. The constant k does not vary with
the age, and is therefore of importance only in fixing the radix
of the mortality table.

From any three values of the number living, the three con­
stants may be deduced. For example, taking the values of log I
at ages .r, (a -H), and (x + 2t), we proceed as follows :—

log Zx = log Z: + <5 log g
loSZx+t = log * + c*+‘logg
loSZx+21 = log* + c*+« logg

Taking the first differences of both sides of the equation
!og(pi = c*(c‘-l)logg
loSA+1 = -1) log g.

Now dividing each side of the second equation by the
corresponding side of the first, and taking the logarithm of the
result, we have

log Qog(pi+l)-log (log,Pi) = /logc,
from which c may be found, and by substituting its value in one or
other of the second set of equations, logg may' also be found.
Again by substituting these two values in the first equation of all, 
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log k may be found, and from the three constants now known the
table may be wholly determined.

3. In the case of a mortality table following Gompertz’s law it
may be shown that

l<C = Q},x
a relation which, it was suggested in the notes on Chapter IV.,
might be used as an approximation in any mortality table.

Qly = ttI ,I+i'v+t^dl

* yJ o

By Gompertz’s law — ( lx+t dt
* y' q

c1 1 r00= Att(f+c'J I II x+f v+< J
* IT 0

“ qX + cy l~[~ J ^x+t ly+t&z+t + Py^t^1
* y 0

= —— Qc^ + cy xy

_ cx
<*+<$

A,so |(£, = rrf 'x+t’,J+ti\+,dl

X y o

— C^ + c'J I I / ^x+‘ l'j+i&x+t +

1 y o
— Q1 XL<7

xx'j pixy

4. From consideration of the actual figures in the Carlisle,
Seventeen Offices, and Government Annuitants' Tables, Makeham
deduced the principle of his first modification of Gompertz’s law,
namely, that “ the probabilities of living, increased or diminished by
a certain constant ratio, form a series whose logs are in geometrical
progression.’’ If, then, Gompertz’s law is defined in the statement
that the logarithms of the probabilities of living are in geometrical
progression, Makeham’s modification thereof is covered by the
statement that the first differences of the said logarithms are in
geometrical progression with common ratio c, which is shown to
be true by the process followed in Tea/ Book, Article 19.

It may be noted in passing that Mr King is perhaps not
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strictly correct in suggesting that Gompertz had foreseen Make­
ham’s modification, but had not arrived al formulas to express it,
for, as Makeham points out, he would in that case have expressed
himself thus :—“ It is possible that death may be the consequence
of one or other of two generally coexisting causes,” and so on.

Examination of mortality tables based on the experience of
assured lives convinced Makeham that while his modification of
the law accounted for the facts very closely from about age thirty-
two onwards, the agreement was not so close at the early ages, and
he proposed to have recourse to a complementary series during this
portion of the mortality table. The want of agreement with the
observed facts is due to the fact that the great proportion of the lives
under observation at these early ages have recently been medically
examined ; in other words, it is due to the unequal effect of selection.

The following table gives the rates of mortality of the HMP
experience (1) as graduated by Makeham’s law, and (2) as
adjusted without reference to any formula. It will be noticed that
at this portion of the table Makeham’s law considerably over­
estimates the rates of mortality.

Ago. Assuming
Makeham's Formula.

Assuming
no Formula.

10 •00679 •00442
11 •00682 •00409
12 •00684 •00388
13 •00686 •00381
14 •00688 ■00385
15 ■00693 •00404
16 •00695 •00436
17 •00700 •00483
18 •00704 ■00543
19 •00709 •00604
20 ■00714 •00649
21 •00718 •00679
22 •00725 •00692
23 •00732 •00695
24 •00739 ■00695
25 •00748 •00700
26 •00755 •00710
27 •00766 •00733
28 •00775 •00759
29 ■00787 •00783
30 •00800 •00806
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The same difficulty presents itself in applying the formula to
the graduation of annuity statistics, where the mortality is dis­
turbed for loo long a period of the table by the introduction of
new entrants.

The French experience, both of assured lives and annuitants,
was graduated by Makeham’s law. The formula was not, however,
applied below age twenty-five, the rates of mortality at these ages
(which were made identical in the two experiences) being obtained
by assuming that qx could be represented by the following
algebraical expression :—

qx = A + B.z + C.r2 + D.r3 + E.v4 + F.r5 + G.r°,

A, B, C, etc., being obtained from seven equations depending on
the unadjusted data.

One curious point connected with Makeham’s law is the fact
that the value of logc as deduced from different mortality
experiences is very nearly identical. The following examples
may be given :—

Seventeen Offices .... "03956
Hmp -0400008
Thirty American Offices . . . "041280
Gotha Life Office .... -039625
O1M)........................................................... -039

Commenting on this, Makeham has said: “The practically
identical agreement in the value of log c in these several instances
could only result from the rate of deterioration of the vital force
being the same for each individual. Thus extended, Gompcrtz’s
law may be stated as follows: The vital force or recuperative
power of each individual loses equal proportions in equal times;
and the proportion of vital force so lost by each is universally the
same, being approximately represented by log c = "04.”

Makeham’s first modification of Gompertz’s law was never
intended to be applied to every mortality table. In some cases
it was shown to fail to represent the experience. Where
geometrical second differences of log I were not found to exist,
he suggested that geometrical third differences might exist, “ not
as in any way superseding the method of second geometrical
differences, but merely as a substitute which may be available in
certain cases where the other is found to be unsuitable.” This
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method lacks the neatness of application to joint-life contingencies
possessed by the well-known first modification, and has never
proved to be of more than theoretical interest. It may simply
be stated that under the second modification I* is of the
form whence we find that /x^ = A + H.v + Be*.

EXAMPLES

1. Find, on De Moivre’s hypothesis, the most probable number
of deaths among 1000 persons aged thirty.

The most probable number of deaths may be found by deter­
mining the greatest term in the series (/^ + 7?.o)1000,

But by De Moivre’s hypothesis p30 = -yll = = 22
Z3q 86 — 30 06

a"d 930 = i

Therefore we require the greatest term in the expansion of
'55 1 X1000.
.56 + 56/

Now the (w + l)th term = the nth term x - « + 1 J_
n 5 a

And therefore the (n + l)lh term > the nth term
so long as 1000 - n + 1 > 55n

or 56n < 1001 
or n < 17f-J.

That is, the 18lh term is the greatest.
But the 18th term involves 17 deaths; therefore the most

probable number of deaths is 17.

2. Prove that upon De Moivre’s hypothesis the force of
mortality is equal to the rate of mortality at all ages.

1 dl
» “ ~T ~faX

1 d(86-.?).. . . (. . .
= dx (by the hyp°thesis)

1
86 - x

= 9,
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3. If the force of mortality varies inversely as the complement
of life, deduce the forms of I and e .X z

But /x' X

Therefore log I° X

Let «‘l

d lo£ I___ ' X
dx

whence

Also

4. Obtain an expression for the force of mortality when the
law of mortality is expressed by the equation

I = kstu&'g?

Since

X — o

lx =

But

log I — log k + x log s + .r2 log w + c1 log g
d ’°o (c

dx

Now let
= - (log s + 2.r log w + c1 log c log g)

- log s = A
- 2 log w = H

and
Then

- log c log g = B
p.x = A + H.r + Be”



CHAPTER VII

Annuities and Assurances

1. By Text Book formula (3)
ax =

whence
G+’H = 7>/l+«l+1)

= (1+flz+l)“?x(1+'ZI+l)

From the equation stated in this manner much that is useful may
be learned.

If ax be invested at age x in the purchase of a life annuity, by
the end of one year the purchase-money will have accumulated to
(l + >)a. Now if the annuitant has survived, he will be aged
(r+1), and will be entitled to the first payment of the annuity
immediately. The value of the annuity will therefore be
(l+«i+]). The excess of (l+°l+1) over (1+Z)«x is, by the
equation above, which is the loss to the granter of
the annuity for each survivor, and therefore the total loss in
respect of the survivors of Z entrants at age a: is Z ,,o(T+n ,* x 0 x+l 'i' x-t-i'
Again, if the annuitant dies during the first year the whole of
the accumulation, that is (l + i)^ will be set free. The total
amount set free by the deaths among I entrants at age x will be
dx(l +i)«x- It is assumed that the mortality actually experienced
will be that shown by the table adopted, and it may easily be
proved that

U19x(1+Ox+1) •■= dxQ+'>x

Expressing Text Book formula (3) in slightly altered form, we have
'xG+'X =

From this it may be seen
(1) That, unless «Zx die during the year, the accumulations of 
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the purchase-monies of Z entrants will not be sufficient to meet the
annuities payable to the survivors. This confirms Mr King’s
remarks in Article 4 that “ we must always presuppose a suffi­
cient number of such benefits to form an average; so that
the contributions for those that never mature may be available
to meet the deficiency in the contributions for those that actually
become payable.”

(2) That, when an annuitant dies, the reserve released is not
to be considered profit to the office, since the amount released has
to be applied to make good the deficiency under the contracts of
those who survive.

2. The following simple proof shows the identity in result of
Barrett’s and Davies’s forms of commutation columns. According
to Barrett, who used the initial form,

 + ' * *

AX
= (i+ir-*-v+1+(i+»r-*-°zI+a+- • •

(i+t)u-iix

(1 + I>PI+1ZJ+1 + (I + i)u’vx+2lx+i + • • •
(l+i)“v»Zi

= 1J+Vx+l+1,l+2Zr;2+ ’ ’ ’

vx IX
Dx+l + Dr+2+’ ’ ’

DX
Nx
DX

according to Davies, who used the terminal form.

3. In Text Hook, Article 25, it is shown that the value of a
life annuity is less than the value of an annuity-certain for the
term of the curtate expectation, and it may similarly be shown
that the value of an assurance of 1 payable at the moment of death
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is greater than the value of 1 due al the end of the term of the
complete expectation.

Ax = l-d(l + ax)
> l-d(l+«—,), since a* < a—.

> v1+'x

> vex+lc where 1 - k is the time lived by (,r)
in the year of death.

Therefore Ax(l+i)K > 1A

or A > tA since A = A(T+i)K, k being theX XX''''
time before the end of the year, at which death occurs.

Or we may prove it thus:—Let there be dx quantities each
equal to i>, d ,, each v", d , „ each i>3, and so on. The arithmetic
mean of these </x+di+1+di+,+ . . . quantities is

^x + ^+i + ^x+s-1- • • •

(/x+rfx+l+rfx+2+ ’ ‘ -

= AX
and their geometric mean is

tlx+Mx |-r> 3fix+2+' • •
V dz+dx+1+dx+2+' ' '

= ,.1+Cx

But the arithmetic mean of any number of positive quantities
which are not all equal is always greater than their geometric

From this we argue that the annual premium required to provide
a payment of 1 at the moment of death is greater than the annual

mean, as proved on page 6.
Therefore A* > vx+'x

and A > vCx as before.
A

Again = ——
1 l+«x

>
1 +

x|— 5
since A > v * and a < a—>1 1 'll
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premium payable in advance required to provide I at the end
of the term-certain of the complete expectation of life.

4. If we are given any two of the three functions A^, and Px
we can find i, the rate at which they are calculated.

(1) Given ax and A .

By Text Book formula (22) A*
1 - ia

1 +i
whence (1 +1) A^ = 1 - ia

and t =

(2) Given A^ and P*.

By Text Book formula (37) P* =

whence (1+i)Px(l - A ) =

and i =

(3) Given P* and ax.

By Text Book formula (3S) P* =

1 - A_____ X
a 4- AX X

r/AX
1 -AX
it\x

A.-P/l-A,)

whence (l+i)Pi(l+«i)

and

= 1 — ia
_ ^P^+M

5. The form of the equations given in Text Book, Article 39,
can be adapted to the case of endowment assurances in every
instance.

A— = »(1 +<r —r,) — a —nxu | ' x:n-l|-' x:n-l|

=
14“2

— v — iva .—77x:u-l|

= 1-^+%:^)
a,n — a —n_ ”_____z: n -11

1 +a»
All through a —n is substituted for a , and it will be found a" x: n -1| x7
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useful exercise to reason these equations out for endowment
assurances as is done in Text Book, Articles 30, and 41 to 44, for
whole-life assurances.

6. In connection with Text Book formula (41), it should be
noted that

D + D + ■ • ■ + D ,x+1 i+2_________ z+n
Di

Dx+1 + Dx+2+‘ ’ ’ + Dx+n-l Dx+n

Dx

nx:n—|+AxT|

A 1 = a - a —nxn| xn| x:n-l|

a - a —-= xn | x; n -1|
1+Ox:n-^j

frequently useful and exhibits the method of
finding the annual premium for a pure endowment by means of
tables of temporary annuities alone.

7. By application of Text Book formula (57) we have
a— = a + a - aiy x y xy

And also by Text Book formula (63)
Ar, = <1+

= {’’G + «x) - + {"(1 + «,) - «,} - {r(l + axJ) - axy}
= A + A - Ax y xy

But it must be observed that we cannot write
P-=P +p _pxy X y xy

which will be at once apparent when it is remembered that

P— = 
1+a-

xy
A +A - A, X y xy

1 +a—xy
A* A AX y______ xy

1 +«— 1 +n— 1 +«—XV xy xy

Hence

and

This formula is
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8. In Text Book, Article 88, A--- ■---- is described as an' ' wxyz. . . (m)
assurance on the last r survivors of m lives, by which is meant
that it is an assurance payable at the end of the year in which
at least r lives cease to survive, i.e., the year in which occurs
the death of the (m — r+l)th person. Now the probability that
the (m — r+ l)th death will occur in the «th year is

n -11 wxyz . . . (m)

Therefore A______ L
wxyz . . . (m)

But again
A______ r

wxyz .. . (m?

where each power of Z represents the sum of certain probabilities
of the form , | q ,,. the number t being the same as the
index of the particular power of Z involved. We may therefore
extend the meaning of Z for use with assurances; so that
Zr may signify the sum of the values of the assurances on r joint
lives for all the combinations of r lives that can be made out of m
lives. We shall then have

A______ r. = Zr —rZr+1 + Zr+2- • ■ •
wxyz . . . (m) 2

= ( p----------L- p______ L).
n -1 wxyz . . . (m) n wxyz . . . (m)'

= St>"( p-------------r - p_________l)
n -1 wxyz . . . (:n) n wxyz . . . (m)

= ufl+Sun p______ L.) — Sun p________ *
n wxyz .. . ijn) n wxyz . . . (m)

= + a________ L) - a________ L
wxyz . . . (m)' wxyz . . . (m)

= Si,n I q________ '
n-1 I wxyz .. (tn)

= Zr - rZr+1 + Zr+2 - ... "I

Taking as examples :—
A_1 = Z-Z2 + Z3-Z4

wzyz
= (A + A + A + A ) - (A + A + A + A + A + A j

n w x y z' ' wz wy wz xy xz yz'

+ (A + A + A + A ) - AV wxy wxz wyz xyz' wxyz
A_2 = Z2-2Z3 + 3Z4

wxyx
= (A +A +A +A +A +A)\ wx wy wz xy ' xz ‘ yz'

— 2(A + A + A + A ) + 3Awxy wxz wyz xyz' wxyz
A_^ = Z3-3Z4

wxyz
= (i\ + A + A + A ) - 3A rn wxy wxz wyz xyz' wxyz

A—* = Z4 = Awxyz wxyz
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9. The Text Book skeleton formula (57) can be applied to
temporary benefits and deferred benefits, by altering the meaning
of Z.

Thus we may say

where Zr signifies the sum of the values of the temporary
annuities on r joint lives for n years, for all the combinations of
r lives that can be made out of m lives.

Or again |A.--------\ = Zr-rZr+1+ Zr+2 - • • •O n I twrjp... (m) 2

where Zr signifies the sum of the values of the assurances deferred
n years on r joint lives for all the combinations of r lives that can
be made out of m lives.

10. To find the present value at rate i of the amount at rate j
of an annuity-due of I per annum to accumulate during the lifetime
of (j).

The following is perhaps a clearer demonstration than that
given in Text Book, Article 98.

If (.r) die in the first year the amount of accumulated annuity
payable is (1 +j) = (l 4-y)^.

If (r) die in the second year the amount payable is

+ = (1+j)^.

And so on, and generally if (r) die in the Zth year the amount
payable is (1 +7)^.

The present value is to be taken at rate i, and the probability

of (a)’s death in the Zth year is Therefore the present
X

value of the amount to be paid in the event of (a')’s death in the
Zth year is

(!+£)'-1 d , ,

*7 X
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Hence A = S' w 4- ^z+t-1
4=1 ./ zx

= +j7^P ~ -u —/-)

=
where A' is calculated at rate J, which is such that i-t? - —J—

1 1+i l+.J
For an alternative solution we have

A = «(1 +»^ + «2{(l +J) + (1 +j’)2}^±J
X X

+ »>{(1+J) + <1+j)< + (l+/).jis>+. . .

. (■ +„ + + (1

11. To find the present value at rate i of the amount at
rate j of a temporary annuity-due of 1 per annum for n years to
accumulate during the lifetime of (.r), the accumulations to be
payable only in the event of (x)’s death within that period.

As in the previous problem, the present value of the amount
to be paid in the event of (.r)’s death in the /th year is

• (l+/)‘-l <7 ,/zi . -\ V J ' r+t -1
+j)---- 7-------J X

Hence A = u‘(li+kJ
J X

= ^’(A'^-A^)

1 +./ 1where A'’—is calculated at rate J, which is such that — j+j-
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According to the alternative method
d r a dA = <l+J)-f + 4(l+J) + (l+»2}^±1+- • •

X X

+ a-{(l +J) + (1 +j)2 + . . • + (1 +,/)"]

(i +j) ------ f±r__---------- «+->)+(i +jy(_£±i------- 7--------i±^')
X X

vnd
+ • ■ • +(l+7)n—7^’

(1+W, - MI+J + (1 tm+1 - Mi+n) + • • ■ + (1 - Mi+b)

DX

12. A different problem from the last is to find the present
value at rate i of the amount at rate / of an annuity-due of 1 per
annum which is to be allowed to accumulate until all of I persons
are dead.

This means that each payment is to be allowed to accumulate
at rate j up to the limit of life, and the whole must be discounted
from that time at rate Therefore

A = „u.x y +jr-x+il+1v- + ■■■ + z„/i +J)
Zz

= (|±yxx zx+zz+1(i+y)-i+

- G±r<>^>
where a'* is calculated at rate j.

For the value of a temporary annuity-due which is to be.
allowed to accumulate to the end of the term under similar
conditions, we have

A = un z»(1+^+U(1+^-1+- • • +U-1(1+»
lz

= (i±zyx z»+u(i+»-i+- ■ • +u-xi+j)-(’i-i)

= (~-+Z^ Il+a' .—ti) where a —r. is calculated at rate j.
V 1 .j. zy v zin-lj/ z:n-l| d
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13. To find the value of a temporary assurance for n years
on the life of (,r), commencing at 1 and increasing by 1 per
annum so long as (,r) and (y) are jointly alive.

According to the terms of the contract it will be noticed that
1 is payable in any case provided (.r) dies between ages .r and

M - M .
x + n. The value of this portion is therefore ——This

X
sum assured of 1 falls to be increased by 1 provided (y) lives one
year and (.r) dies between ages .? + ! and .r + n. The value of
, M ,, - M .

this second portion is therefore ptj—- —And so on
X

for every year until the nth, the last increase taking place if
(y) lives n — 1 years and (.r) dies between ages x + n- 1 and x + n,

M
the value thereof being , p —J+" ]------D n-1- y £)

Therefore the whole value of the assurance is
A = 4- Z(M - M )+p (M - KI )+ . • •

I) I x x+n' 1 >/'• z+1 x+n*
x

+ , p (m - m ) y
n-piA x+n-1 x+n-' J

14. The annuity of Text Book, Article 99, is payable so long
as (.r) lives, but not more than t years after the death of (y).
Now as to the first t years, it is obvious that (y) does not come into
consideration at all; but, in order that a payment may be made on
(,r)’s surviving the (Z + l)lh year, it is necessary that (y) should
have lived at least one year, and similarly for following years.
The value of the whole annuity is therefore
uZz+l + v2lx+2 + • ' • + V‘lX+i lx+t+l ly+l + U‘+2 Zz+I+2 ly+2 + ’ ’ ‘

I + I I
x x y

V‘lx+l ”^+1+1 Zl/+1 + V~lx+l+2 ly+2 + ’
- m +—• r~i

x x+t y
= a +vl ,p a ,,xt| I1 x x+t:y X

X

15. To find the value of an annuity to (.r), the first payment
1
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to be made at the end of the /th year succeeding the year in
which (yy) dies.

The value of this annuity could be obtained by deducting
from ax the foregoing annuity, for this would give the value of
a life annuity to (.r) less that of an annuity payable so long as (.1)
lives jointly with (yy) and for / years after the death of (yy), should
(.r) live so long. The difference is obviously the value of the
desired annuity.

Thus a = a - a —=■.X x:>/(i|)
, D ,, .

= a. - J a----- - (a - a ) I
x I X 1) v x+C x-fl:y'

' X 1

~ T5~
X

Or we may proceed as follows:—
_ n=w-x J'x+n

- •">■=! / I. <1 x+n
y x

= ly+n „ x
I. I ' x+n+M
y x

DI+, />+n-1-^+B ”’‘Zl+n+1 + ^+I/l+„+,+I+ - • •
1) " I Ix y x+l

D • , ( 1 - 1= —r—-•( —— (vi) +?’“?) +1)3 1) 4- • • • ")
1) I I ' 1 x+t 2"x+t 3'x±t J

X y
+ kzA±?(l)2._>Pi+(+l)ss7,i+(+. . .)

y
+ ^rJ+J^3pI+t+- ■ ■)

y
♦ •••)

D
= -]5-107'x+1 + ')>/^.1 + k337’i+1+ ’ ’ •)

X
-(yi’x+^Py + ^.Px+t x2Pv+''33Pz+1X sPy+ • • ■ )}

D
= ~])~('lx+t-ax+i:»)

16. To find the value of an annuity payable for / years certain
after the death of (j/), and thereafter so long as a life presently
aged (r) may live.
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The value of the first t payments of this annuity is that of an
annuity-certain of which the first payment is made at the end of
the year of death of (y), or A^(l + «—|). The value of the
subsequent payments is that of an annuity to (,r), of which the
first payment is made at the end of the /th year succeeding the
year of death of (y), and of which the value as found above is
d

X) (ax+l ax+t:y)'
X
The whole value is therefore

X

17. To find the value of an annuity payable so long as (.r)
lives with (y) and for n years after the death of (y), but in any
event no payment to be made after m years from the present
time, m being greater than n.

The value of this annuity is
,’Zx+1+’!!Zx+2+ ~ • • +Vnlx+V

■n+2 Zy4 2

7 7x y

Zx

vn+’Z . ,, I y+w-n

« -j + a ■ ------- ixu I jy x4-n:y:m-n|

18. To find the value of an annuity payable so long as the
survivor of (y) and (z) lives with (.r) and for t years after the death
of (.r), should the survivor of (y) and (z) live so long.

Following Text Book, Article 99, we have
ai/::x((|) ~ a v.x<,t\) +a: :x(i|) ~ a<j: :x(q)

~ ay D~ (ay+‘ ~ax:y+t^
v
D

" V- + (^+l:x+1 - ax:y+(:r+()

IP
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19. To find the value of an annuity payable so long as (x) lives
with the survivor of (y) and (s), and for t years after the survivor’s
death should (.r) live so long.

D
= ax~ -p-(nx+l - ai+t: p

x

+ a----(a ,, - a ,, ")x D \ x+t x+<:»'

- a 4- (a ,.-a .. )z D v «+< z4-t:yz>

D
“ ax £) (flx+t ax+l: y flx+l’■ z flz+l: yz^

x

X

20. If we are given a table of P at a certain rate of interest
we may deduce the mortality table. The process is as set forth
in the following schedule :—

Age

0) (2)

“x

(3)

Xox

(4)

x(’ + °l+i)

<6)

(4)-(5)

(6)

(6)
+ A(l+«)

=-xPx

(7)

^x

(8)

lx

The values in (3) are obtained from those in (2) by entering
conversion tables inversely as explained fully in Chapter VIII.
The value in (7) is

log az - log (1 + ai+1) + log (1+0 = log -x-
' r. 4.1

= loSA



CHAP. VII.] TEXT BOOK—PART II. 133

As usual we fix a radix or initial value of the log of which
is placed at the head of (8), whence by continued addition of
the successive values in (7) those in (8) are found. The values
in (9) are the natural numbers corresponding to the logs in (8).
Here we may repeat what is said in Text Book, Chapter III.,
Article 18, viz., “The values in the column of Z* so formed will
not be the same as in the corresponding column from which the
given table (of P ) was originally calculated, unless the radix we
choose is the same as in that table; but the ratios between the
values will be the same, and that is all that is required. As
before remarked, the column I does not give absolute numbers
living, but only relative numbers.”

It may be mentioned that an easy way of obtaining Text Book
formula (72) is from formula (70). Thus by formula (70) we have

G+X
i + «x+1

But by Text Book formula (39)
1

a — 1* Px + d
and therefore

Substituting these two results in formula (70) wc have

vx = + i)

21. By the use of the theory of varying annuities (Theory of
Finance, Chapter III.) the values of the functions a^ Ax>j} and axy
on De Moivre’s hypothesis may very easily be found.

v(n - 1) + ij2(h — 2) + • • • + vn (n —n)
a = --------------------------------------------- -----x n

(n — I)//—.7-7 - o— —
_ 7 n 111 n I -1

n
a- — nvn

(n — IV/------ :--------- a __  — vnt------k 7 "I l . n, r-l| m-M! r|= ----------------------------- since a—— = ------------ •-----------
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(n-l)(l-un)-(^-ni>n)
ni

ni
»- o +

ni

Again, from the reasoning in Text Book, Article 108, we may
form a mortality table for joint lives as follows :—

Ages. Couples
remaining. Couples broken.

<'/
•e +1: y +1
x+2: t/ + 2
x+3:y + 3

etc.

1 
1 

1

S 
«

1 
1 

1

* O
O

n + m - 1
n + m - 3
n + m-5
n + m- 7

etc.

Hence
v(n + m - 1) + v2(» + m - 3) + i>3(n + m - 5) + • . - ton

»» iim

= -/(« + »<- n - 2«-, a-. 1
nm V ' “IP »I21 f

1 f '’n'l ~ H1'nj" + >« - 1)«-| - 2 ~{----- )

Also r»{«»«-(„ + ?») +1} +- 2 (»t +m) +4[

+ - 3(n 4- »i) + 9} 4- ■ • ■ to n terms

= ™ ('‘+’") +11",Rfi -("+’"-3K|2| +-’“^si.

"•■I 31

terms
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22. In Text Book, Article 115, we have the value of a temporary
annuity on two lives, the term varying with each life. Similarly
we may have a deferred annuity on two lives, the period for
which it is deferred varying with each life. For example, the
annuity payable till the survivor of two lives, aged six and eleven
respectively, attains majority is

|is"o + | iofln — |io“o:u

And by analogy the annuity payable to the survivor of two lives,
aged six and eleven respectively, but deferred till each or the
survivor has attained majority, is

15 [”o + iolnn - 15 (“o: 11

The general formula for such an annuity is
I a + — in if m < nn | a in j "x n > ax

or in + i« — in if m > n.n [ a m | z m ] ax

23. Again, the assurance payable if either of two lives, aged
six and eleven respectively, dies before attaining majority, is

A 1 — 1 — — A -1 , - 4- —--i- A 1 -(0 :15|)(11:10|) D 10 :S|
0 :11

and for the annual premium we shall have

A-l____+ D1C:°1 A ’ -
'6:ll':10p n 16:5|

Pl  1  s "
‘(oasDamoi)

i _ i ]C •21_
o:ll:10| ' I) 16-5|

6 :11

Generally
A_1_____ . Dq+w :x+m A_J_____

•ax' m| ' £) a+m :n-m|
P l 1 = ------------  ---- ™-------------------  if ttl < n

(ani)(rjn|) £)
___ . a+m :x+m ___

axm| ' £) a-f-jn: n-ml
ax

A J____-j- : x+n 1 _____
'ax' n | ’ x4-n:m-n|

ax • ror = -------------------j}----------------------------------- it m > n
a - + _«+»•• a ___

axn| £) x+n:m-n|
ax
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Generally

(an|)(l7n|)

or

24. Also the assurance payable if both lives, (six) and (eleven),
die before attaining majority is

1’1  i 
<5:15|)(11:10|)

a + a —, - a -an | x»i| ax>n|

Ai-+Ai -AA,an | xm| 'ax'

^16 :21
% ; 15Q (11 :10j) D n 1°:

i — i — = Al — 4-Al -Ai- 1
(6:150(11:101) u:15| 11:10] (6:16|)(11 :ioj)

 Al x A 1  A 1  ^16 :21 a 1
6:151' 11:1O| ■0:ll1:10| Tj z'10:5|

0 :11

The annual premium for this benefit is
A i _ i ~

(0:15|)(ll : 101)

A' + A1—- A-L- - H^+’n = A-1- ----
an| xm| 'ax wi| a4-tn:n-m|

______________________________ ax________________
Da+m:x+m

a+m:n-m|

Da-m : x+n 1
]) x+n:m-

ax

d~ 7a __ i a____a________a+n :x+n a ____
an| ' xm| laxn| J) x+n :m-n|

A1 - 4- A1 - - A —______D16:21 A1 -
6:15^11:101 '6:11:101 1) 16:51 •

______________________________________ 6 : 11_______ __
a - 4- -i _ _ n _ °16:21 i -
6:15|T 11:1O| <lo:ll:ioj £).. W:5|

25. The following are problems connected with national
insurance. Given a stationary population where the numbers
living at each age correspond with the figures in some known
table of mortality, find

(n) The amount that will require to be subscribed to provide
1 at the death of each member of the community.

The deaths in the first year are (^0 + ^i + '(. + ■ • • +rfU-l)“Z0

„ „ second „ ('/i+< + d3 + - ■ ' + rfU-l>/l

„ „ third ('^ + +(/, + • • • +'C_,)=/2

and so on.
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The present value of the benefit is therefore

2o’’ ZA = vZ0+ «% + «%+ • • •
= ”'o(l+«o)

= 4(ao + Ao)-

If each member of the community is to contribute the same
single premium irrespective of age, we must divide the value of
the benefit by the population. The total population is

Z0 + Zj + Z2 + • • • = Z0(l+c0).

Therefore the single premium that each must contribute is
uUl_±_?o) = +"o)

Zq(1 + Cq) 1 + Cq

(Z>) The fund that will require to be subscribed to pay an
annuity-due of 1 per annum to every member of the community.

2o Zx(1+"x) = Z0(l-t-o^ + Z/l+«I) + /2(1+«„)+ . . ■
_ 1 1 ~ Ao . I 1 ~ Ai . I 1 ~ A2 1 . , .
- /0_^_ + <1-r_+ /2—^-4-

= -y{(/o + /1 + /2+’ • ' )~20 ZxAzJ

= 4{/^1 +co)-’',o(1+"o)}

_ (1 + QA>(1 + I'd) - Z„(l + »o)
i

(c) The fund that will require to be subscribed to pay an
annuity-due of 1 per annum to every member of the community;
no payments to be made at and after age y.

The expression for this may be stated thus:—

-{^-1^y^+^ + ly-2V\Py-^+r'y')+ • • ‘

that is, we deduct from the fund required in respect of the whole
community that portion of it which is not required in respect of
those who are at present aged y and upwards, and from the result 
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we deduct the value of the deferred annuities payable after
attainment of age y to those who at present are of younger age.
The expression may be reduced as follows:—

= T1 zxG+«x) - zo(I+9!'~-^PoO+<9

0+'){/„(>+%)-/„(!+e,)}-{/„(! +%)-/„(! +«„)}
■ ' i Osl si o

(</) The fund which will require to be subscribed to provide an
old age pension of 1 per annum, first payment on attainment of
*&y-

The value of this fund is merely the last term in the preceding
problem, that is

+ Zo’,!'!/Po(1+%)

= ViHxJao
(e) The annual premium, equal at all ages, to be subscribed by

each member of the community to provide 1 at each death.
This premium will be obtained by dividing the fund of problem

(a) by the expression found in problem (/>), since the benefit side is
-0 1 and the payment side is PxS”’1 Z^(l + a^.

(./’) The annual premium equal at all ages, payable up to
but not including age y, to provide an old age pension of 1 per
annum, first payment on attaining age y.

This premium will be obtained by dividing the expression in
problem (<Z) by that in problem (c).

These problems are discussed by Mr R. P. Hardy in a paper
on “ Collective Assurance ” (J.I.A., xxx. 79), where the formulas
are given.

26. It is interesting to notice the forms taken by various
benefits on the assumption that money yields no interest.
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Cxn\

And in = tcn| x n| x

A • A + ^z+l + ^+2+ ’ ’ ’
Again Ax — —---------—---- - —-------------

X
dx + dx+l + dx+1 + • • '

lx

= 1

(I cl 4~ • • • 4" (I , .Al_ _ x J+1 z-bn-1
«»l Ix

I -I._ x x+n

= (1-nPz)

‘xn |

A - A1-,X XIII
l-O-nPz)

x

C1 -nPx) + nPx

1
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P^1 =

p(nl\) =

Further

A -i
1 + a —■=-.x : n -11

1+Cx:ir3Ti

rdx + ~v'2tlx+y + 3v3dx+, + • • •
= _

rf + 2d + 3d , + ■ • •__ X x-H X [-2 _________
Zz

lx+lx+l + lx+2+ ' ' '

IX
= 1+^

27. Select tables of mortality supply us with the rates of
mortality experienced in each year from entry amongst the
entrants at each particular age. The notation is not difficult to
grasp. For example,

is the rate of mortality experienced in the first year of
insurance among those who enter at age x,

fAxl+i’s t'le rate mortality experienced in the second year of
insurance among those who enter at age j, and generally

<?[x]+t is t'le rate mol’tality experienced in the (Z-tl)th
year of insurance among those who enter at age x.

The suffix appended to the various symbols is formed by putting
the age at which the life enters in square brackets, and adding
the particular number of years after entry outside these brackets.

it is not usual to give for the several ages at entry the rates of
mortality experienced during each year of insurance up to the
limit of life; but only for a limited number of years (a), after 



CHAP. VII.] TEXT BOOK—PART II. 141

which the rates are joined to what has been called the “ultimate”
experience. This ultimate table shows the rales of mortality
amongst those who have been insured for n or more years, the
assumption being that the mortality at age x + n is the same for
all of that age whether they entered at x or younger ages

This period of n years is not always assumed to be of the same
length. For example, in Dr Sprague’s Select Table it is five
years, while in the British Offices Life Tables, 1893 (0[>t)) it is
taken at ten years.

The numbers living, in respect of age at entry x, after the
several years of duration are expressed as follows :—

4x1’ 4x1+1’ 4x1+2’ ’ ' ' 4x]+n-l’ Zx+n’ Zx+n+l’'

The deaths similarly are denoted by
^[xf *4x1+1’ *4x1+2’ ’ *4x]+n-l’ *4+n’ ^x+n+l’‘

For the annuity commutation columns we have
D(x] = ^Z[xf D(x]+1 = "I+1ZW+P ' • • Dx+n = t’I+"Zx+n’ ’ ’ ’

= + D[x]+1 + DM+2 + ’ ' ' + D[l)+n-l + Dx+n + Dx+n+l +

Also the assurance commutation columns are
CW= VZ+ld^ C(x)+1 = ’ Cx+n = ^"^x+n’ ’ ' ’

M[x] = C[x]+C(x]+l + C(xJ+2+- ” +C(xJ+»-l + Cx+n + Cx+n+l+

28. It will be useful to discuss here the formation of select
mortality tables. If we refer to the OIM1 tables we find a
mortality table in the following form:—

Years elapsed since Date of Assurance.
Age
at

Entry
0 1 2 etc. n or more

Age
attained

x+nM
fa 4x1+1 4x1+2 etc. Zx+n
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The most obvious way to form such a mortality table is to
assume the same radix at each age at entry. Successive multipli­
cation by the probabilities of living will then give us a complete
table of mortality for each age at entry, since

k]x = kl+i’ ta+i x = ta+a’

and generally where k > n
'w X Pw X P[x1+1 x • • ■ X Pw+n-l X Pz+n X Ex+n+1 X ' ’ ’ X

= lz+k

Bui by this method we should have an independent mortality
table for each age at entry, and the extent of the monetary
tables following thereon would be prohibitive. A better plan is,
after forming the table for the first age at entry as above
by working along the first line and down the column lx+n to the
limit of life, to form the remaining tables for the succeeding ages
at entry by working backwards along their respective lines.
Thus since

I
V = x+n+l
cjx+ij+n-l /

[x+H+n-1
I

Therefore I = __ *+n+1[x+l]+n-l
' (x+ll+n-1

Als° k+ll+»-2 = ancl s° on-
1 [x+l]+n-2

Biit ^l+n+1 is already calculated in the ultimate column,
therefore ^+1]+b_j may be found by dividing by p[l+1]+n_1, and
successively I[l+1]+n_2> • • • In the same way, commencing
with Zl+n+2> we may work back to Z(~+2], and so on for the
other ages at entry.

The advantage of this method of formation is that only one set
of “ ultimate ” monetary values is necessary.

29. Now out of I select lives at age at entry x, I , will be
alive at the end of n years. But according to the method by which
we have constructed our table /l+n is also the number alive at
the end of n years out of I* mixed lives who were alive at age
attained x. It follows therefore that the difference between I. ,

[x] 
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and lx is the number of damaged lives included in the / Again,
if from the deaths in each year of age amongst the / mixed lives
we deduct the deaths in the corresponding years amongst
the Z select lives we have the deaths in each year of age
amongst the ((,-Z ) damaged lives. The mortality experience
is as follows :—

It will be noticed that the effect of assuming that selection
becomes unimportant after n years is that all the damaged lives
die before the end of the n years.

Age.
Survivors of Number of

Damaged Lives
Dying in a Year.Mixed Lives. Select Lives. Damaged Lives.

X 'x Zfa) Zx - Z[x] fZx -
*•+1 ^r+1 Zfxl+1 Zx+1 - Z(x]+1 f/X + l “ ^[xj+i
a-+2 Zx+2 Z[*]+2 Zx+2 ~ Z[xJ+2 'Zx+2 “ 'Z[xJ+2

x + n ?x+n Zx+n ?x+n ~ (r-f-n=O 6

30. To find the single premium required to permit of (.r)
effecting, n years hence without fresh medical examination, a
whole-life assurance by annual premiums.

The annual premium to be paid by (.r) is fixed at P(x+n], but
considering that his medical examination takes place at the
present time, the premium he should pay is The single
premium to be paid now is therefore the present value of
an annuity-due, of the difference between these two premiums,
deferred n years, or

n | a(x](l (x]+n P[x+np

= Bfl±± rp _ p y-i
D ' tx]+n [x-Hip [x]+n

 (PM+„ ~ 4-n

DW

” (^[rj+n («+np

which is in the form most suitable for calculation.
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or

For the annual premium for n years for such a benefit- we
should have

(^p|+n____^Ix+n^-^xl+n

(P[x]4-n P[*-|-n])(a(.e] a(x]7t|)

«l. ,—|
lfl»l

It is to be noted that this annual premium can only be accepted
along with the annual premium for an ordinary policy running
during the n years; otherwise by withdrawing at any time the
assured would exercise against the office issuing the policy an

I option for which allowance has not been made in the calculation.

31. To find the annual premium for a short-term insurance
upon the assumption that all the healthy lives withdraw at the
end of the first year.

The necessity for taking such an option into consideration
arises from the fact that the annual premium for a short-term
insurance frequently diminishes with an increase in the age, the
original date of termination of the contract remaining unchanged.
Thus, in symbols, it may happen that

p'_ > p _L > pJL  > etc > P 1 -
z»| x+1 :n-l| z+2:n-2| z+n-1 :1|

The reasoir for this is that the decrease in the term of the
insurance has a greater effect in reducing the premium than the
increase in the age has in raising it. The following tabic (based
on the Table at 31- per cerrt.) illustrates the point.

Short-Term Insurance Premiums per unit assured.

Age.
Term.

Age.
1. 2. 3. 4. 5. 6. 7.

30 •00470 •00552 ■00615 ■00663 •00700 ■00729 ■00752 30
31 •00179 •00562 •00G27 •00677 •00715 •00715 •00769 31
32 •00491 *00575 •00640 ■00692 •00732 ■00763 •00788 32
33 •00504 •00588 •00655 •00708 •00750 •00782 •00809 33
34 •00517 •00602 •00671 •0072G •00770 •00804 •00832 34
35 •00533 •00619 •00690 ■00747 •00792 •00828 •00858 35
36 •00548 •00636 •00709 •00768 ■00815 •00853 •00886 36
37 ’00565 *00657 •00731 •00792 •00842 •00882 ■00916 37
33 ’00587 •00678 •00754 •00818 •00870 •00913 •00949 38
39 •00605 ■00699 •00779 •00845 •00901 •00946 •00984 39
40 •00630 ■00726 •00808 •00878 •00936 •00983 •01025 40



CHAP. VII.] TEXT BOOK—PART II. 145

Here it will be seen that P^ > P(s’1];5] > etc. > P^ -, and
so on.

It follows, therefore, that an office issuing policies, say for
seven years, runs an appreciable risk, in that all the lives which
are still select at the end of the first year may drop their policies
and effect new ones for the remaining six years at a lower rate.
The value of this risk is ascertained in the problem before us.

If Z[x] persons enter at age x, d^ die within the first year,
and Z withdraw at the end of the year. Therefore the number
to enter on the second year is I, ,, -1, , Out of these,
^I+i-^z+n die within the second year> leaving Z[x)+2 - Z(x+1]+1
alive; d(l]+2  d(l+1]+i die within the third year, leaving

ZM+3-Z[z+i1+2 alive> and so on‘
Therefore the benefit side 

_ n/M + v2(dM+1 -d[i+n) + u3(d[xi+2_<Z[x+1]+i) + ...
Zp]

= VdM + + ^M+2 + • • • + "’SzH-n-i

Zm
v~d + vzd 4- • • • 4- vn d

_ [-r-HV [x+llU (J-H]-t-n-2

_ ^P)~ M[r]+» _ M(z+U~ ^p+ll+n-1

Dw DP1

And the payment side
= P'1 -W n|

x f ZW + l;CZpl+l ~ Zp+ll) + l'~(Zp]+2~ Zp+l]+l) + ~ ‘ ' +1|,> 1(Zpl+n-l~ZP+ll+n-

zw

_ p-i _( Zw + pZW+l + t’~Zp]+2 + • • • + 1,n~14n+»-l

Z
vZ[z+l) + ^p+ll+l ~l h t’’t 1 Z(z+Il+n - 2\

Z[X] /
_ P'l /^'pl “ fJp1+n NP+U - ^'[x+l]m-l\

WB|< DW ’ J

K
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Whence on equating and solving
P’ 1 _ _ ~ ~ CM[»+1]~ M[x+ll+n-l)

W »l - N[x]+n) - (N[l+1] - N[x+i]+n-1)

If n be greatei than the number of years during which the
effect of selection is assumed to persist, this formula reduces to

M, ,-M, ,„P’ 1 _  _ __ [x]_____ (x+1]
[x] n| N - N

[x] (x+1]

32. To find the annual premium for a “Half Premium” Policy
(sec Text Book, Chapter XVI., Article 37), on the assumption
that all the healthy lives withdraw at the end of i years, the half­
premium term.

If Z[x) persons enter at age x, d[zf d[x]+1, • • • rf[x]+1_p die
in the first t years respectively, and at the end of the /th year
Z[x+(] withdraw, leaving to enter the (/ +1) th year ^w+(_^l+(y out
of whom d[iW-d[x,t} die in the (Z + l)th year and Z[x]+1+1 - Z[x+()+1
enter the (/ + 2) th year, and so on.

Benefit side = + jAZ^ +. . . +t>«<Z[i]+(_1

+ ”‘+I(d[l]+( - d[x+()) + i,!+2(^m+1+1 - d(x+(J+1) + • • • |

Payment side = P1 [ ^ + ^(x)+1 + • • ■ W* Z^,^
[X]

_ pNw+W(xn-t~2W[x+n

Whence on equating and solving
p = ^(xl ~ M[x+<J

N + N - 2’ .1M -‘[x)+i [x+q

33. To find the addition that must be made to the annual
premium for a contingent insurance policy, payable in the event
of (x) dying before (y), in order that (x) may, in the event of
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surviving (y), have the option to effect a new whole-life assurance
by annual premiums without fresh medical examination.

It will be convenient to assume that, should (.r) survive (y), he
will be alive at the end of the year of death of (y) when the option
will fall to be exercised. Then in respect of the nth year the
value of the option is

V n7’[x](n-l - nEjy]) (P[!]+n ~ ^[j + npa(x]+n

To get at the complete value of the option this expression should
be summed for each value of n from 1 onwards; and the annual
option premium required will be found by dividing the result
b-v;wr

An approximate result would be obtained by taking the expecta­
tion of (y), say n years, and applying the formula for the problem
discussed in paragraph 30, page 143.

34. To find the annual premium for a policy under which the
sum assured, instead of being payable in one sum at death, is
payable by instalments over a period of n years.

Here the benefit to be received at death of (.?) is an annuity-

due of — per annum for n years certain, or —L Therefore if the

annual premium for an assurance of 1 be I’*, that for an assurance

of will be Pn x n

A further development of this policy consists in the guarantee
that the instalments will be continued, even after the n years,
during the lifetime of some nominated beneficiary. The value of

this extended portion of the benefit is — and the

premium for it should be made payable during the joint lifetime
of (.r) and (y). The reason for this is that on the death of (y), if
before (.r), the benefit is very much reduced and if the premium
continue at the same rate as before, (.r) may throw up the policy
and insure at a lower premium if in good health, and thus exer­
cise an option against the company. We therefore fix the annual
premium al

a—, 1 /a -aj> _ _j_ 1 / —1_____ y:x0‘!> I
1 n n \ a /
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with the agreement that, in the event of (y)’s dying before (.r) it
a-:

will be reduced to P —1 n

35. A cognate problem is to find the annual premium for an
endowment assurance where the instalments are to commence at
death or maturity and to be payable for a fixed period with con­
tinuance thereafter so long as the life assured survives. A definite
number of payments is guaranteed, so that, in the event of death
before maturity or within n years thereafter, the income would be
payable for the minimum period agreed upon. On the principles
above indicated the annual premium is

a—. 1 lap n| | 1 m+n-l| x
r”‘i n n a —,xni|

36. To find the annual premium for a whole-life policy, it
being a condition that the office retain the sum assured for n
years after death of (,r) and pay interest thereon for that period
at rate j.

The office must settle upon the rate which it is to assume it
will earn upon its investments, say i; and then the problem
is simply to find the annual premium for a sum assured of
{ 1 +0 “ The payments of the annuity here will obviously
make up the rate of interest from i toj per unit as required. The
annual premium will therefore be

37. To find the annual premium for a double-endowment
assurance, i.c., a term assurance of 1 coupled with a pure
endowment of 2.

A1—+ 2A — A- + ALp _ £»i_____r»i 01. i
1+°x:,—| 1+flx:STr|

M - M . +2D__ __ f x-r-n x-f-n
N ,-N’. ,

from which the premium may most conveniently be calculated.
A peculiarity of double-endowment assurances is that, unlike

whole-life assurances and endowment assurances, the premium
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generally decreases with an increase in the age, as may be
observed from the rates in the following table :—

Om 3 per cent. Double-Endowment Premiums
Annual Premiums required for £‘100 payable in the event of death within

the term, or £200 payable in the event of the term being survived.

Age.
Term.

10 years. 15 years. 20 years. 25 years. 30 years.

25 £16 17 3 £10 8 1 £7 1 7 £5 7 3 £4 3 0
30 1G 1G 11 10 7 9 7 4 3 5 6 11 4 2 7
35 1G 1G 5 10 7 :s 7 3 9 5 G 5 4 2 3
40 1G 15 8 10 6 6 7 3 0 5 5 11 4 2 2

It most not, however, be assumed that when the rate of
mortality is increased the premium is in all cases diminished.
Mr A. Levine has shown (./. I. A., xxxiv. 514), that when the extra
mortality, as compared with the normal, is small at first but steadily
increasing, the normal premium is ample (within limits of course as
to age at entry and term), for the reason that the increased risk
under the term assurance portion of the contract is equalised by
the diminished chance of receiving the double endowment portion.
On the other hand, when the extra mortality, as compared with
the normal, is great at first but constant, or very great at first but
decreasing, the normal premium is no longer sufficient, the diminution
in the premium for the double endowment now being not large
enough to counterbalance the extra risk under the term assurance.

The following table exhibits the case of an increasing extra
mortality, resulting in an increased term assurance premium, a
decreased endowment premium, and finally a decreased total
premium for the benefit.

Aye at entry Twenty-jive. Term of Endoiomcnt 20 years.

Benefit.
Extra

Mortality
Premium.

Normal
Premium.

Increase (+)
or Decrease ( - )

in Premium
required.

Term Assurance for £100 £1 15 4 £0 14 7 + £1 0 9
Pure Endowment for £200 . 5 6 11 6 10 0 - 1 3 1
Double Endowment for £100/200 . 7 17 - 0 2 4
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38. To find the annual premium for a joint-life endowment
assurance.

We have
' P - = y-----i---------- d

l + n
ay: n -1|

and a —, = a - £f±liz’‘ ,
xy:n-l| xy ]_) x+n-l:?/+n-l

xy

D Z
= a - _L+lZ-’ ..!>+”-J a

*1/ ]J l x-f-n-1 :y+n-l
x y

Having found the value of a —from this formula, which is> xy:n-l| ’
perhaps the most convenient for the purpose, we may very easily
obtain P —.xyn |

A method of approximating to the value of the annual premium
for a joint-life endowment assurance is suggested by Mr Lidstone
(J. I. A., xxxiii. 351), viz.,

P----- P-+P-.-P-:xyn I xn| yn | n|

where P— is the premium payable in advance which will repay
1 in n years certain. This formula gives values for P — which
are generally a little too small, but with practice allowance for
the difference may be made.

89. To find the annual premium required to provide a last­
survivor endowment assurance on (,r) and (y), payable at the end
of n years or previous death ; that is, an assurance payable (1) at
the death of the survivor of (.r) and (y), if that event takes
place within n years, or (2) at the end of n years, if one or both
be then alive.

Benefit side = A---- ■, = A —, + A —, - AXyn I xn| yn| xyn|

Payment side = P—,(1 + a- —7|)J xyn|V xy:n-l|x

I xy n | (1 + nz: n -11 ay: n -11 ^xy: T* — 1

A -+ A — - A
Hence P--, = ----- ill----- t!j.----- 52L1---------

»yn| 1 +«--------e a____ a -----T x:n-l, y:n-l| ry:n-l|

Again, since A—, = 1-</(!+«—.—=-.)o 1 xyn | V • Xy:n-l|x
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Therefore P---- , = ----- --------£^.'1'xiin| l+n_
xy:n-l|

1 + a— —V,xy: n-l|

from which it will be seen that the simplest way of obtaining
P ——I will be to enter conversion tables (see next chapter) with
the value of a— —r. = a ,—+ a —fl - a —ri.ry:n-l| z:n-l| y:» —1J xy:n-l[

40. To find the annual premium for an annuity to the last
survivor of (.r) and (jj), deferred for n years.

The present value of this annuity is

I a— = I a + | a - inn | rj n | x »| J n | xy

which we shall call the benefit side.

If the premiums are to continue till the annuity is entered
upon, their present value is

Px|nai7 = P(M + ‘Vra^)

which is called the payment side.

Equating the benefit side to the payment side and solving for
P, we have

There is a certain amount of risk involved in making the
premium payable till the annuity is entered upon; for should (.r)
die, say, in the (Z+l)th year, the value of the benefit to (y) at
the end of that year is and he could purchase such
an annuity under a new contract at an annual premium of

I an-t-i| y+i+i  JJOW it is quite possible that this latter premium
ay+t+l :
might be less than the premium payable under the original
contract. It follows therefore that the office might be the loser
in not receiving P, the premium quoted, throughout the whole
status assumed in the calculation.
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The alternative plan is to make the premium payable during
the joint lives only, under which

I a + I a - I ap _ n I x n | ;/ n | xi/
a —.xi,n|

Here again a risk is involved, for one of the lives, say (.v), may
be dying when the contract is entered into, and the office would
thus be granting to (y) an annuity deferred n years at a totally
inadequate premium.

The latter plan is, however, probably the better, provided
some satisfactory evidence as to the health of (.r) and (//) is
obtained.

41. To find the annual premium for a joint-life temporary
assurance, i.e., payable if either of the two lives (.1) and (y) should
die within n years.

The benefit side

= Ad— = +
I

ZU
and the payment side

= p_l__ ( <«+,’Ul:i>+l+ ' - • + \
\ I J

xy '

Equaling these two expressions and solving we get
vd + v-d + • • • + vndp_l__ = *4-1 :y+1 T_________ r+n-l ;p+n-l
V”U:,+1+’ • • :,+n-l

_ v t>Zx+l:»+l~*~" ZT+2:y+2~*~ ' ' ' W Zz-|-n:y-m

Iz!l + vlz+y.y+l+ ' ■ ‘ +vn~1,x+n-l:y+n-l

a —I
=

a -rW
It may be mentioned that the value of Pd- —( is very nearly

the equivalent of (P’~( + PLj), the sum of the term assurance
premiums for the lives singly, so long as n remains small. Thus
by Dr Sprague’s Tables at 3i per cent., P 1 —, = 1'473 per
cent., whereas 2P* rj = 1'482 per cent., a difference of only '009

' <5U 1 01 x *
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per cent. Other examples should be worked to illustrate this fact,
which may be explained thus :—

. AA-ip_l__ __ x?/1»|
'zy1 nJ a _

* an/»l

A'— + A1-, - A——
__ znj?/ftl zy n |

a —.

A'- A1- Al -
c: gnl [ V»| _ zy n |

<lzyn| azi/iT| aryn~|

Now if n be small the value of Al— is also small, for it isxj/n| ’
improbable that both (.r) and (;/) will die within a few years, and
accordingly the last term of this expression may be ignored.
Again, if n be small the value of the term annuity on the joint
lives will be very nearly equal to the term annuity on each of the
lives, or in other words a — = a = a — nearly. Accordingly

Pl-;-,'xy'
A’-. A1-,

+ _^1 very nearly
aziF| ayn |

P1— + P1—- very nearly.xn| i/n| J J

It is to be noted that the two adjustments are of opposite effect
A1-,

on the result, the ignoring of the term —S'—' increasing the
n|

premium, and the substituting of a and a —, for a reducing1 3 r* x»| xyn| °
the premium.

EXAMPLES

1. Prove that D* is always greater than M .

D =
= + rfx+l + rfx+2 + • • • )

> «’■(<<+'’2rfx+l + ,,3<+->+ ' • ' )

since v < 1
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Or again, since the present value of 1 payable at the end
of the year of death of (,r) is clearly less than 1, we have

Hence
D > MX X

2. Express in terms of the D and N columns and the rate of
discount, the annual premiums for

(1) An endowment assurance to mature in n years.
(2) A whole-life assurance, premiums limited to n payments.

Subtract the second from the first and give a verbal inter­
pretation of the result.

D
The premium for fl1 is —---------------  - d

hi , - N . ,x-1 x+n-1

D -rfN ,
and for (2) R * T

x-1 1 x4-n-l

dN , ,
The difference is ~, which is the annual premiumN , - N , ’ 1x-1 x-f-n-l

required to provide an annuity-due during the lifetime of (.r) after
n years, consisting of d, the interest in advance on 1, payment of
which in the case of (2) is deferred from the end of the nth year
—as would happen under (1)—to the end of the year of death of
(.r). During the n years the benefits are identical.

3. Find the rate of interest, given
(«) ax= 13-257 and A*=-19304

(6) <^ = 13-164 and P^-04147

•(c) A =-19414 and P =-00927

Approximately (a) 6 per cent.; (Z>) 3 per cent.; (c) 4 per cent.

4. Find the value of A , „ having given P = -01662, a = 17-155,
and p^= -99229.
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We have Az+J = l-rf(l+«x+1)

a
= 1-rf-A

The only unknown quantity in this expression is i, which from
the given values of P and «x we ascertain to be practically equal
to ’04. Substituting this value for i we get A = ’30847

5. Required the cost of a deferred annuity, of which the first
payment is to be made at the cud of four years, and which is
then to continue for twenty years certain and thereafter for so
long as a life presently aged x may live.

The first part of the annuity is an annuity-due for twenty
years certain deferred four years, and the second is an annuity-
due on (.v) deferied twenty-four years. The cost is therefore

6. Give an algebraical proof that

= W+0nn_1|9I^J -2'’nn-l|‘?x14L‘ - 1

= S^(l+0(—„-l|k " 1
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7. Give the formula for a whole-of-Iife assurance on (a) by
three payments, the first to be made immediately, the second to
be half the amount of the first and to be made at the end of three
years, and the third to be half the amount of the second and to
be made at the end of seven years.

M
The benefit side =

D + iD , -+1D , _
The payment side = P —-—-—Cj----——

I
M

whence P = =----- ------------------
Dz + lDz+S + iDz+r

8. Investigate a formula for the annual premium payable during
life for an assurance on the life of (,r), the sum assured not to be
paid in any event for twenty years from the date of the policy.

The benefit divides itself into two parts. If (,r) should die
within twenty years the sum assured is payable at the end of that
period and its value is v-°(l - ^p^)- The other part is an assurance
on (r) deferred twenty years, „Q| A*. Therefore the benefit side is
equal to

i,so(1-2oPz)+2o|Az-

The payment side — P(1 + a^).

Hence P = —9 ~ 20?>^ + a>lA»
1+nz

9. X has an income of J per annum; he can insure his life
at Px per unit; and investments will yield i per unit after his
decease. How much of his income must he spend in premiums,
in order that his representatives after his death may enjoy a
perpetual income derived from the policy, exactly equal to the
balance ? Assume that the income is payable at the beginning of
each year.

Let S be the sum for which X must insure his life. Then
SPx is the amount of his income which he spends in premiums,
the balance of his income being (J - SP*). The income (payable
at the beginning of the year) which will be derived from the 
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proceeds of the policy will be Sd, d being the interest in advance
corresponding to i. We now have the equation

J-SP = SdX

whence b = jr +aX

and SP = —1 P +d
,.20

10. In consideration of a yearly premium of---- , an assurance
ax:20|

company offers a life aged x a policy securing a sum of 1 payable
at the expiration of twenty years, if (.r) be then alive, and a sum
of S payable fifteen years after the end of the year of death of (.r) if
this event take place during the twenty years. Find the value of S.

and S

The value of the premiums to be received is
f20 -o

7-ZXax:2j; =
dx:20|

And the value of the benefit granted is
D.+20+S^(M -M+m)

D.
Hence Si^(M -M+„o)=

^-(l+O^D^
Mx- Wx+20

11. Investigate the change in the value of produced by
assuming an increase in the rate of interest to represent an
increase in the rate of mortality. Illustrate from the case where a*
is extracted from the 4 per cent, table and assumed to represent
the 3 per cent, value of a table showing higher rates of mortality.

We must first obtain q in terms of values of and accordingly
we have

"x = ”Px(1+'Zx+l)

G+0«x
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Here, then, we get increased rates of mortality by taking ax and
o at a higher rate of interest while i remains the lower rate,

(l+i)a'
and we may write o' = 1--:-----—- where a' and a' ,, arc atJ 1» 1 +« 1 X+1T z+1
rate.; (> i).

1:

To obtain the old rate of mortality from a similar formula we
have

/ (i +0<\ / (i +JYX\
1“ 1+<J

O' - x
1+"x+l

Taking the example of 3 per cent, and 4 per cent, we have
•01«'

the increase in « . i.e., q' - q = •=----- where a' and a' ,, are’ z x ]x 1 4. x x+1
1+1

at 4 per cent.

alld ix-lx

12. Calculate from the values given below the net annual
premiums at age thirty for the following policies :—

(a) Whole-life assurance, premiums payable throughout life.
(6) Whole-life assurance, premiums limited to ten payments.
(c) Ten years’ temporary assurance.
(d) Ten years’ pure endowment.
(<•) Ten years’ endowment assurance.

(./•) Ten years’ double-endowment assurance.

X Di Nz Mz

30 37879 805450 14419
31 36557 767571 14201
32 35272 731014 13980
33 34023 695742 13758
34 32S0S 661719 13535
35 31627 628911 13310
36 304S0 597284 13083
37 29364 566804 12855
38 28279 537440 12626
39 27225 509161 12395
40 26201 481936 12164
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14419(0
805450-481936

GO

tn 44 30 44 40

14419-12164
805450-481936
26201
™ = •°S0989

^430 —
N30

M3a

4430 — ^40 1

M3o — m40 _
443O — 44 40

=
4 ^30 ~ N40

M30 -_M4q + P4Q = -006970 + -080989 = -087959
N3o - N40

M3q - M.,o + 2D4„ = ,os7959 + .080989 =.-168948

J441.?. = -017902
805450

14419
323514 ~ °44o'°

2255
= -006970323ul4

13. What is the annual premium at 3 per cent, for a temporary
insurance for three years on a life aged thirty? Given /J0 = 92529,

Z.. = 92079, Z =91472, I =90763.

Pl  = „  ^i + ^ + ^ss
30:31 +

= -97087--96469
= -00618

14. Given P and A . show how to find at rate of interest i thex xr
annual premiums for

(«) Joint-life Assurance on two lives aged x.
(6) Last-survivor Assurance on the same.

(«)

since 

(0

l+«XX
<IAXX

1 - A

2A - AX___ XX
1 4- 2d - aX XX
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and

I ,a — “ I
1 Px + rf

1-A
a = ---- -- - 1 as before.** d

15. Find without using commutation columns an expression for
the annual premium for an assurance payable only in the event
of (.r) and (y) both dying within n years.

where the values of a—, and a------are found from the formulaxyn| xy:n-l|

< I ayt I axyi I

vl

vl I 4- V~l I
*4-1 y+l *4-2 v+2

+v‘lx+lly+t

16. Deduce the single and annual premiums for an assurance
for ten years, payable as to one half at the first death and as to
the other half at the second death of three lives (,t), (y), and (s).
Is there any practical objection to making the quotation, and if
so, how would you propose to meet it ?

The single premium is
KlxAnp + lio'W)

= 2 [{”(1 + - V:ioi* + M1 + "d :op -

where M :7i = % d + "r--T| + “ya] - -"x^n
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In deducing the annual premium the above is the benefit side.
Payment side = P(1+«—? —)

if it is desired to make the premium level throughout the whole
status. A certain risk, however, attaches to the issue of the policy
on such a footing. If one of the lives, say (.r), die early, the
remainder of the benefit could be obtained by the survivors, (if)
and (z), provided they are in good health, at a smaller premium
than P as found from the above. In such a case the office would
not receive the stipulated premium throughout the whole of the
status assumed in the calculation. To get over the difficulty we
may

(1) Make the premium payable only during the joint existence
of all three lives, whence payment side = P(1

(2) A premium may be accepted which is to be reduced by
half on the first death.

Payment side = P{1 + +

(3) Probably the best way is to issue two policies, each for J,
one of which will be payable on the first death, the premium
being ^-P^—; and the other payable at the second death, with
premium i P|,AA—.1 - 110 xy:

17. Find the annual premium for an assurance of £100 payable
as follows:—

(«) £50 at the death of the first of two lives and £50 at the
death of the second, the premium to be reduced by one half from
the date of first renewal after the death of the first life.

(6) £33, 6s. 8d. at the death of the first of three lives, the
premium then to be reduced by one-third; £33, 6s. 8d. at the
second death, with a similar reduction in the premium; and the
remaining £33, 6s. 8d. on the death of the last survivor.

(a) The benefit is obviously 50(Ai+ Ap.
The premium to be paid depends as to one-half on the

life (.r) irrespective of the life (if) and as to the other half on the
life (y) irrespective of the life (x). The value of the payment
side is therefore

P{i(i+«P+|(i+ap} = P{i+-K«x+«,p}-
L
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Or again, the payment side depends as to one-half on the joint
lives of (r) and (y) and as to one-half on the life of the last
survivor. That is,

Payment side = P(la^ + Ja-) = P{1 + |(ax + «,)}.

Hence P = 50
A +A

x V
1+K"I + «y)

(i) The premium required for this benefit, found in a manner
similar to the above, is

A A +A +A
33'3—)---- »-----

The payment side may be expressed in either of the forms

p {Ki +"I)+J(i+«,)+Ki+«.-)}
or p(^%-+ia^ + ^)

18. Find a formula for the annual premium, payable till the
benefit is entered upon, for a deferred annuity of 1 to begin to
run on either of two lives, presently aged twenty-five and thirty
respectively, attaining age sixty. If (30) attain age sixty and
(25) be also then alive the annuity will be payable thereafter
during the joint lives and the life of the survivor.

Benefit side = «so3OP25:3OK + «oo-«55:Go)
+ ’,SOsoZJ8o(l - 30^25^60 — SoPsO^CO

Payment side = P{1 + 930^(1 _ a0p30)|saB!i}

And p . + + -so^^o + ^ssl^1 -soPso)^

L 120 **26 129 °30 ~ |eo a25 : SO ’’^SoPas^ ~ 30P30) 0 + 14

19. Find the annual premium for an assurance payable at the
second death of the four lives (w), (a), (y), and (s).

Benefit side = A—3u'xyz

Payment side = P—3(1 +
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Therefore equating

P—2wxy:

- d

where a—2 = <i + « +a +a -3aicxyz wxy xcxz wyz xyz wxys

20. Find the single premium to assure a perpetuity of £100 in
the event of A, who is aged thirty, dying within ten years, the
first payment of the perpetuity to be due at the end of_th.e_year
in which A dies. Interest is to be taken at 4 per cent, and the
mortality is to be assumed to follow De Moivre’s hypothesis.
Given e10 at 4 per cent. = •675564.

By De Moivre’s hypothesis the number living at age thirty is
86 — 30 = 56, and one dies every year. Therefore

, v + v2 + • • • +1)10
sozfo] ~ 56

_ 1 -f10

56i
= -14484

The single premium for the perpetuity is

A’- x 100 x = -14484 x 100 x 26
«5v ■ j

= 376-584
= £376, Ils. 8d. nearly.

21. On De Moivre’s hypothesis as to the law of mortality, find
the annual premium at age x to provide an endowment assurance
payable at age x +1 or previous death.

But on De Moivre’s hypothesis where n represents the comple­
ment of life at age x, we have—
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t: +i>2 + • ■ • + t>‘ + (n - t)v’
n

11

v(n — 1) + v-(n — 2) + • • • 4-r*"1 (n -1 + 1)
n

= nCT|2|

n

= ly-1

i

- «n+(«-Q«(

alue of an annuity to be payable until the
hildren, aged five, eleven, and thirteen respec­

tively, attains majority.

°(5 :i6|)(ll: 10 ) (IS : s“j) = °5:ioj + “11 : ioj + “13:81

- “5 :11: ioj - “5 :13 :8| “ “11:13 : 8|

4- a _T 5:11:18:8|

23. Find the value of an assurance payable should three
children, aged ten, twelve, and sixteen respectively, all die before
attaining majority.

(10 : ill) (12 : 9j) (16 :5~|) ^10 : 12 :10 : s] + ~ sPloX^lO : 12 : IT : T|

+ ”5G “iPloX^ -S.Pl^sFloAjsjj-i + l’^l -6P16)(1 - 57jio)o/'12^17:4]

+ ”’G -jPieXl - 9^12)9^10■^'10:21

24. How many damaged lives are there among the under­
mentioned 740,925 lives aged forty-five who have been insured for
three years r and how many of them will die in each of the
following five years?

164

=

Also a — =

where a(—5] =

Hence =

22. Find the v
survivor of three c
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Give a short sketch of the reasoning which leads to your
figures.

Age
X

Years elapsed since Date of Insurance.

Age
X

0 1 2 3 4 5 or more.

Z(x-1]+1 k-21+2 Zx-3J+3 Z[x-4]+4 'z

45 730692 73G363 739403 740925 711538 741700 45
46 720100 726015 729402 731220 731895 732100 46
47 709190 715320 718906 721033 721908 722100 47
48 69S088 701292 708012 710325 711423 711700 48
49 686620 693058 696823 699220 700413 700800 49
50 674923 681445 685377 687728 688992 689400 50

The number alive at age forty-five of those who have been
insured for three years is 740,925, but the number who are select
at age forty-five is 730,692. Now both these numbers are reduced
by mortality to the same figure at age fifty, namely 689,400. The
surplus of 740,925 over 730,692 must therefore represent damaged
lives who all die off in five years. The number of damaged lives
among the 740,925 is thus 10,233 and the deaths amongst these in
each year are shown as follows:—

Age.

(1)

Number of
Mixed Lives
Surviving.

(2)

Number of Lives
Surviving out
of those select

at Age 45.
(3)

Number of
Damaged Lives

Surviving.
(2)-(3)

(<)

V h fNumber of
Damaged

Lives Dying.

(5)

45 740925 730692 10233 4353
46 731895 726015 5880 2686
47 722100 718906 3194 1819
48 711700 710325 1375 988
49 700800 700413 387 387
50 689100 689400 0 0

The difference at each age between the number surviving of
those select at forty-five and the number surviving of those who
at age forty-five had been insured three years shows the number
of damaged lives surviving at each age, and the first differences
of this column show the number dying in each of the five years.

A 25. Given a select mortality table showing/(iJ, z(J_»]+n>
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Vr-31+3’ ^[x-4j+4’ and exPress the probability of a select life
aged x at entry being at the end of five years,

(n) In existence, irrespective of the state of his health then,
(6) In existence, and still a select life,
(c) In existence, and an unhealthy life.

In the form of tables described, selection is assumed to wear
off in five years, therefore at the end of that time the number
of ZjX] persons select at age x who are still alive is merged in the
ultimate table and is expressed by Zx+6, their health not being in
consideration. But the number of select persons of age a:+ 5 is
by notation Z[l+6), therefore the number of unhealthy is the
remainder of the total Zx+J. Accordingly the probabilities
required are

w
(6)

[xj

(c)

L ' 26. A life office secures every year K new assurers all aged
a: at entry. At the end of a quinquennium how many of the
entrants during that time may be expected to be unhealthy.

Of Z[x] persons who enter at age x there are alive at the end of
five years Z(Ij+6, of whom some are select and the others unhealthy.
But the number of select lives of age ,t + 5 is I, ,Therefore the
number of unhealthy lives of that age is I, ,, -1, , SimilarJ ° (*1+5 (x+5)
expressions give the number of unhealthy lives at the end of four,
three, two, and one years. Thus, if the number of entrants each
year is K, and if we assume them all to enter at the beginning of
the year, we get the number of unhealthy lives at the end of five
years as

T {^M+5 - + ^(*1+4 “ Z(x+4)) + ^1*1+3 - k+Sp

+ ^[x)+2 ~ 4*+2p + ^[x)+l “ fc+1])J
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27. A person aged .r wishes to be allowed to effect ten policies
each for £ 1000 as follows :—

(1) At age x at the normal annual premium for that age.
(2) „ (r+I) „ „ „
(3) „ (.r + 2) „ „ „

etc. etc. etc.
(10) „ (.r+9) „ „ „

It is required to find the single premium payable to provide
for this option.

For the second of these policies the premium to be paid in
absence of any arrangement would be P[T]+p whereas the premium
arranged for is P[l+1). The value of the option on this one policy

N „ , , ■
is therefore (P(l]+1 - P(I+1]) ' '■

(x)

Similarly for the third policy the difference in premium
to be allowed for is (P „ - P. „) and the value of this isl*J“T"** l*T-J

N
(P, ,, — P, „,) And so on for the other seven policies.' M+2 [x+2p n r

M
The single premium to be paid for the option is therefore

c N1000|(P[l]+j - P(l+1]) jj)1 + (I’(x]+2 - P(x+2j) o' + ■ • •

[X) (x)

+ (p _ p ) ^1±?)

[x)+0 [x+op jj J
Ixl

28. Calculate the following option premiums:—
(a) The single premium per cent, required to permit of (30)

effecting at the end of five years a whole-life policy at the normal
annual premium for his then age, without fresh medical examina­
tion. Use the OlM1 Table at 31 per cent, interest.

(6) The yearly addition per cent, to the short-term insurance
premium for seven years required to permit of (40) effecting a
whole-life policy at the end of that period at the normal annual
premium for his then age, without fresh medical examination.
Use the O'NM1 Table at 3 per cent, interest.
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(a) Using the formula given on page 143, we have
100(P]3O]+5 - Pp5]) (a[30] - a[30]. ^)

= 100(-02024 - -01959)(19'793 - 4'633)
= '985, say 19s. 8d.

(6) Similarly for this option premium we have
100 (P<7 - P[47]) (a[j0] - a[40), —)

a[Wi:T|
 (3-445-3-377) (18-102-6'250)

6-250
= T29, say 2s. 7d.

29. Find the annual office premium for a whole-life assurance
to (r), the expenses being 8 per cent, of the first and subsequent
gross premiums with further initial expenses of 2 per cent, on the
sum assured and 5 per cent, on the first gross premium.

To get the value to the office of the payment side we must
deduct from the value of the gross premium the value of all
expenses. Thus, if P be the gross premium, the value of the
payment side is

P(1 + «x) - -08P(l + ax) - -02 - -05P
and this is equal to the value of the benefit, A .

Hence P(1 + «x) - -08P(l + - -02 - -05P = Ax
P{'92(l+«x)--05} = Ai + '02

Ax+'O2
P = -92(1+<!*)--05

30. Given the following office rates for immediate annuities on
female single lives, aged fifty and sixty respectively, find at these
ages the annuity which £500 will purchase, it being a condition
that the annuity is to be payable during the joint lives and the
lifetime of the survivor, but is to be reduced by one-half after
the first death.

Ago
last Birthday

Annuity which
£100 will purchase.

Price of
Annuity of £10.

50
60

£5 13 S
7 5 10

£175 19 1
137 2 10
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The annuity required is the sum of two annuities of equal
amount on the lives, and if 2P be the amount to be received
during the joint lives we have

500 = P(<0 + «'c0)

= P(17-5954+13-7142)

Hence P = ______
17-5954 + 13-7142

= 15-970, or say £15, 19s. 5d.
£500 will therefore purchase an annuity of £31, 18s. lOd. during
the joint lives, to be reduced to £15, 19s. 5d. on the first death.

31. Given tables of office premiums for endowment assurances
and double-endowment assurances, show how to employ them to
obtain the office premiums for the following benefits:—

(a) £100 payable on attaining a given age or at previous
death, together with a guaranteed bonus of £33, 6s. 8d. payable
only if the given age is attained.

(5) A similar benefit, but with a guaranteed bonus of £50.

(«) This is equivalent to a term assurance of £100 coupled
with a pure endowment of £133, 6s. 8d., which may be split into
an endowment assurance of £66, 13s. 4d. payable on attaining the
given age or at previous death and a double-endowment assurance
of £33, 6s. 8d. payable on death within the term and £66, 13s. 4d.
on attaining the given age. Therefore if P' —. and (DP)' —, be the
office premiums per £100 assured for endowment assurances and
double-endowment assurances respectively, we obtain the required
premium from the formula

|P' +i(DP)'«> xn | ’ «»' xn I

(5) By a similar process of analysis we find the premium for
the second benefit to be

ip- -+!(DPY- zn| 2k y xnl

32. From tables of office “Whole of Life” and “Limited
Payment” premiums for each age at entry, show how to find the
sum assured (that-could be-giveil) at age x for a single payment
of S and a future annual payment of P.
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Let A' and P' be the office single and annual premiums at
age x per unit assured.

We must split the single payment to be made now into P and
(S - P) in order to put the payments of P on the basis of an
annual premium.

Then since a single premium of A'x insures 1, a single premium
r zc ■ S - Pot (b - 1J insures - 

X

Also since an annual premium of P' insures 1, an annual

premium of r insures pr.
X

Therefore the whole amount insured by a single payment of
S - P PS and a future annual payment of P is - + pr.

33. A man aged forty next birthday desires to effect a policy
payable at death for .£5000. He proposes to make a first payment
of £1000. Find the future premium to be charged annually, given
tables as in the preceding question.

Let P be the future premium. Then by our formula above

1000-P P
A7 + P'

40 1 .10
= 5000

Hence p(2___LA
V 40 A 40

= 5000-221°
A 40

and P = —-------

P 40 A 40

34. Express in commutation form the annual premium for an
endowment assurance to (,r) payable in n years or at previous
death, the premium for the first five years being only one-half
of the premium for the remainder of the term. Find therefrom
the premium for the first 5 years, and for the remaining 25 years,
for a 30 years’ endowment assurance on a life of 30. Interest 4
per cent. Given N.M = 502353-5; N30 = 474646-5; N34 = 376007-4;
N59 = 58526-9 ; and NG0 = 52931-0.
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M - Al + D
Here the Benefit side = —-------

X
/N , -N , , N . - N \

And the Payment side = P(^———T "— + —
X X

Al - Al , + D .
Whence P = ——------—---- r-rWVI nence r „ N _ 2N

x+4 x+n-1

Using now the figures given we have

p  ^30 ~ ^co ~h
Nm + N31-2N’

But AI30 = vN29-N30 = 5°i3o7 --474616,5 = S3S5’7
Moo = vNm-N60 = ^g6^-52931-0 = 3344-9

and D,.„ = N’-X' = 58526-9-52931-0 = 5595-9UV JJ UV

n., f n  8385-7-3344-9+ 5595-9
re ore - 502353.5 + 376007-4 - 117053-8

= -013972.

The premium for the first five years is accordingly -013972 and
thereafter -027944.

35. Find by the O|SM) Table, with interest at 3i per cent.
throughout, the annual premium per cent, required at age thirty
to provide a debenture policy under which 5 per cent, interest
payable half-yearly is to be provided on the sum assured for
15 years from the end of the year of death, at the end of
which period the sum assured is to be payable.

As explained on page 148, the benefit at the end of the year of
death is 1 plus an annuity-certain, for the period stipulated, of the
excess of the guaranteed rate of interest over the rate assumed by
the office. In this case the premium will therefore be

100P(30J{1 + Mow}

= 1-788(1+ ’0075 x 23-18585) 
= 2-099, say £2, 2s.
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3: >i, "a

36. Find by the OIXM' Table, with interest at 8 per cent.
throughout, the annual premium required at age thirty-five to
provide an annuity-certain of £100 payable half-yearly for 20
years, the first payment to be made at the end of the year of
death.

Modifying the formula given on page 147 to suit the case of a
half-yearly annuity we have for this premium

PlS5lx5()xaI3lMX)
= -02212 x 50x30-36458
= 33-583, say £33, Us. Sd.

37. Find by Mr Lidstone’s formula the annual premiums per
cent, required for the following joint-life endowment assurances.

(n) Lives (30) and (35) for a term of 20 years on the basis
of the OlM> Table with interest at 34 per cent.

(A) Lives (20) and (40) for a term of 30 years on the same
basis with 3 per cent, interest.

(a) Following Mr Lidstone’s formula we have
100(1l3O1^ + P(351:20j_ P20|)

= 3-841 + 3-923-3-416
= 4-348, say £4, 7s.

W W^+P^-P^)
= 2-460 + 2-947-2-041
= 3-366, say £3, 7s. 4d.

38 Write down formulas, with and without commutation
symbols, for the annual premium for a joint-life term policy.

Calculate with the help of tables of logarithms the annual
premium for a three-year term policy- on the joint lives of A and B,
each aged thirty-six next birthday, at 3 per cent, interest, having
given
log = 5-9097, log Z37 = 5’9076, log = 5 9042, and log Z30 = 5-9002.

How would you approximate to such a premium in practice ?

The annual premium in commutation symbols is
M - M ,_______ ay____ x+n : y+n

^x-l:y-l ^x+n-1: y-t-n-1
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from which we may pass to a formula without commutation symbols
as follows :—

M - M_______ xy_____ x+n : y+n_____
N , -~Nx-l:y-l x+n-l:y+n-l

 x-l:y-I r?// \ x+n-l:y+n-l x+n : y+n'
N , - Nx-l:y-l x+n-1 : y-f-n-1

N -N , .. ______  *y x+n : y+n
~ V N -N

x-l:y-l x+n-l:y+n-l

= v _ ”Uk.+lM+2 + ■■■ +Vn/Z+n/,l+n

lxly+ V,x+lly+l + 1 ^x+n.1 ^+n-l

Substituting the ages, etc., required for the second part of the
question we have the premium desired as follows :—

v — ®Z37 Z37 4~ V~?3S ^3S + ®^39 4s

^so+4"+ ®24s 4s

At 3 per cent. u=-97087, also log w= 1-9872, log t>2 = T-9743,
and log v3 — 1-9615.

In dealing with the logarithms of the numbers living the
characteristics may be ignored as they are the same in every case
and only determine the position of the decimal place in the corre­
sponding natural number.
Then log Z30 l3a = 2 log Z30 = 2 x -9097 = 1-8194 = log 65-978
log vZ3-Z3-= log ii + 21og Zjj= 1-9872 +1-8152 = T8024 = log63-445
log u2Z3S Z3S = log v- + 2 log Z3S = T-9743 + 1 -8084 = 1 -7827 = log 60-632
log v3Z3!) Z3!) = log v3 + 2 log ZM= 1-9615 -i-1-8004 = 1-7619 = log 57-796

Therefore
v  ®^37 ^37 + ®S^3S ^3S + ®3^39 ^39

^36 ®^37 ^37 + !’"^3S ^3S

- -9708" - 63445 + 60-632 + 57 796
' 65-978 + 63-445 + 60-632

= -97087 - -95695
= -01392.

In practice, as explained on page 152, we would take it that
P-1- _ = pi -+P1 _

139:361:31 3<3:3| SO : 31
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Using the figures given, we find P^. j-j = '00699, and hence the
approximate joint-life short-term premium is '01398, which com­
pares very favourably with the true value.

39. Find by the OINM) Tables, using 31 per cent, interest, the
annual premium for a joint-life short-term assurance for four years,
the lives being aged thirty and forty.

Using the same formula as before
P i _ = ,, ^tsoj+i Vioi+r+ ' ‘

I3O:4OI:4| / J .
[30] ‘'[40] ’

= -96618--95086 

. _L /[30]+4 [40]+4
+ V3l I[30]+3 [40J4-S

= -01532.

The practical formula is in this case
P—!_____= pi -4-pi _i30:40i:4| 30:4|T 40:4|

= -00663+ -00878
= -01541.

40. Given  ̂= 13'791, ^ = 13-463, ^ = 13'006,
and °[44][4i)= 12'391, find the value of a[3r][H1 (1) by finite differ­
ences, (2) by central differences, stopping at second differences.

(1) For a finite-difference formula we have

4(4- - i5)
"p+nlyl ~ "mvI+ -yl°ix+5Irl ~ "mi+ ‘l |2 ("[*+io)tiil ~ -"[x+sw + "ms+

Hence

"(37144) = "(34144) + ^"(39)[44] “ "(S4K44]) + [2 " ("(441(44) “ 2"(39H44) + "(S4](44])

= 13'463 +1(13-006 - 13-463) - ,3,(12-391 - 26'012 + 13-463)
= 13-463--274+ -019
= 13-208.

(2) The central-difference formula to be applied is

uX
x(x- 1)

«o + '™+i+ [2 60
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Whence
”[371(44] = "[34J44] + s(atS9K44] ~ ”[34][44)) ~ 77 oC”[39)[44] “ "'’[34X44] + ”(29][44])

= 13-463 + 5(13-006 - 13-463) - ^(13-006 - 26-926 + 13-791)
= 13-463--274 +-015
= 13-204.

41. Given P„o.„5 = -03625, P40 ,30= -0375, P45:25=-041, and
P45 : 30=-°4225>findP42 : 29-

P40 : 29 = P40 : 26+ s(P40 :30 “ P40 : 2s)

= -03625+ 4(-0375--03625)
= -03625 +-001
= -03725.

P = P +4fP - P 145 : 29 45 : 25 T s'- 45 : 30 45 : 254

= -041+4(-04225--041)
= -042.

P42 : 29 = P40 : 20 + j(P45 : 29 ” P40 : 29^

= -03725 + ?(042 - -03725)
= -03725 +-0019
= -03915.

42. Complete the table of premiums between ages forty and
forty-five, given the following:—

Ago. Premium.
/G 40 £2 13 10
ZC 45 3 2 4
z-Go 50 3 14 10
zz„. 55 4 13 10

Denoting P40 as »0, P45 as u5, P50 as wI0, and P65 as hI5, we
may proceed in either of two ways.

(a) We have
”x = "o + -tA"o + A2"o+ ]| 3^ ~— A3"o+ ’ • • .

and stopping at third differences the problem is to find
A"o> A?"o> and A3"o from P40> P45> P50> and P55-
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Now 2-692 = ?/0
3T17 = w0 + 5Aw0 + 10A2«o + 1 OA3«o
3-742 = w0 + lOA?zo + 45A2«0 + 12OA3„o
4-692 = «n+15Az/0+105A2w0 +455A3w0.

Differencing successively both sides
•425 = 5Aw0+1OA2mo+10A3„o
•625 = 5A;z0 + 35A2w0+110A3„0
■950 = 5A„0 + 6OA2ho + 335A3w0.

Again •200
•325

= 25A2«0+100A3»0
25A2h0 + 225A3m0.

And ■125 = 125A3z/0.
whence we have A3«0 = •001

A2«0 = •004
A«o = ■075.

We make up the following scheme
Age. Premium. A A’ A3
40 2-692 •075 •004 •001
41 2-767 •079 •005
42 2-846 ■084 ■006
43 2-930 •090 •007
44 3-020 •097
45 3-117

(6) Alternatively we have
u* = A + Bar + Cr2 + D.r3 + ■ • •

and stopping at third powers of x the problem is to find B, C4 and
D from P40, P45, Pi0, and P65.

2'692 = A

3-117 = A + 5B + 25C+125D 
3-742 = A+10B + 100C + 1000D
4'692 = A + 15B + 225C + 3375D,
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Differencing successively both sides of these equations,
•423 = 5B + 25C+125D
•625 = 5B + 75C + 875D
•950 = 5B + 125C + 2375D

•200 = 50C + 750D
•325 = 50C + 1500D

•125 = 750D
whence D = -00016

C = -0015
B = -073.

Then P4141
^42
P43
P44
P45

= 2-692 +-073 +-0015 +-00016 = 2-767
= 2'692 +-146 +-006 +-0013 = 2-846
= 2-692+ -22 +-0135 +-0045 = 2-930
= 2-692+ -293 +-024 +-0106 = 3-020
= 2-692+ -36 +-0375+ -02083 = 3-117

By either method we complete the table with the same values.

P40 = £2 13 10
P41 = 2 15 4
P42 = 2 16 11
P43 = 2 IS 7
P44 = 3 0 5

• ►
0

04

II C
O bo

M



CHAPTER VIII

Conversion Tables for Single and Annual Assurance
Premiums

1. Conversion tables should be thoroughly understood, both in
their construction and their use, and to these ends Rothery and
Ryan’s tables should be carefully examined.

For both single- and annual-premium conversion tables, they
start with the initial value 1 for the annuity, and increase
it by differences of '01. Now we may draw up the following
schedule for single-premium values :—

Annuity-
Value.

(1)

Corresponding
Assurance Value.

(2)

A
of Col. (2).

(3)

1 1-<1(1 + 1) - d x *01
1'01 1- <1(1 +1'01) - d x ’01
1’02 1-<1(1+ 1'02) - d x -01
1-03 1-<1(1+ 1'03) -dx *01
etc. etc. etc.

From this we see that the values in column (3) are constant
and that therefore, the initial assurance value having been found,
the successive values thereafter may be found by the continuous
addition of -<ix-01. The initial value must be found directly
from l-d(l + l). Verification may easily be made at periodical
intervals. The correction for a third decimal place is found as
shown in Text Book, Article 9.

2. Again, for annual premiums we make a preliminary investi­
gation such as this :—
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Annuity
Value.

(1)

Corresponding Annual
Premium Value.

(2)

A
of CoL

(3)
(2>

1 1 d 1 1
1+1 d 1 + 1-01 1 + 1

1'01 1 d 1 1
1 + 1'01 “ 1 + 1-02 1 + 1-01

1-02 1 1
1 + 1-02 “ 1 + 1-03 1 + 1-02

1-03 1 1 1
1 + 1-03 a 1 + 1-01 1 + 1-03

etc. etc. etc.

Column (3) gives us the successive quantities to be added
to the initial value in order to obtain the annual premiums
which we require. We must therefore first proceed to find
the values in column (3). The following schedule shows the
process:—

Annuity
Value
= a,
(1)

1
1 + a

(2)

A
of Col. (2).

(3)

p

(-1)

1

1’01

1-02

etc.

1
1 + 1

1
1 + 1-01

1
1 + 1-02
etc.

1 1
1 + 1-01 1 + 1

1 1
1 + 1-02 1 + 1-01

1 ____ 1
1 + 1-03 1 + 1-02

etc.

1 + 1-01 d

l+\-v-d
etc.

We obtain the values in column (2) from a table of reciprocals
and difference the results. These differences we then add succes-

to the initial value, - , - d, to obtain the whole table of
1 + 1

values at the rate involved in d. Column (3) consists of the
differences both of column (2) and of column (4).

The differences in the value of P corresponding to a third place
of decimals in the value of a must be found by interpolation which
may be done quite simply.

As pointed out in Text Book, Article 16, the series of differences
in column (3) is independent of the rate of interest and may be 
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used to form tables at each rate required, by successive addition

to the proper initial value, --------d, where d varies with the rate.
1 + 1

Or again, after the first table at rate i is formed, that at any
other rate, say j, may be formed by the constant addition of
d^ - d(^ to each value, as may be seen from the following table :—

Annuity
Value.

(1)

Corresponding Annual Premium (3)-(2)
i.e,, value to be added to

Col. (2) to obtain Col. (3).At Rate i.
(2)

At Rate j.
(3)

1 i4t ■ 1 ,
iTi “

d(i) -

1-01
1 + 1-01

i ,
1 + 1-01 “«> '*(<) ” dU)

1-02 1__ .
1 + 1-02 1 + 1-02

dW ~ dU1

etc. etc. etc. etc.

where column (4) is constant.

3. The following is an alternative method of forming the
conversion table from single to annual premiums.

P dA
1-A

Therefore -4~ = . 4P <iA

We must therefore make up a preliminary table of the
reciprocals of the single - premium values, less unity. Then
putting the value of -i- on the fixed plate of the arithmometer and

d
multiplying by each of the values in this preliminary table, we
obtain a series of which we must again take the reciprocals to get
the required values of P. This method does not fulfil the condi­
tions of a continuous method. But good checks may easily be
applied either by working backwards from the values of P to the
values of A and comparing with the original values of A, or
otherwise.
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4. Conversion tables are of great value in the working out of
premiums, whether single or annual, where it is frequently easier
to obtain the annuity value than the premium. For example,

If we enter
the Conversion

Table with

We obtain in the

Single-Premium
Conversion Table

Annual-Premium
Conversion Table

az

ax : n-11

a

axy : n -11

axy : n -11

an^T|

1 - d(l + ax) = Ax

1 - d(l + ai;n_j|) = Ax^j

1 - <1(1 + aI;/) = A^

1 - d(l + °Iy ;n~i|) =

l-d(l + a^) =A-

+ = A--,

l-dfl + a^) =vn

—-------d = P
t+“x x

1+a.:STT) d ~ P”l

-P->

_____ 1_______(I — p _

-ps

,------- ------------ d= P----- :
xyn'

1+oj=n d Pb|

Thus when we speak of entering the single - premium
table with a ---- , we mean that we give to a in the formular:n-l|
l-d(l+«) the value and the result from the table is
A —. If we entered with a the result would be A ——.

Also by entering the annual-premium table with «— we give

to a in the formula —-— — d the value a—, and the result is
l+« ”l

P»+i|

the annual premium for a sinking-fund assurance payable at the
end of (n + 1) years.

5. To find the single and annual premiums for an assurance 
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payable on the death of the second of four lives (w), (a), (y),
and (z).

Now A—’ =

that is, the assurance is not payable so long as 3 at least of the
4 lives survive, for 3 at least will cease to survive at the second
death. The formula shows us that to obtain this assurance we
enter the single-premium conversion table with a— ® which by
formula (08) of Text Book, Chapter VII., is equal to

a + a + a +0 — 3«icxy icyz wxz xyz wxyz

Similarly for the annual premium we enter the annual-premium
conversion table with the same annuity, for

P—» = 1 , 1 s ~dwxyz 1 + a__ ?
wxyz

6. When it happens that we are given the single- or annual­
premium value, and the annuity value is required, we may obtain
the latter by entering the ordinary conversion tables inversely, on
the same principle as we obtain the natural number corresponding
to any logarithm by entering ordinary log tables inversely.

Thus if we know P at any rate of interest we could find a*
from the formula

1a = ; - 1x P + dX
but conversion tables enable us to find it at once by inspection.

Again let it be required to find a We shall obtain the
value required by entering inversely with P^ and by Lidstone’s
formula (described on page 150).

Pxr:S+T| = Px:n+i| + - Pj+ii approximately.
A,so Px:»-+Ij’ Py:S+T|’ and Pi+ij ma? be found bY entering the
tables directly with «^, a^—, and a—respectively.

Thus, find by the OlM1 table at 34 per cent, the value of
”[301401: ioj’

We find from the O15'1 table that a..-,.™ = 12-S45, a .
= 12-451, also — 13-710 at 34- per cent., and on entering 34 per­
cent, conversion tables we have =-03841, P = -04052,
P^ =‘03416.
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Therefore P[30](40]: = -038-11 +
And entering the same conversion
“[3O][ IO] : 15j = 11’725.

0-1052 - -03116 = -01477.
table inversely we have

7. It should be clearly understood that conversion tables are
merely a means of saving labour and further that they can be
used to find the value of y, whatever y may be, so long as it can
be expressed in the form, for single-premium tables,

l-d(l+4-)
and for annual-premium tables

~d

where k is known and d is at a known rate of interest. It must
be remarked that k does not need
recognisable as such.

to be an annuity or at any rate

Thus let A^L = l-d(l+Q

Thend(l-U) = 1-
z

D-D
and k = x — -1duX

I’D - D a.,X x + t
dDX

single-premium table with thisthe

-dAgain, let (Pa

+ d
MX

N. ,-N.
Then

Therefore if we enter
function we obtain A 1.

1

N,-l “

and
(N - N ) - (M + dN ,-rfN ,, ,)\ x-1 x+f-1/ \ X X-1 x+t-1'

M + dN , - dN ., ,X X-1 x+t-l
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Entering the annual-premium conversion table with the value
of this expression we obtain P .

8. To form conversion tables for continuous functions we first
sketch out the following scheme for single premiums :—

Annuity
Value.

(1)

Corresponding
Assurance Value.

(2)

A
of Col. (2).

(3)

1 1-5 — 5('O1)
1-01 1-5(1'01) - 3( 01)
1-02 1-5(1'02) — 5('01)
etc. etc. etc.

Therefore starting with the initial value of A = 1 — 8, and by
the continuous addition of - 8('01), we form the table at the rate
of interest involved in 8.

Again, for annual premiums we have

Annuity
Value.

(1)

Corresponding
Premium Value.

(2)

A
of Col. (2).

(3)

1 1-5 1V1

1'01 iV# 1_____ 1
1-02 1-01

1-02 —----- 31-02
1_____ I

1*03 1’02
etc. etc. etc.

We must first then form a preliminary table of the reciprocals
of the successive values of the annuity and find the differences of
these reciprocals. Thereafter the successive addition of the
differences to the initial value
ordinary tables, one series of
formation of tables at all rates
constant addition of t°
us the table at rate j.

1-8 gives the table. As with
differences is sufficient for the
of interest. That is to say, the
the values at rate i will also yield
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EXAMPLES

1. Verify by actual calculation the following values of A,
which correspond to values of a advancing from 10 to 11 by
differences of -1, at 3-J per cent, interest; and insert correct values
in place of those which are incorrect.

a. A.

10-0 •60241
•1 •59905
•2 *59508
•3 •59157
•4 •58775
•5 •58434
•6 *58072
•7 •57741
•8 •57349
•9 •56938

11-0 •56627

It will be found that the 2nd, 3rd, 5th, 8th, and 10th values
are incorrect, the true values being -59880, -59518, -58795, -57711,
and -56988 respectively.

2. Check all the figures in the following table, using Rothery
and Ryan’s Conversion Tables to obtain the single and annual
premiums.

Rate. Basis. a. A. P.

Whole - Life Assurance,
age forty . OtXM)2J% 18-280 •52976 •02748

Endowment Assurance,
age thirty, payable at
sixty .... Ot5|13J% 16-163 •41961 •02445

Leasehold Assurance,
term 20 years . 3% 14-324 •55367 •03613

Joint-Life Assurance,
ages twenty-five and
thirty-five . O™3% 16-725 •48373 •02729

Absolute Reversion, i.e.y
the present value of
1 payable at the death
of (z), otherwise Ax,
age seventy O(“-/I4% 7-882 •65838 ...
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3. Given tables of joint-life annuities, the columns D and I
for single lives, and conversion tables, show how, by means of
these, you would arrive at a premium for a joint-life endowment
assurance on (.r) and (j/) payable at the end of 20 years if both be
alive, or at the first death before then, half premiums only to be
payable for the first five years.

The benefit side = A^,^.
To obtain the value of this we must enter conversion tables

with a which is equal toxy:19| 1

= %-vl01AX197?y"x+19:!/+19

= a — j/+i 9 {l
D / x+19 : !/+19

x SI
all the parts of which we obtain from the tables given.

The payment side = P(1 + ^.^ + 0 | a^)
a we have found above andxy: 1£>1

I a - = P*+5 Xi* fl + a 1 - Bt±22 *»+19 a
5 I ni:15| D / >• T x+5:»+5> £) I r+lOl^+lO

1 v * v
Hence the value of P may be found.

4. Use the tables at the end of the Institute Text Book and
tables of logarithms to find at 4 per cent, the single and annual
premiums for a joint-life endowment assurance on two lives each
aged thirty-seven, the sum assured to be payable at the end of
23 years or first death preceding.

Here we have
^37:37: 231 1 +n87:37: 22p

and P37: 37 : 23| = rnr-------- ~d
+ 37:37:22|

Nrn rn
NO" “37:37:221 = “37 : 37 -0^

37 :37

= 13-054-1-524
= 11-530

logNM:69 = 9-40776
log D87:S7 = 9-22491

•18285
= log ■ 1-524

Entering the 4 per cent, single-premium conversion table with
this value we get
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Value corresponding to 11 = ’53846
Do. -5 = 01923
Do. -03 =• -00115

Deduct -02038

A37 - 37 - 23i = -51808oi . ot . ______

Entering the 4 per cent, annual-premium conversion table with
11-530 we get

Value corresponding to 11 = -04487
Do. -5 = -00333
Do. -03 = -00020

Deduct -00353

P37 :37:23. = -04134

5. Given P, find the corresponding A by the use of the ordinary
single- and annual-premium conversion tables.

Enter inversely with P the annual-premium conversion table
and with the result thereby obtained entei- directly the single­
premium conversion table, which will give us the A required.

6. Show how to construct a conversion table from which A
may be found directly by inspection, P being given.

PSince A = p we may proceed to form the table on the

following system :—

Annual
Premium
Value.

(1)

P

P + AP

P + 2AP

etc.

log (!)• logl(l) + <Z}

(5)(2) (3) (■>)

Plog(P + d)log P

log(P + AP + d)log(P + AP)

log(P + 2AP)

etc.

log(P + 2AP + d):logp + 2Ap + (<
etc. etc.

. P
ogP + d

, P + AP
°gP+AP + d

P + 2AP

P + AP
P+AP+d

P + 2AP
P + 2AP + d

etc.
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The work must be done in duplicate to ensure accuracy, as the
method is not continuous.

Again since — = —X-- = 1 + -i, we may proceed by first
Al 1

drawing up a table of reciprocals of P, P + AP, P + 2AP, etc.; then
multiplying each of these by d on the arithmometer and adding
1 to each result we obtain a table of reciprocals of A from which
the successive values of A may be found.

As this also is not a continuous method, the work must be
done in duplicate; or checked by doing all the calculations in
reverse order when we should obtain P, P + AP, P + 2AP, etc.

7. If a single-premium continuous conversion table be entered
inversely with e-“5, what does the result obtained represent?

The equation upon which such a table is founded is
A = l-8«

And as we are to enter the table inversely we have

1-A
a ~ 8

In the particular case before us, A = e~nS.
1 _ »-n0

Therefore a = ---- 5---
o

which is the value of an annuity of 1 for n years payable
momently with interest convertible momently. (See Theory of
Finance, Chapter II., Formula (15).)

8. W hat would be the result of entering single- and annual­
premium conversion tables, calculated for continuous functions, with

I; and what does ~— 8 represent ?
“x

Entering with a- we have

A = 1 — 8a—■.n|

1 — e~n$= 1-8 —1—
o

= e~nS



CHAP. VIII.] TEXT BOOK—PART II. 189

that is, the present value of 1 payable at the end of n years,
interest being at i per annum convertible momently.

Also P = 4- -8 

1 -c"’*5

c-nJ

which is a year’s premium payable by momently instalments,
interest at rate i convertible momently, for a sinking-fund assurance
due in ii years.

which is the premium payable per annum by momently instalments
for a whole-life assurance payable at the moment of death. (See
Chapters IX. and X.) 9

9. Find by means of Rothery and Ryan’s Conversion Tables the
single premium corresponding to annuity ’983, interest 4 per cent.

The practical difficult}' here is that the tables start from unity
for the annuity values, while the given annuity is less than unity.

But A = 1—</(!+«)
= l-d(l+r+^) + <Z

Therefore enter the table with the value 1-983 and add d to
the result.

Then the single premium corresponding to annuity
1-983 at 4 per cent. . . . . = -88526

d at 4 per cent. . . . . . = 03846

Single premium corresponding to annuity -983 . = -92372

The value of d might be obtained by taking the difference
between the single premiums corresponding to annuities 1 and 2
respectively.



CHAPTER IX

Annuities and Premiums Payable Fractionally
throughout the Year

1. Formula (1) of this chapter may be arrived at by the
following method which is somewhat similar to that of Text
Book, Article 3.

Therefore interpolating

ol\ = ax - 0
J a = a - 1

A 1 (m) , 1
Also a = a + —* * m

2. Formula (5) which applies to the case where m = 2 may
be made general as follows :—
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For each year which (.r) completes, the amount to the end of

the year of the m payments of — each is7/1

1 r m-1 m-2
— {(1+0 “ +(1+0 ”+•••+!}

and the value of these payments for the whole life of (.r) is

1 r Uzl ’AZ2 1m +(1+0 »+•••+!}

Now in respect of the year of death, if (.r) dies in the rth of
the m periods (r > 1) the amount to the end of the year of the
payments which he has received is

1 m-1 i m-2 -I Tn-r-rl
_L(l+i)« +_L(l+i)« + . . - +±(l+i) ™
m m m

Taking the summation of this expression for every value of r

from 2 to m, and dividing the result by — since, on the assumption

of a uniform distribution of deaths, death is equally probable in
each of the m parts of the year, we have as the amount,
at the end of the year of death, of the payments made during
that year

. n m-1 - in - 2

7)1 I 7)1 ' 7)1

The value for the whole of life of the payments made during
the year of death is therefore

■j _ -i m-1 n m-2 i 1
A L(l+i) -(1+:)- + - . . + ±(l + j)4

x 7)1 I 7)1 K 7 7)1 K m v ' J 

and we have

1 1 111 ~ 1 9 m-2 -1 1 .
+ a — - (i +0 m + • ■ • +—(1+0’4

* 7)1 I 7)1 m ' 7)1 K J
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Expanding the successive powers of (1 + i), but stopping at first
powers of i in the expansions, we have

6 m2
m-1 . m-1 (m-l)(2m-l) . m— 1 . m-1 .= a + —— io, H----=-----1- ------- ---------- - i---- =--- la----- =----«1 '2m * 2m 6m- 2m x 2m

(taking -L, = (1 + 1 = 1 -i
1 -f 4

approximately)

 m-1 m2 -1 .
01 2m 6m2 1

If then in this formula we give to m the value 2 we have

P) , , .
ax — a„ + T - K 1

which is formula (5) of the Text Book.

This general formula can be rapidly applied in practice and
on the whole gives very good results. If we calculate by it the
annuities of Text Book, Article 28, we get the following values.

a® = 20-14127

= 20-26533

<i30 = 20-39002

a® = 10-46974

= 10-59380

«60 = 10-71849

3. The argument of Text Book, Article 12, is very involved,
and the following is an alternative method of obtaining formula
(7), which is founded on the assumption of a uniform distribution
of deaths.
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1 i / 1 2 m-1
• • • +”^+^+^+1

x m m m

+”1+^zI+l+l+«1+^zI+l+2 +• • •)
m m /

+ ^{lx+2+~d^+ • • • }

"Zl+1+"~z:+2+'-~ x7r{(1+(1 +• • • +1}

vd 4- v2d ,, 4- ■ . • 1 r m~1 m —
+ x--------- x±i------- m +O-2)(l+i)™ +...

X
+(l+i)™}

= a x » , A „ "K1 + OK1 + Q" -!} - t'C1+0"
»1{(1 + i)™ - 1} »«2{(1 + i)™ - I}2

The sum of the expression which is the coefficient of A* may
be found as follows :—

m-1 m-2 1
Let S = (m-I)(l+i) m +(m-2)(l+i) ’» + ...+(l+i)“

1 m-1 2
(l+f)”‘S = (m- 1)(1 + i~) + (m-2)(1 +i) 7,1 + • • • +(1 H-i)™

1 m-1 1
S{(1+i)™-1} = «<l+i)-{(l+i) + (l + i) “ +••-+(1+0”}

2_
= ?n(l + i)-(l+i)m------ l——-

(1+0™-1

And s = "'C1 + Q{(1 + 0m ~ 1} ~ »(! + O’"
{(1 + 0^-1}2

N
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4. To find a'—.

Jri =
XII

a<m) _ Dx+I (m)

* D ax+«
X

m — 1
ax~~2m x+t

5.

made

To find i [a*, that is, the yeaidy annuity whose payments are
T

at the end of -J_, 1 + _L, 2 + A-, etc., years respectively.

It is quite distinct from i|a^, the annuity payable t times
T

1 12 3a year in instalments of ■— each at the end of —, —, —, etc.,
J t III

etc. etc. etc.

of a year respectively, which is the same as r/1'.

And summing the portion within brackets, we have

A2D - •6
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Therefore

1 K}-1) AD K}-‘)G-2)a<D.

a* / 2 D 6 D« X
= g j-1 ,<-1ADx a-i)(2<-i)A5Dz,

x t 2Z2 D 6Z3 DX X
which is Text Book formula (27).

6. To find i|ax— we must sum only the first n terms of the

expression in brackets and we have accordingly

1 /D — D \
llaz»-| = D ) approximately
t X

= —(la — - 1 +a —: - a —-A
/ \ in I xn | x:n-l|y

= l/(z- l)a - + « -A
Z V 7 *»l zn|j

(where ADx = Dl+± - D^)
in

_ (m) _ 1 4.l~m AD*
“ a» Z 2Z2 D
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1 \ . , ,— I approximately(m) (”•)
lz+n

8. To find i |a^l\Al z»i

-I xn|

x: n —-m

(w)____ x*!

)+’naSi}

(m)
az»| -

1 fi (m)
t Va-i

1 Uz+n

I DX
1 ZD -D1 I __X____ i
\ D~X

1 , ! <m)
- 1 + ’«(nxiJ -

(1 , (’") __
- ?h — + n i

9. To find P(m).X
(m) m-1

“x 2m

■‘.{'-TsrtV'')}

Now P(m)X

Px

Again, multiplying each side by {1 - ’2L_J (p* + J) J, we have

pr-^pr(v<o = p

and P™= Px + ’"^1 P'”’(PX + d)
1 1 2m x v x ' 
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from which we see that the addition to P to obtain P(’n') mentionedZ X
in Text Book, Article 42, is for loss of premium —p(m)p and

2»i 1 *
for loss of interest —- P(”l)</.

2wi 1
The addition for loss of premium is found as follows:—The

chance of the second instalment of the wthly premium not being
received is —, of the third —, etc., of the »nth m ~ \ on the

m m m
assumption of uniform distribution of deaths. Therefore the whole
premium lost in the year of death is

,<(«)

m \ m in

■p(^)
Wi - 1\  x VI - 1 ,

+ m ) m2’

and the annual premium required to insure against this loss is
m - 1 D(m) _—=— r r as above.2m * x

The loss of interest on the second instalment being postponed
1 P<m) d 2

— of a year is —-------; on the third being postponed — ofm J m m m
pO’O

a year -—— —, etc; on the with being postponed —----  of aJ m m in
p("») _

year — ——- d. Therefore the loss of interest in accepting
J m m
an mthly premium is

p(">) j r -> P(m) 1i J I , , x | r - in — 1 ,_^_AJl + 2+. • • +(m-lH = -----— d
m m [ J m J

m - 1 _(»>) , .= —x— P d as above.2m »

10. To find P'7.

(m) _ w - 1 /, _ p£±l'
a«’| — azij ->,m \ .
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a* =a41-^(p«-+d"p*)}
= a - fl - (PL + d)| since P , = P\- + Pl

*1 ( 2m k *t| ' J **l

— (m) A --.
Now P , =zl| a(w)

«I
=_____________ A*<l_____________

•.«{'- ?isr(IV'i)}

i _^z2(p* +d)
2m k I(l '

From this we obtain

Here the loss of premium in the event of death of (.r) has only
to be insured against for the term of the assurance, since if the life
survives the term no loss of premium will be incurred. Therefore
the annual premium to cover this loss is m ~ P^P1..

2m xt\ x<l
The addition to cover loss of interest is by the reasoning of

.i ■ ii m — 1 _(™> ,the previous problem ------P - a.2m ^1

11. To find ,PW.t X
p(">) _ AI
lx (m)

“ill

Ai
' *.1{' - <pln+ ">}

tPx

whence ,P(m)= ,P + P (mVpi + d)
Ix i X 2m ‘ 1 xi| '
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The additions for premium and interest are on the same
principles as already explained.

12. The mthly premiums we have been discussing are true
p(m)

premiums. Each instalment is---- , and if the life die after only
m

r of these have been paid in any year the office has no claim on
the remaining (m - r). But as pointed out in Text Book, Article
42, it is sometimes the custom of offices to calculate the premiums
in such a way as to make it part of the contract that the unpaid
instalments in the year of death shall be deducted from the sum
assured; that is, in effect, that they shall all be paid. In such a
case the mthly premiums are merely instalments of an annual
premium which must be paid in full. We must therefore ignore,
in the expressions already found, the corrections for loss of
premium. We shall then have

pt”*] _ p
» X* 2,„ X

m being put in square brackets to denote these "instalment”
premiums.

Or we may proceed from the beginning as before; on the
conditions stated,

i _ 2
a1”1 = a — (1 4-w"1 +um + • • ■ +» “ )zzm

L 1 2 m-1
+(!-</)“ +(!-</)»+ . . .

where we put (1 - d)m = 1 ——d approximately
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, , ANow P'”1 = -fi.
« a(m)

A
X

pX

Hence P1”1 = P +’-^Pw d
* x 2m x

Similarly we shall write

pl-l  pP*l - P^I + ’2^P"’I d

and .P1”*1t X
p , -1 pl”!

1 1 2m 1 1 d

EXAMPLES

1. Show that d~x = ax + £ - approximately.

By Text Book formula (2)

«<2’ = «XX (l±0i + 1 +|(l+^Al

Neglecting higher powers of i than the first

^>=^(2 + 2 + i-i) + J(l-ii)

a» + t ~ 8
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2. Given the following formulas :—
(«) A, =

[ . (6) 1 = iai + (l+f)Ai
''/I (c) Ax = ® “ ‘™x

A, = l-d(l+aj
0) “x = a~-(1+««)Ax:

transform them from yearly to mthly intervals and give a verbal
interpretation of each result.

(«) A^ = mvm(— + -ma("l)
1 \m x / x

On the analogy of Text Book, Chapter VII., Article 30, we have
the explanation as follows:—

The difference between the value of an annuity payable by
instalments of — at the end of each mthly interval of a year upon

which (.r) enters and that of a similar annuity payable at the end
of each such interval which he completes is the value of —

m
payable at the end of that mthly interval upon which he enters
but which he does not complete : which again is the value of an
assurance of — payable at the end of that mthly interval in which 

(.r) dies. But the value of the former annuity is + an<^

of the latter and of the assurance — A<m), and we therefore
x m x

have

(6) 1 = m{(l+i)“ _l}a<",) + (l+i)>»A<’,)

See Text Book, Chapter VII., Article 41. If 1 be invested now
at effective rate i it will yield at the end of each — of a year

m
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2
{(1 + i)m - 1} of interest so long as (a-) lives, and at the end of that
?nthly interval in which (.r) dies we shall have an instalment of
interest as above together with the original 1,

2 i
{(l+i)“-l} + l = (1+i)™.

But the value of an annuity of — per interval is d~™\ Therefore

the value of a similar annuity of {(1 + i)“ - 1} is »«{(! + i)m - l}"^-

And the value of the assurance is (1 + i)™ A^™\ Now these two
together make up the whole value of the 1 originally invested and

we have accordingly 1 = m{(l + i)m - l}a^m> + (l +

(C) A^''= 1)’" — 7«j(l + l)"1 —

For the explanation of this, see page 209 following.

(<0 a(;> = i _ „,{(]++ <m))

See Text Book, Chapter VII., Article 43, for explanation.

(e) «,m> = ?,-(1+«(”)a",)
v ' X co \ni co / X

This is explained in Text Book, Articles 13 and 14 of this chapter.

3. Find the present value of an annuity to (.r) (payable half-
yearly) commencing at £1, the payments to be doubled every 10
years.

This annuity is equivalent to an annuity of 1 commencing
now; plus an annuity of 1 commencing on attainment of age
£+10; plus an annuity of 2 commencing on attainment of age
£ + 20; plus an annuity of 4 commencing on attainment of age
£ + 30; and so on. Therefore, taking = ax + £, we have the
whole value

= ("x + t)4-—fp (<11+10 + t) + -§?52C“x+20 + t)

+ -^54(°x+so + t)+• ■ •
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4. L'se the Text Book table at 31 per cent, to find the half-
yearly premium to secure at age thirty-five a double-endowment
assurance payable at the end of 10 years or previous death.

Here we may -write
pen -1 A - 4 A 1
1 w 1 ZU | ZU |

~2 2 a’"’-
x»|

1 M-*Uu+2D,+u
2 (^-l-^+u-x)--25^-^

= 1____ Mss-M^ + SD^
- (^34 ~ N.m) - ’25(0^ - D45)

1 9806-7769 + 2x 16570
T (474131 - 260247) - -25(25839 - 16570)

1 35177
- 2 211567

= -08313.

5. Prove that the value of a temporary annuity-due to (.r) for n
years, payable half-yearly, is approximately j(3a^ + «x--|).

• « = a__ “Slfi _ x+.\
axu| ax»| 2m V Di )

= -f 2ma - (m - 1) + (m - 1) —
2m ( IBI k k 1 Dx J

= v—|(m + l)a — + (m - 1) ( a — - 1 4—r
2m I? 1 “I Dx/J

= {(m + l)a - +(m-l)« -J2m(k J xn I ' xn \>

Hence in the particular case

= T(3a —, + n -r)xn | * x xn | xn K

6. Prove that the value of a temporary annuity to (.r) for n
years, payable half-yearly, is approximately -}(3«xjj + ax—)•
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2m

2m

2m

m — 1 .
- d

7. Using the ordinary approximate addition to a yearly
annuity to make it payable m times a year, prove that for an
assurance of 1 on (.r) the premium payable m times a year

1 m~1 j
1 ( ~ A

. (m)since a„

(m)since a = m — 1
a»~ isr

"-i+H1 dJ.

= l(3ox^i+a»n)

i
m

1 A1 ___x_
m a<m>

1 1 - du1______X
m _l“>d.X

2m
(™)a

xn| x £) x+n
x

D ,
= (“z + D----^(“x+h + t) approximately

The premium payable at the beginning of each ??ith part of a
year for a whole-of-life assurance on (a:) is

X

m
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•8. Given P* at 3 per cent. = -01930, find the corresponding
half-yearly and quarterly premiums.

Since

Also PW =

pC7*1)

Therefore P<_)

P_ X

1 - (PX + <Z)2m v x '
Px

=

•01930
" l-|(-01930 +-02913)

•01930
" 1--01211

1930
98789

= -01954
p(2)

and the half-yearly premium = -00977.

Px
1-<(P +<^)

•01930
1 --01816
1930

98184
■01966

p(-0
and the quarterly premium = -00492.

9. An industrial assurance office grants whole-life policies by
weekly premiums of 2d. Find what sum assured can be granted
at age a-, if the agent introducing the business is allowed as com­
mission the whole of the office premiums for the first 13 weeks
and 20 per cent, on them thereafter, and the office expenses
amount to 20 per cent, on the premiums from the commencement.
Assume that premiums, commission, expenses, and claims are on
the average paid in the middle of the year, and that the year
contains 52 weeks.
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The premium of 2d. a week for 52 weeks = 8s. 8d. = -43 of £1.
It is assumed to be payable in the middle of the year on the
average, and therefore the value of the premiums is

= '43 x + approximately

= •43-^

Of the premium 20 per cent, for commission and 20 per cent.
for expenses has to be allowed for the whole period of the assur­
ance. This being 40 per cent, of the premium, its value is

Nx + 4D .
•173 —1 —-• In addition to this 20 per cent, for commission,

X
a further 80 per cent, (making together the whole premium) has
to be allowed for the first thirteen weeks, and this being payable
on the average in the middle of the year, according to assumption,

its value is '086'
*x

Thus the value of the net premium received by the office is
N + 4D N +4D D ,,

■43 -*D~ 1 - -173 ■ -p~—; - -086 -gii

If S be the sum assured to be allowed, its value is
Mx(l+i)i
b-----D-----

And, payment and benefit being equal in present value, we get
•26(N+Wx)--08GDi+i •

10. Given a table of temporary life annuities, show how you
would find approximately the value of an annuity on (a;) payable
yearly for 214 years, the first payment of 1 being due 24 years
hence.

In commutation symbols

2}|ax:2ijl = ]y(Da,+2J + Dx+S1 + Dx+i|} + • • • + Dx+22i + 4Di+23)
X

since an immediate annuity-due for 214 years means a payment 
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of 1 at the beginning of each year for 21 years, with a payment
of i at the end of 201 years.

^°'v Dx+=j + Di+3j + Di+1J + . . . +Dl+22j + iDx+23

®x+2 + Dl+S Dr+3 + Di+4
2 + 2 + • ■ • 4-

l\+22 + ^x+23 , ^x+23

--------- 2---------+ ~2~ aPProx-

~ (Dx+1 + Dx+2 + Dz+3+ • • • +Dx+23)-(Dx+1+4Di+2)
- N«-Nl4.23-i{Dx+1 + (DI+1 + Dl+5)}

Converting the expression into annuities, we have
2}|ax:2iJl = "x:23‘|-'s(6,x:fj + "x:21)

This shows us to be correct, for the annuity under consideration
is one for 23 years but with no payment for a year and a half.

11. If the force of mortality be constant from age x to age
z \ ~ 1(,r + n), show that a —, may be expressed in the form ----- wherevm I J 1 log c
y x and y + ?a x + ».

Let u. = /z = etc. = u. , = - log r.V !/+l ‘ y+m &
d log I

— -----—'J- - — log rdy
log I = ylogr+logA

I = kr'Jv
tPy = r‘ (Z ’")

and v‘p = v‘r‘ = c1 where vr = c.
rm

a — = I v‘p dl
!P"I J 0 V

fm
= I c‘ dl

J o
 cm - 1

logo

Then

But



CHAPTER X

Assurances Payable at any other Moment than
the End of the Year of Death

1. The general problem discussed is to find A*m>, the present
value of 1 payable at the end of that mth part of a year in
which (.r) dies.

First, we may make the assumption of the uniform distribution
of deaths over each year. Taking any year, say the Zth, and
dividing it into m equal parts, we say that the chance of (.r)
dying in any one of these is equal to — of the chance of his

m
dying within that year. If then (.r) die within the first with part
of the year, 1 is payable at the end thereof, which is equivalent

m-1
to (1+i) m payable at the end of the year. Similarly if (.r) die
in the second mth part, 1 is payable at the end thereof, which is

m-2
equivalent to (1 + i) m payable at the end of the year, and so on.
Therefore, should (,r) die in the Zth year, the value at the end
thereof of 1, payable at the end of that mth part of the year
in which he dies, is equal to

i

m{(l + i)”‘- 1}

Similarly for every year up to the limit of life; and we may
say that an assurance of 1 payable at the end of that mth part
of a year in which (x) dies is equivalent to an assurance of
------- —-------payable at the end of the year of death, or in symbols
m{(l +t)m -1}
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»»{(! +1) m - I}

interest convertible m times a

= A x 4-
•^(m)

where j, . is the nominal rate of
year corresponding to effective rate

If we make m infinite, we have

A = A xX X 5

A (m) -V 1A = Su, , I q xx 1-1 Jx

I

X
And when m is infinite

Ax= (l+i)2A.

Therefore on
a year after the

2. Again, A^”"’ means that on the average 1 will be payable

of a year after death, and on our original assumption death will

occur on the average at the middle of the year.
the average 1 will be payable ^-^- +

commencement of the year of death.
Therefore

7
A<“’ = *

3. Now, making no assumption as to the distribution of deaths,
we may, on the analogy of

A = v — iva.X XT
say that

A*™’ = vm — mu”*{(l +1)"‘ — 1 }</

We may reason this out as follows. If 1 were payable certainly
at the end of the first mth part of a year its value would

O
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i

be vm. But as it is not payable till the end of that mth part in
which (x) dies we must deduct the value of an annuity of the

interest on for every mth part which (x) completes. Now

{(1+i)™ -1} is the interest on 1 for the mth part of a year, and
Li i

therefore rm{(l +i)m -1} is the interest on for that period.
Again a^'1 is the value of the annuity which pays — at the

end of every mth part. Therefore the value of the annuity to
1 L

provide t!m{(l-f-t)"1 -1} at the end of every such period is

mi>“{(l +i)ro - 1 }</"\ Hence A*™' = vn - mvm{(l + i)™ -

1 1
When m is infinite = 1, and m{(l +i)"> - 1} = 8 ; therefore

A = 1 - Sa .X X

4. Care must be taken in adapting these formulas to the case
of endowment assurances. We have

Am| = Ax»l + Ax»i

and on the assumption of a uniform distribution of deaths

A« = A’ x 4- + A *
”1 17,1 X"1

and = A1-. (1+i)("2 - 2^) + A i
xn| m| v ' 7 Xn|

Also A - = A1-. x 4 + A

and A = A1-, (1 + i)i + Axn| m| v ‘ / xn]

Again, without any such assumption

A<^| =
m I

And A -= = 1 - Sa—..xn| xn |
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6. The proof of Text Boolt, Article 16, may be shown more
clearly.

1 /■" dl.

Now by the method of integration by parts

= (‘^dx - / q-2-dx
J ax J ax

Ip fax
J dx

and falx
dx

rd-Eidx- r<A
J o ax J 0 dx-dx

” du11
Hence

dl

v1 log v dl

And

1 -Sa.

vl I dl

“ de1
o C*+'didl

o 'ax

We may also proceed thus :—

Since
rfDx+t = rful+‘Zx4-t

dt dt

dl ,, d»I+*= yX+< *+‘ + / __
dl *+< dt

= -rl+‘Zx+1^+( + /z+1Ul+‘IoSU

- ~Dx+1G\+( + °)-
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We have
i /■» rfD ,, 1 /■»- - dJ

xJ o xJ u

that is 1 = A + 8aX X
and therefore A = 1 - 8a .X X

6. Formula (14) may be deduced as follows, probably more
easily than by the method of the Text Book.

n'x=/”vttP*dl

Therefore, differentiating both sides with respect to x

dl dl
I x+t — I —
* dx x’^1 dx

o
— I I , . u ,.4-Z , .1 LL_ X x+t ~x+t x+t X1^ z

(02
= Ox- Pr+tlPx

da [•»
Therefore = J ° v‘ (j^ - /zi+() tpdl

= lovtiP.Pz+idt

=

. i — daAnd A =/zA-_3
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7. Similarly « = I v‘,p dtX"| ]Q l‘x

Therefore ^3 = (" v‘(^)dt
UX J q \ ax J

“ J" <J"X~ Px+t\Pdt

= ^n0V‘tPxdt-

~ PXdxn\ ^zfti

da —
And A1— = u a — - —,x—xn| ~x xn | Jx

8. The following method of deducing formula (20) is perhaps
preferable to that indicated in the Text Book.

e = [“ pdl
x J o a 1

Therefore, differentiating both sides,

- £(4>
= /0 (Px-Px+tyPxdt

Hence = tpdl - fg tpzP-l+tdl

= PxSx~1

i / de \And u = 4(1 + y?)
rx e \ ax/X

= 4{1 -K^-i-el+i>} approximately.

9. The following three annual premiums should be noted :—
(a>)p^ js t|le annual premium payable once a year required to
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provide an assurance of 1 payable at the moment of death and
A

is equal to =——.
l + «x

P is the annual premium payable by momently instalments
to provide an assurance of 1 at the end of the year of death and

A
is equal to -^.

ax

("'P* is the annual premium payable by momently instalments
to provide an assurance of 1 at the moment of death and is equal to
AX
a ’X

EXAMPLES

1. Find the weekly premium required to provide a double­
endowment assurance to (x) payable at the end of n years.
Provision is to be made for the immediate payment of claims.

The benefit side

(M - M )(l+i)» + 2D xk x_____ x+n'< / a;-|-n
DX

As to the premiums, it is usual in the case of weekly con­
tributions to assume that they are best represented by a continuous
annuity, since the interval is so short. The payment side will
thus be

Pxa-, = ^x-v-npx<ix^

= p(\-Nl+n) + KPx-Pl+n)
P»

where P is the total contribution per annum.

(M - M , )(l+iV + 2D ,Hence P = \x *+n, , ----^- *-±2
(N -N , )-t-L(D -D , )V x x+nJ x x+n'

The contribution to be paid at the beginning of each week is
p

therefore 52
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2. Use the Text Book table at 3 per cent, to find the value
of -^30.201 hy three methods.

(14462-9409)1-015 + 16605/ ... ,= k-------------- 361*49--------------^taking (l+l)» = 1 +
= -58821.

(M3O-M5o4 + D«>
W Aso:2oJ = n

30

(14462 -9409)^^ + 16605

= 36949
= -58819.

A30:20) ~ ^~^"s0:20r

- _ N30 - N00 + I (D30 " D30)
a30 : 20| n

so
(735104 - 230450) + 1(36949 - 16605)

36949
= 13-933.

Sso:20i = 1 --02956x 13-933
= -58814.

necessary formulas for the single premiums for 
the following benefits :—

(a) An assurance payable 12 years after the death of (x~).
(6) An assurance payable at the end of 12 years from entry,

provided (r) has died at any time within the 12 years.

(n) The required single premium is d12Ai.
For A*, one or other of the following formulas may be taken,

Ax = A,(l+f)»

\ = Axx T

or Ai = 1 -8ax

We may put

Therefore

3. Find the
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(6) For this assurance we have
= «12(! -12Ez)

4. Show that, by a mortality table which follows Makeham’s
first modification of Gompertz's law, Ax — —log.? o^ + f/z^ + log.s'),?'^
where a is calculated at a rate of interest j, such that

1 c
1+y - 1+i’

— If®
A,, = -»- I ,,dt

xJO *+‘ 1+1

= T [ v‘/x+t{-',°gs-0°gs logc^+'jde
x J 0

= - -j- log sf v<l dt-^~ (logglogcW (ycyix+l<ll
x J 0 x JO

= -log'? «x+(MI + log^«'iC

since p = - log s — (log g logcjc*

and therefore -flogg log etc1 = u. +logs.\oo O ✓ 'X D

d'x being calculated at the required rate j which is such that
1  c

1 +j 1 + i ’

5. Prove that

(“) = «>x + 8)-l

</D_ X
dx

dN _
Dx dx

(D,)2

d
dx x
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= -DX
and JLd* — — Di(/xi + 6), (see page 211).

Therefore -r-«dx 1
-(D^ + ND^ + 8)

(D )-

This may be simply found also from the relation
da

i\ = u a---' 1 dx
(u\ jLa «) = i jLa +« —i
K 1 dx 1 *' 1 dx 1 1 dx x

= -ZA.X X
6. Prove that

d.VI
(„) —= -yx D

J dx ' x *

-37 = Ax^ + s)-^x

(") Ax = 1 - S"x
Therefore M = D - 8 [ D dl

x x Jo x+‘
And differentiating both sides

= -uD"x X

= - Di(yxi + 8) + 8Di
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-logs,

and integrating,

7. If the force

integration that A

<ZA
W -T2' ax

logZ = xlogs + logA:
Z = ksz

of mortality be constant ( = c), prove by direct
c

c + S'

= A/^+a)-^

Since =

- d log Z
then ----- ----- -dx

Let c = - log s = px

- d log Z
dx

M

X
dx

did _ <7D
D —-i-M -=-*1 dx x dx

- ^xy-+ M D^x + S)

I , .P , ,dtx+t ~ x + t

= v1 ksx+,( — logs)dt

= J v‘si(- log s)<ZZ

-logs
- log vs

-logs
- logs-log a

c
~ c + 8

Now A



CHAPTER XI

Complete Annuities

1. On the assumption of a uniform distribution of deaths, the
value, at the beginning of the year of death, of the correction
to the yearly annuity to make it complete is as shown in Text
Hook, Article 5,

1 / A A 1
—( vr + 2vr + 3vr + + ry

From this is seen clearly the point discussed in Text Book,
Article 3, viz., that the correction given by formula (1) is too
large. The average capital payment is

±.(1 + 2 + 3 + . . . +r)
7*~

1 r(r+l)
r2 2
r+1

2r
= -1- when r is infinite.

But to arrive at the value at the commencement of the year
of death, the earlier and smaller payments are multiplied by

AAA
values (yT, vr, vT, etc.) which are greater than the values

r r-1 r-2
(iiF, v T , v T , etc.) by which the later and larger payments are
multiplied. Thus the true correction is less than

AAA A
Now let j = vr + 2ur + 3uT + • • • +rvT

AAA A At!
vrs = vr+2vr+- ■ • +(r-l)ur +rv r
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i A A — r+1
»(l-t>r) = «r+t>r+«r+- • • +uT-rv T

11-, Iti= v r------j- -rv r
1 -vr

S{(l+i7-l} = -^4-ru

1 -Dr
i

= w(l+Qr n,
{(i+i)Ki}

2^
5 _ w(l+t)r _ rv

{(l+i^-l}2 {(1+<F-1}
Therefore the value of the correction at the beginning of the

year of death is

ii>(l + i)r  v

And at the end of the year of death

i(l + i)Y _ 1

r2{(l+i/-l}2 r{(l+i)T_1}

Making r infinite we have as the correction
i_____ 1_

8- 8 '

Multiplying this by A* and adding the result to ax we have

“x = ax+Ax(^-|)

a ‘-s
- ax+Ax 8'2

_ i-s= a + A —7x—
X X

 i
since A^. = Ax x -g- approximately.
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1

-8
8-

Therefore

>-2{(l+ £)”«■ - I}2

1
m

m

' Aw>
in

which is precisely analogous to the correction in the case of the
yearly annuity. We have merely to alter the rate of interest

1^
from i to {(1 + t)m - 1}. Accordingly, at the end of the mth part
of the year in which death occurs, the value of the correction is

2. In the case of annuities payable m times a year we have only
to alter the interval of time from a year to the mth part of a year,
and the payment from 1 to —. If then we break up the mth part

of a year into r parts as before, we have as the correction

11/— — — —\------U vmr + 2vmr + 3vmr + . . . + rvmr )

x approximately.
x o

since AX

But when r is made infinitely great, (l+i),ftr is unity, and
i i <? j i

r{(l + i)mr — 1} islog(l +£)"* =—. And writing for {(1 +i)”‘ - 1}

we have as the correction

,(m) (m) . (ra) - 8a = «. — « ---------82

a(m) + A
1 w

1 r{(l +£)”■ —1}(1 4- £)”"•

r{(l+£)“'•-!}

3. Making no assumption as to distribution of deaths, and
taking r very great and approaching infinity, we have as the
value of the correction in respect of the («+l)th year for a
yearly annuity
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^{y(Ml+n-Ml+n+i) + 4(Mi+n+l-Mi+ji+|)+. • •

+ y(M+B+^i-Ml+B+1)}

= B;{v(Six+n+ mx+b+1+ • • • + Mx+n+rsl) - M+n+1}

Now

M , = M ,x+n z+n

1 _ —-1)
Mx+n+l = Ml+B + TAMi+n+^-'^M +B-

etc. etc. etc.

Therefore S = rM , + - n A M , - *. o A2 M . + • • •x+n 2 x+n 12r x+n

ere AM, = M , . - M , , etc.x+n x+n+l x+n5

Hence if we stop at second differences the correction is

B-i{-7H+n + 42 <+-.-^7 J - Mx+n+1}

~ iy(Mx+n+ 2r AMx+n~ 12P2 x+n” Mx+n+l)

(making r infinitely great)

= ^(^x+n- +n+14AM +n-^A2M J

Giving to n every value from 0 to w - x and adding the
correction to ax we have

I M i AM
dx = “x+1- k+b -ttX X

= ax + TAx-f2S1x:il
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4. Again, in the case of annuities payable m times a year, we
have only to alter the interval of time from a year to the mth

part of a year and the payment from 1 to —. If then we breakm
up the (n + + l^th withly interval into r parts, r being very

great and approaching infinity, the value of the correction is

+M+»+i+^-mx+b+5±d}

2 / 7* — 1 — 7‘- — 1   \
= -- w( k +~5--  A k - 1 o o A2M k - M . .1+1)I+n+m 2r x+n+m 12r- x+”+„ x+n+~^7

by a process similar to the above, where
ASi«+n+’i. = ®z+n+W - Mx+n+l’ etC‘

ni m in.

Now making r infinite we have as the value
—L_(M k -SI , i+i + JASI , i -A,A2Si , i)
SlI)/ *+n+m l+n+-S_ ' l+B+m T' l+n+m

and giving to ) every value from 0 upwards we have as

the value of the total correction

-*T {AM,+ rX^1 - M )}wiD* “ « 1-'* *+— xy’

But Mx+2. — approximately;

M , i - Si —(Si - Si)X-\-- X J)i x x-f-1 X/
therefore ------g----------------------------------

Ux X

= -—A’ -m x:i|

rr n .(w) (m) . 1 a" Ti
Hence ax = ax Ax- 12m, Ai;i1
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Or by a better approximation

i rfM
M l = M + —-j-?z m dx

rfM
and —=—- = - a Ddx ' x *

(See Chapter X. of these notes, Example 6 («).)

M , 1 - MzH— x F.
Therefore ----- --------- ---- - —D mX

j .(’») (™) , 1 T
and az = ax

5. We may obtain expressions for complete temporary annuities
as follows:— 

d —, = a - vn p a ,sn | x n1 x x+n

= K+K1+0!Ax} - «nnp>l+„+K1 + 0iAl+J
= ^ + ^ + 0^

,(m) ,(m) .(m)a = a — vn n a .m| x n1 x x+n
f m — 1 1 z, ... . 1 f m — 1 1 ... .= ■{ a +~3---- +?)1A }- -vn p -{ a 4- -5—4-^—(1 4-^)^A ,[ x 2m 2mk 7 2J nl x I x+n J x+n

= +

These approximations are close enough for practical purposes,
as the greater accuracy of the more refined formulas is to a certain
extent inoperative on account of the subtractive portion in the
above formulas.

EXAMPLES

1. A life annuity of P, payable by half-yearly instalments, was
purchased at age x. After n years (a half-year’s payment having
just been made) it is desired to make the annuity payable by
quarterly instalments in future and with a proportion to date of
death. To what sum must the annuity be reduced if the altera­
tion be given effect to ?
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Remembering that Ax(I + i)J, and that

(H0 i > i r ««x = ax+——, we have the value ol the annuity as at present

constituted
= P(i+W

If K be the annual payment in future under the conditions
required, the value of the future payments

= K{> + a 4-1A J (14-00-ih x-f-n » x+flA J ’
Hence, equating

K{t + «l+n + lAi+u(l+i)i} = PQ + <zl+n)

-14- a 4- -1A (1 4" ia x+n H z4-n'" J

2. Given that £100 will purchase an annuity of £5 026 payable
yearly, find the corresponding annuity also payable yearly but
with a proportion to the date of death, using 3 per cent, interest.

100
“x 5-026

= 19-897.
dx = «x + lAI(1+i)i

= + 4)

taking (1 4-i/ = 14-

= 19-897 4-1(1 - -02913 x 20-897)(l-015)
= 19-897 4--199
= 20-096.

Therefore £100 purchases a complete annuity of

Here

And

3. A man aged 70 has £250, which he decides to invest in
an annuity. What annuity, payable quarterly in advance and
with a proportion to date of death, can be allowed to him, given
a-.0 = 7-299 and d at 3 per cent. = 02913, and assuming a loading
of 10 per cent, to be added to the pure value?
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It is necessary to find the value of in the first place.

Now = a*‘> + ~ Ax(l + i)i by formula (2)

= ’'v-1+n^{1-^(1+")}(i+C4
1 2m 2m 1 k J

Therefore = a?0 +| + J-{1 - </(l + «70)} (1 + i)i

= 7-299 + -625 + -125(1 - -02913 x 8-299)1-015

((1 +i’)l being taken as 1+4 — 1-015)
Ji

= 7-924 +-096
= 8-020.

Adding the loading of 10 per cent, we get S-822 as the price
of an annuity of 1. Therefore £250 will purchase an annuity of
299 28-338.
8-822
.—

The annuity, payable quarterly in advance and with a propor- ;
tion to date of death, which can be purchased is therefore
£28, 6s. 9d.

4. Show that Ai= 1 - iax approximately.

,,, , . 1—i«-We have A = ------ -
1 1+8

whence (1 + i~)A.* = 1 - iax

But (l + i) = (1 +£)1(1 +i)i

= (1 + i)i^l + approximately.

Therefore (1 + i^A^l + 2.) = 1 - iax

and (l+t)iAx = 1-8ax--L(l+i)iAx

= l-iK+i(l+i)iAJ
that is A = 1 - id* approximately.
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i
5. Show that a~" — v-m aj. approximately.

.(m)

since v2m

- 1 x-= a - -—oa
x 2m 1

= <5^1  since S = d approximately,

i
= v2miix approximately,

i
= (1-</)-“

= 1 — approximately.
2m

m-1 1
2m + 2m

227



CHAPTER XII

Joint-Life Annuities

1. In a table in which Gompertz’s Law holds we have funda­
mentally

P-x = Be*
and / = ksfx

whence tpx = gA3"-1)

and a = pxy t‘ xy
= Sv'g^’+'W-D

(putting c* + cv = cw)

= SD‘g=”(c‘-1)

— V
= aw

Similarly an, = where d' + c’ + c3 = cw, and generally

axy-- (m) = aw " l'ere c3 + c>' + c3+ • • • to m terms = cw.

Now, if c3 + c'J + cr + • • ■ to m terms = cw,

then Be1 + Bcr + Be3 + • ■ . to m terms = Be’”,

that is, p-x + p. + /x_ + • ■ • to m terms = pw-

From this we see that in the case of a table following
Gompertz’s Law we can find the values of joint-life annuities,
provided we have a table of the force of mortality and of annuities
for single lives. Ifj for example, we wish to find the value of
a30:40:50> we firSt obtain W Sueh that /‘w = /1s0 + /i40 + /i00 alld t!leI1

«w at the given rate of interest is the value required.
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2. Again, in a table in which Makeham’s first modification of
Gompertz's law holds we have

Px = A + Bc*

'x = ^gcX

and tpx = («*->)
Hence a = Sv‘pxy xy

= gt'z+<?'><'>*-V
(putting c* + c'J = 2c”)

— ^‘/Pt1 ww
= aww

Similarly a = awww where c' + ci' + c1 = 3c”, and generally
• •(») = ■ • (TO) where 01 + C'j + c"’+ ’ ’ ’ tO m terms

= nicw.
Now, if c* + c’J + c~+ • • • to m terms = mcw,

then Be* + Be’-'+ Bc= + • • • to m terms = mBc”,
and (A + Be*) + (A + Be!/) + (A + Be*) + • • • to m terms

= m (A + Be”),
that is, fix + + p, + • • - to m terms = mp-w-

We thus see that we can find the values of joint-life annuities
in such a table, provided we are supplied with a table of the force
of mortality and with tables of annuities on joint lives of equal
ages. For example, to find we first find w such that
3u = a + u „ + and then a at the given rate of interest is“w “30 “40 “50 WWW °
the value required.

3. If in the relation 2c” = c* + c» we assume that x < y
we have

2c” = c*(l + c'J~x~)

and log (I +c»-1) - log 2__
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from which we see that the value of w — x is the same for all
values of x and y where the difference between x and y is constant.
In other words, the addition to be made to the younger age to
find the equivalent equal age is constant where (jj — .r) is constant.
We might therefore form such a table as the following:—

y-«
w-x

_ log(l 4-cy~g)-log2
logc

1
2
3
4
5

etc.

Entering this table with the difference between the two ages,
we find, in the second column opposite, the addition to be made
to the younger age to obtain the equivalent equal ages.

If there be three lives we have
3c“ = e + cv + cr.

where x < y < z.
From the above table find w such that 2cw = c1 + c'J. Then

3c“ = 2cw + c*
= cw(2 + c*-w)
_ 2 + c-'-”

C--------3~~
u-w = log(2 + gI~w) ~ log 3

logc

We might then form a second table of which the first column
should be integral values of z-w and the second should be the
corresponding values of the above expression which is equal to
u - w. Then for annuity values, etc., involving three lives we
should find from the first table the value of w — x corresponding to
y -x and hence find w; and thereafter find from the second table
the value of u — w corresponding to z — w and hence find «. The
value of the required function is then that of a similar function
on three lives all aged u.
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(putting c’ + ci' = c'")

5”>-

= iWj'g' -»

= Sv’1 pt1 w

— 2v‘,pt* xy

4. Still considering a table subject to Makeham’s first modi­
fication of Gompertz’s law we have as before

a

The problem may be stated still more generally.
a — yvlsmla(cx+^+e“-^ • • • to m tonnage*-1)zyz- ■•(>») “ °
putting c* + c’J + c= + • ■ ■ to m terms = rc“

— Sv tpwww. , . (r)
= a' ,wirw • • . (r)

calculated at a rate of interest j such that - -■-. = -

In practice it would be most convenient to make r=l, as,
under this second method, tables of annuity values have to be
calculated at special rates depending on the number of joint lives,
and these special tables will of course be most easily prepared for
single-life annuities. A tabic of cz for all values of .r must also
be prepared, as a table of pz in this connection is inconvenient.

1 rwhere a' is calculated at such a rate j, that----- = ——...J 1+J 1+i
Similarly a * = Yv‘s2t s1 gcW-V

=
= a to

where cw = c* 4- cy + and the annuity is calculated at a rate j
1 4.1 1 *2such that ----- , = -----...l+J l+»
Generally a . , =J xyz- * - (in) w

where cw = c* + c'J + cc + • • • to m terms, and the annuity is
| sm-l

calculated at a rate j such that -----. = ---- -•
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5. A constant increase in the force of mortality under
Makeham's law has the effect of an increase in the rate of
interest. For if in the expression

_ logs-(logg logc)c*
we add a constant — log r, where r is a positive fraction and con­
sequently — log r is also positive, we have

= -(logs + logr)-(logg logc)c*
whence simply

Z'x = Itfr'g'*
= r*Zx

tP'x = ^'P*
Also the value of an annuity on (.r) in the new table is

“'xtf = 2"‘<P'x

= ^v‘r‘tpx
— «O)

where is calculated at a special rate j which is such that
From this we see that . * - < ——. since r is a

1 +7 1 +1 1 + y 1 +1
positive fraction; and consequently j > i. It may be mentioned
that an increase of ’01 in the force of mortality is very nearly
equivalent to a rise of 1 per cent, in the rate of interest.

Further, in any table, as indicated on page 211,
1 dD dlogD

Dx d.r dx
Now in a table where /xx is increased to p-x —logr

dlogD'
-------= ^-log^ + S

Also in a table where 8 is increased to 8 - logr
dlogD'

dT~ /xx + (8-logr)

Therefore
dlogD'

dx
L D?

and d

dlog D"X
dx

D" for all values of x
a" .x
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Thus a constant addition to the force of mortality is equivalent
to the same constant addition to the force of interest. From this
fact the practical assumption is made that a constant addition,
say -01, to the rate of mortality is equivalent to the same constant
addition, 1 per cent., to the rate of interest.

Though a'^ by the extra mortality table is equal to by the
normal, it does not follow that the corresponding single and
annual premiums are also equal.

For A'(f) = l-d^l+a'^

= 1-‘Z(1)(1+a0)) since a'm = nU)
whereas A(>) = 1-^(1+^

Again p'«> =

But P . = -----------d1 + <7(j)

6. An increase in the constant B has the same effect as
increasing the age. For if p* = A + Be*, let

u' = A + B'c** X
where B' > B.

Find h such that B' = B<J|,
Then p' = A + Bc^c1

= A + Boc+i
= /‘z+A

7. In a table which follows Makeham’s first modification, when
it is required to find the value of the annuity a—---- it is not
correct to put it equal to where vipw = px + py + p. + • • •
to m terms.

We must proceed more slowly.
r _ 7'

axy: . . .On) ( 1 + Z)r

= Zr —rZr+I + r(' +I)zr+2- • • •
9
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Or, to take a particular case,
n----- = (a +a+a+a)-(a +a +a + a +a +« )u'xy: ' w x y zz \ wx wy wz xy xz

+ (a + a + a + a ~) — av wxy vxz wyz xyz' wxyz

Here we must determine separately by the above rule the
values of all the joint-life annuities involved and hence find the
value of the annuity in question, for it is only to joint-life annuities
that the rule applies.

8. As already pointed out in the notes on Chapter VI., under
Makeham’s second modification of Gompertz’s law, the expression
for the force of mortality takes the form

p-x = A + H.r + Be1

whence simply I* = kstW'g?

and -O

also (Pz+d = sfww-x+'I>+t'g':X+d(-ct-I>

Therefore p , = i2ra,2q2»+d)+2<W+^+‘W -D
x:x+d

Now putting cz + cx+d = 2c2
, 1 +cdwe have c2-1 = ——

*2

and z-.r = log (1 + - log 2
logc

= d'

where d' depends on d, the difference between the ages of (.r) and
(x + d).

Also x = z-d'
Hence ,p , . = ^a^-sd'+d^gSeV-i)t* x: z-f-a o

= - l)w2l(d-2d')

But "z:zHl = ~V'tPx-.x+d
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where a'., is calculated at a rate j such that
1  „;2(d-2d')

1 +j 1 + ’
Again p ^i^ta+d+ej+sr^+c1 td+eI+,)(e‘-1)

° t1 x :x+d :x+e °

And putting 3c: = c*4- ct+d 4- cx+e

we have c5-z = 1 4-c* 4-c*
3

and g-x = log (1 + o'* + <g) - log 3
logo

= d'

where d' depends on d and e the differences between the ages.

Hence p — ?3t,£2((32-3d'+d+;)+3I“n.3<:_(ci-i)
U x:x+d:x+c °

= p_. w2gd+e-Sd')

and a , . , = a'x: x+d:x+e xxx

where « is calculated at rate j which is such that

1 w2(d+e-3d’)

I +j ~ 1 + i

Generally « , . = a' , ,J x:x+d:x+e: • • • (m) ---■ - • (m)

where a , . is calculated at rate j which is such that- ■ (m) a

1 w2(d+e+- ■ • to (m -1) terms - md')

T+] = 1+1

, ,, log (1 + crf + o' + ■ ■ • to m terms) - log mand d = ;------------------- ----------logo

It will be seen that, under this second modification, tables of
joint-life annuities would be required calculated at special rates
of interest depending on the number of lives and on the differ­
ences between the youngest and all other lives. A table of c
is also necessary.
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EXAMPLES

1. Obtain an approximation to «50.70.-5 I>y the Carlisle Table
at 34 per cent.

(a) Simpson’s rule.
"70:75 = 3-731

= “s2'411

“50:82 = 3'563

“50:83 = 3-369

“SO : S2’411 Or “50 : 70 : 75 ~ 3433

(6) Price’s correction.
“50 :70 :76 = “so: 82 — 05

= 3'562 — '05
= 3-512

(c) Milne’s correction.
CL = fl50:70: 75 50 : 82-5

= J (3-562 + 3-369)
= 3-466

2. Use Simpson’s rule to find by the HM Table at 3J per cent.
the value of

“s5:07:.73 ~ “s5 + “o7 + ""3 ~ “sS : 07 “ “so : 73 “ “o7 : 73 + “si : 07 : 73

To find we have
80 . til . i3

“o7:73 = 4-020

= “78'573

and «S5;7S = 3'997
“ss:70 = 3-765

therefore a = 3 864
JO . IO O/ J

Hence
a---- -------- 17-325 + 7-171 + 5'512 - 6'993 - 5 238 - 4'020 + 3-864

85:0/ : 73

= 17-921
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3. Find from the Text Book table the values of a-----at43:48:w
3 per cent., and of A-,-.-n at 3-1- per cent.I ' ol . 4U: 44 - 4

"43 : 48 : SO ~ "43 : 4S + "43 :50 + °4S : 50 - ^“43 :43 :50

~ a46'7S : 45-73 + "oSGO :53-09 + "o4S3:54-S3 ~ ^"s2-ll: 52-11 :52'11

= 11-915 + 9-284 + 8-901 - 23-910
= 6-190

AS1 : 40 :44 = 1 — + "si : 40:44)

"31:40 :44 = "si + "40 + "44 - "31 :40 - "31:44 - "40 :44 + "31 :40: 44

= "si + "40 + "14 - "sO'-lO : 30-40 — "30-33 : 30-33 ~ "421S : 42'IS + "s9-5O : 39'56: 39-56

= 18-235 + 16-103 + 14-997 - 13-936 - 13 185 - 12-409 + 11-196
= 21-001

A3-n40744 = 1 --03 3 82 x 22-001
= -25593

4. State how you would apply Simpson’s rule to obtain the
value of«s0:47;00:i5|.

From a consideration of the statements in Text Book, Article 6,
it will appear that it would be incorrect to adopt such a method
as the following:—Find w such that = a^.^; then is
the value required.

It is necessary to split up the temporary annuity into its two
parts, and we then have

  ^45:62:75
"30:47 : 60:101 — "30:47:60 F) 45:02:75

30 : 47 : 50

Then find w such that aw = and w' such that a^. = aQ„.7i,
and we shall have

Dd._ -to ()2 <5
"30 : 47 : 50:131 — "s0:u- T) 7 7~ a4S:w'

30 47 GO

5. Show that doubling the force of mortality is equivalent to
taking two lives of equal age in the expectation of life, the life
annuity, and the assurance.
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Let /x 2^x

d\osVThen —#-*
dx dx

Now

JogZ'* = 21ogZi+log£

< = \P'X
= s£j±f

Similarly a'* =

Also A' = v(l + a’ )- aX ' X' X
= vC1+arx)-axx

[chap.

6. Show that if Z = then eV a = c* az ° dx w dy

1)^(0'-1)

and — a -1) A gcV -D
dx ** a dx°

Putting c^c1 — I) = u, we have

= _£ „u
dx ° dx to

du ° dx

= g“1°gg^cx(c‘-l)

= g^’^’-tllog g(c'- ^c^logc

Therefore cv a = (logg log c'jcx+^v‘s2t{c‘ - l)^0’
ax

XU.

(c‘ - 11
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Similarly d
— « = Qogg logc^+^V'Cc'-

Hence cU — a — o’— a .dx w dy

7. Given in the case of a table following Makeham’s rule that
log^+t = log* + (^ + 0 1°gs + ct+l logg

show what modifications must be introduced in order that the
equation may apply to select tables without loss of the property
of uniform seniority.

To obtain an expression for IogZ(ij+(, instead of log A- and logg
we must write log A-( and log g(, since these will vary progressively
for each year of duration. Log s and c will remain constant for
all durations. We then have

log ZM+< = log kt+ (* +0 log ■' + cl+1 l°g gt
and log/(i] = Iog/ro + a: log j + c1 loggo

whence log ,p, , = log I, ,, - log I, ,t* [X] e> [x]+t n [x]

= (log - log A; +1 log j) + loggt - log g0)

Similarly log = (log A; - log A; +1 log s) + c'J (c‘ log g( - log gj

Therefore
= 2 (log A; - log A; + Hog s) +(<? + <::')(<? logg, - loggo)

(putting 2cw = c1 + c'J')
= 2 (log A-( - log A-o +t logj) + 2cw(c' logg(-loggo)

= logiPfwJw]
Therefore further

where c* + c'J = 2cw

Similarly also a.,.,,, , . = a, w .J Ml/I-)- • ■ (“) [u-KwIw]- • • (m)

where c* + c'J + & + - ■ • to m terms = mcw.
It may similarly be proved that

aM+r:(lll+r:M+r- ■•(»>) — a(w]+r:(wl+r:[ir)+r. ■ • (tn)

where the same relation holds.



CHAPTER XIII

Contingent, or Survivorship, Assurances

1. We may easily transform Text Book formula (1) so that
it shall be suitable for application to select tables.

Al = -1-(A
” 2 k px_x py^ ;

But ax-l:« = "Px-l:/1 +“x:s+l) a,ld ax:s-l = ^x:,-/1 + "x+l:B)

Therefore A^ = | {A^ + «ps(l + :„+1) - »p„(l + «l+1: }

Hence A,1,, , - J (A, ,, ,+ vp, ,(1 + a, , , ,,- vp, ,(1 + a, ,.,(x)lrl J l [xly] 7 (yb H:l>)+17 7 M+W

Again, since A^ = 1 - <Z(1 + a^), we may put the formula in a
form for finding the value of A^, given tables of joint-life
annuities.

= W " + %) + ^(1 + :y+1) - + «l+1 :„)}

2. In calculating the necessary joint-life annuities or the
suitable commutation columns as described in Text Book, Article
17, it is not at all essential that both (,r) and (y) be taken from
the same mortality experience. The two lives are of quite
different classes, and the risk will be most accurately calculated
by taking their mortality from different tables. The standard
basis at the present time is to take the table for (y) who
is in the position of an annuitant or life-tenant, and the OlSM1
table for (,r) who comes into property on the death of (y),
and desires to insure against his dying before that event.*
Tables of A1 and P’ on this basis have been calculated byry xn

• See, however, the word of caution on pp. vi. and vii. of British Offices'
Life Tables, 1893; “ Select Tables, Whole-Life Assurances—Males.”
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Messrs Baker and Raisin. Further, it is wrong to calculate the
values from an aggregate table, for (,r) is usually the younger
life, and in such a case his mortality would be underestimated,
while that of (//), the older, would be overestimated, both
errors operating against the office.

3. Text Book formula (7) may be shown simply thus:—

A2 = ,|o=xy n-11 lxy

= A - A1x xy

Again A^ = 2»"n_i|94

= Sun( , I<7 - ,17 + Jo1)'■n-1 | ‘y n-1 | lxy n-11 *xy'

= A - A + A1
y *y *v

All the Text Book formulas (9) may be similarly deduced, but
by summing from 1 to n only.

Thus l A 1 = 2"t>n i o 1| n xy * n-1 | ‘xy

~ |n^xy- |n^zy

4. An alternative formula for | n A^ may be found as follows:—

I A1 = A1 -vn p A-J- —7—|n xy xy n‘ xy x+n:y+n

1
2

ax:y-l , ax-l:A

Py-1 Px-1 '

— vnD (a ax+n: y+n -1 + °x+» -1 ui+n\
2 nPxy\ x+n-.y+n )

Q
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5. The Text Book formulas (8) may best be obtained by
deducting the corresponding values in (9) from the whole benefits.
Thus:—

IA2 = A2 - | A2n I xy xy I n xy

= (A-A>)-(| A-i A’)x x xyJ X I n x | n xyJ

= I A - I A1nl x n| xy

6. The application of Davies’s and De Morgan’s types of joint­
life commutation symbols respectively to the case of A'^ may be
shown more clearly than in Text Book, Articles 14 and 15, in the
following manner:—

We have A1xy I I. ^‘^x+l-l^j+l-i
x V

Now under Davies’s form, where x > y, we may write this

I ^vx+l(l -I 1(7 + 1 1»+l-l H-l-j _ Vx+l-l x+tA'y+i-1
D 2Dxy xy

_ (4+i-l ^'y+l-1 + (t+r-1 hj +( - ^'x+l ^y+t-l ~ lx+l

2Dxy
r(N , ,+N , )-(N ,+N j__ x x-l:y-l x-l:yx X x:y-l xy'

2Dxy

Also where y > x we have

~^1)!,+ ^x+l-1 ^y+i-1 ^x+t-1 ^y+i ^x+l^l+l-1 ^x+l^j+i^

2Dxy

»(N t ,“N ,) + (N , -N )_ v x-1 :»/-!_____xty-1' < g-1 ; >/_____xy'
2Dxy

Under De Morgan’s form we shall write

-1 ^X j-t ^y+t-l ^x+t

2Dxy

(vN n -N ) + vl(N , -N J x-l:?/-l xy' v x-l:y x:y-l'
2D
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7. To find A1
* :»<<!)

A1 _ = v^ + ^+l+ • ' ' + ”‘‘**4-1-1

u'+lrf t)l+2<Z / ,,+ ■ ■ ■. x+t y+l r+t+l f-t-U
n "---------------

x <J
Al + Vt - Vd^‘ +1’2^+‘+’ Z^ii + ’ • ‘

- axti + ~t-%-------------r~7------------------------
x x+t y

= A1- + A—D x+t-yx
In practice the following approximation is sometimes used for

findinct A1 —r.: Find z such that e = e +t, and then write° x:r(i|) * v
Al = Al .

8. To get the annual premium in this approximation we should
A’.

write Pi "~=r = ,——1+a
To find the true value of P2 -=r we have the divisor ofx:s(t|)

A3 —- either («) 1 + n —=• or (bl 1+a as the Text Book points
out.

(«) If we take P' = —x:r(ii) an Option js given which is1+w
not allowed for in the calculation. For if (?/) die early, (a)
may be able to secure an equivalent benefit at his then age for 
a less premium than that payable under this contract. Thus if
(y) die, say, at the end of the wth year where n is small, it is
possible that P-1— - < P’ —. A minor option may also be
exercised in respect of the fact that the last year’s premium
covers on the average only six months' insurance.

A’. —
(bl On the other hand, if we make Pi.—rr = a risk of
v ’ *:»(<!) 1 4- axy

another kind is being rim. For if (y) be on his deathbed and die
after but one payment of premium, the office is granting a /-years
term assurance for a quite inadequate single premium.

The former method is probably the better.

9. To find the value of an assurance payable only in the event
of (a:) dying within / years after the death of (y).
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The value of the assurance
■ • +^+,-A-W

---------------------------------------------------- 1 I
x y

lxlv
_ vdx + ^dx+1 + ■ ■ ■ +«ldz+(-l

I

VdIlV+i + v2dz+1ly+u+--- +MX+t-lly+t->, + vWdX+tly+t+i+ ■ ■ ■

I IX y
. ’’‘U .r vdx+t ly+i + v2dx+W ly+u+ • • •

lx

A*i - Aiy + Id- a£+l»
X

A1 -77b-A1 ■
x:s(<l) xs

This result is obviously correct: for the desired assurance is
equivalent to an assurance payable should (a:) die before (y) or
within t years after the death of (y), less the assurance payable
should (x) die before (y).

10. A1
X]/3

212/

I I I
I

I I I I I IX y z

I I Ix y z
.1.

^x+n ^y+n-1 ^z+n-1

I I I 'x+n y+n z+n

+ 1 I +1s+n-1 y+n z+n-1 z-

I I Ix y z
,1.1.

I
y,vn x+n-1

I I Ix y z
(c+n-l ^y+n-1 I2

III IIIx y s x y s
x+n-1 ly+n ^z+n-1 ^x+n ^y+n ^z+n-1

_ x+w-l s+a-1 4-n -1
ly I;

I

—A — ax:y-l:s-l ax-l: y-1 :z _ ax :y-l:s flx-l :y:r-l

4 \ Py-i:g-i Px-l’.y-l Py-1

c:y:3-l | x-l:y:z)
Pz-1 Px-1 }
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/Z I I I I I \Since 5>"( I+"-1 y+A---1------ x+n y+n z+n\ = A
\ III III) *»»x y z x y z

Formula (21) of the Text Book exceeds the above result by

_j_/A _ ffx :y-l:g-1 _ flx-l :y-l :x _ gx -1 y: g -1 ax‘y~l

12\ xy- Pjj-i.j.j Px-liy-1 ?x-l:*-l Py-1

+ ax:y;x-l [ a«-i:y:.A
Pg-1 Px-l 1

which, however, is a small quantity.

The above expression may also be written in the form

Aiyx = *<Axy; “ VPx^ + «x+1: y:+ ^yC1 + ax: y+1:.-) + + ax:y:z+i)

" "PxyCl + ax+i: y+1:- vPxxO + ax+l: y: g+l) + "PyX1 + “x: y+l: x+l»

since a , , = vp , ,(l+a ,, ), etc.x:y-i:g-i x+i:y:x'*

In this form the expression may be applied to select tables.

11. To prove Text Book formulas (22) to (27) inclusive we have
d. ,Z — Z, ,Z , *A2 = Sl>n 1+n~1 ? y+n-i x+n-j

xy= III1 x y z
_ y n ^x+n-1 ^4-n-j _ y „ ^H-n-1 ^y+n-j

Z Z I I Ix z x y z

= A1 - A1xs xyz

_ yvn (^+n ty+n-1 ^r+n-j 4 ^4-n-j j/4-n-A

W I \ I I I I /xyz 2 y

= ly+pi+ i^si-2 /r+"-iZ--+n-A
I \ I I L L /x y s y b

— y.i" ^x+n-1 . y . ^x+n-1 4+n-j

- — I + I I
x y xx

oy-.n^x+n-l ^y+n-J ^+n-|
~^V —I----------- — I

x » •
= A1 + A1 -2Aixy ' x: xyz
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AS = v „ x+n-1 y y+n-j s
*»-• I 11.X y X

v n r+”-l _ v n x+n-1 y+n-j _ Sun x+n-1 z+n-j
III I Ix x y x x

4- St)n l+n~1 jf+’izi -+”-4
^x ^y ^x

= A - A1 - A1 +A1x xy xz xyz

y..n^x+n-1 ( ^y+n-A ^z 4+n-|, ^x+n-J j/ ^y+n-j
~i~\—i--------------- z ~ + ~ r t

x y x X y
I ^y+n-} ^x+n-}^

I I J
y =

v n ^x+n-1 ( ^y+n-j ^z+n-j ^y+n- } ^+n-}\
I \ I + I 'll J
x y z y x

A’ +A1 - A’xy xz xyz

(It should be noted that therefore A1 — = A - A8 )v x: yz x xyz'

I
Yvn

f Iy x

2±Ll
d , _ I , .x+n-l y+n-k d , 1 rv+n-l x-Hi-*

Zvn

12. To find P8
xy

A - A1p2 _ x xy
W 1+0X

In granting such an assurance by annual premiums, (»/) must
be medically examined as well as (a). For were (y) in bad health
and about to die, the office would be granting a whole-life
assurance to (a) for P^, which is less than P*.
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13. To find the annual premiums corresponding to the assur­
ances in Text Book formulas (22) to (27) inclusive.

In obtaining the statuses for annual premiums, care must be
exercised that premiums are not taken into account beyond the
period when they certainly cease to be payable by reason either of
the benefit being paid or of the chance of its payment having passed.

A2xi/l
P“ = 1

"1 1+ar-

Here both (a:) and (y) must be medically examined.
A2p2 — ___

1 + a -
A3

p3 _ xyz
W 1 + aX

In these two cases all three lives must be examined.

pi _ = g;ygx:t/z l+fl _
x:y:

The same difficulty arises as in the case of since, e.g.,
if (z) die early, say during the /th year, then possibly
P-L — < P1 —, and an option may be exercised against thex+tty+t X'.yz3 1 J <=>

A\-
office. The alternative is to make P1. — = r—x-y— with a corre-x • ys 1 + axys
spending risk of granting the benefit at an insufficient single
premium, if (5), say, be on deathbed, (.r) alone is medically
examined.

p 1 
"1+%x

A-
P-. = i------ —

1+^:x
In the last two cases (a-) and (j) must be examined.

14. Another and probably better method than that suggested
in the Text Book of applying Simpson’s rule to the calculation of
A1 — and A— may be pointed out.x: ys zy: x J 13

A’-----A1 +A1 - A1x:y: iy xx zy:
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Then finding w such that aw = we may write
A1 — = A1 4- A1 - A1x’.yz xy xz xw

Also A- = A1 + A1 - A1 - A 1xy: z xz yz xyz xyz
8

Find w such that a = a , and w' such that a.. =w yr W
have A- = A1 +A1 - A1 -AV,.xy: s xz yz xw yvr

8

a ; and wexz ’

16. To find the single and annual premiums for an assurance
payable on the death of the survivor of two children, ten and
fifteen years old respectively, provided both die before attaining
age twenty-one during the lifetime of their mother, aged fifty.

The single premium is

i Al ..Al _ i A 1 > 10:21 : 5G . a j
11 rtio : 50 + o'16:5O \ I 0 '10:10' : 50 "I" T) 5 10:50.

10 :15 :50

To obtain the annual premium divide this expression by
|oai0:60+ |o“15:5O “ |oalO:16:60 + ^oPlO :50^ ~ 6^15) |oaio : 50

16. To find A-V —ab :xy
Aa6:x? = +A0:»)_ A;o0r:I5

= (Al + A’ -Al )+ (A) +AJ - Al )'■ax ay axy' ' bx by bxy'

~ (AiaF :x + AloS:j ~ Alat' -.xy)

= (AL+^ + Ail + Ap
- (AU++AU + AU + A«ta+A»P

+ (A’ +A1 )' abxy abxy'

From observing the method of arriving at this result, any
similar complicated benefit of the form Agi)i; ■ . <„j may
be worked out.

17. To find A2wxyz

A2 = A2 +A2 +A2wxyz wxyz wxyz wxys
111

= (Al -Al ) + (A’ -A’ ) + (A' -Al )' wyz wxyz' ' wxz wxyz' ' wxy wxyz'

= (A1 +Ai +A* )-3A!' wyz wxz wxy' wxyz
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18. To find A3wxyz

A3 = A2— 4-A2 — 4-A2 —u-ryz w(xy)z u-(r;)y
1 11

= (Al -Al -) + (Ai -Al -) + (Ai -Al -)x wz wz'.xy' x wx wx.yz' X wy wy’.xz'

= {Ai -(Ai +Ai -Ai )}
l wz X wzx wzy wzxy'1

4- {Ai -(Ai +A1 -Ai )}< WX X wxy wxz wxyz'1

4- {Al -(Al +A1 -Al H1 wy x Wyx wyz wyxz' 1

= (Ai +Ai +Ai)-2(Ai +Ai +Ai ,) + 3A’x wx wy wz' x wxy wxz wyz' wxyz

19. To find A4wxyz

A4 = A -Ai -A2 -A3wxyz w wxyz wxyz wxyz

= A -A1 -{(Ai + A1 +A1 )-3A’ }w wxyz 1 x wxy wxz wyz' wxyz1

-{(Ai +A1 +Ai)-2(Ai 4-Ai 4-Ai )4-3Ai }<X wx wy wz' x wxy ‘ wxz wyz' wxyz1

= A -(Ai 4-Ai 4-A1)4-(Ai 4-A1 4-Ai )-AJw X wx toy wz' X wxy wxz wyz' wxyz

Or A4 = A -Ai —wxyz w w: xyz

= A -(Ai 4-Ai 4-Ai)4-(Ai 4-A’ 4-Aj ) - Aj ,w wx ~ wy wz' V wxy wxz wyz^ wxyz

20. Text Book formula (29) may be easily obtained in a manner
similar to that already shown for formula (14) of Chapter X.

% = /0

d-r Jo \d*‘ XJ‘ *

But as shown on page 212 £,tPx (px~Px^iPx

d r°
Therefore — = J ° v<(px- P^P^

“ Px^xy ^ry

And since x~a ) approximatelyax xy *Ti«y * * • u
AJj, = Pxdry + ^x^-.y-&x+X^
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In the same way, since

and since

<7 = [ v'p dt

d . f” ,fd \-r-fl — I v'l—,P \.P dtdx *y: Jo \d.vtlzJ‘'v!
= /0«'G‘x-W^rfz

= u a - A1"x xy: xyz
d— a = -?,(« ,, -a , ) approximatelydx xy~ x-l:#!' 11 * * J

we have A1 = u a +-\(d , -« ,, )xyz ~x xyz x-l:yz x+l:yz'
which is Text Book formula (31).

21. We might obtain the expression for A^ in Text Book
formula (40) as follows :—

A*v = TT /o “<Zl+‘ ly+‘ px+idt

x yJ ” •

= »‘l X-. 1 x., ^dtlxlyJo x+t y+t

= -A- r ®‘Z l J.,(Bc»+< + Bcv+^dt
c^ + c'J I I Jo x+l ”+‘V Jx y

~ c^+cy TT y 0 v ^+‘ x+i+Py+d dt
x y

= -^—A
<^ + cy

22. Following, in the case of Gompertz’s law, the method
adopted by Mr Colenso with regard to Makeham’s formula in
J. I. A., xxxi. 342, we have this expression:—
A1 = y-v- ( v‘I I Bc'+'di

xy I I Jo x+i s+t
X y
Be1 P= r~i~ L, v>ct x., I d-1I l JO x+l y+l
x y

1 c= pa! (a being calculated at rate j where ■r---- : — ------.)r-x xy' xy = J 1 +

v= w(.‘‘w being at the same rate j, and w being such that
= Px + l’y'J-
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23. Under Makeliam’s rule for Text Book formula (38)
may also be obtained as follows :—

= /rjy,l^l^A+BcX+,)dl* F u
= A« + -*? [ v'l I ., Bc'dZ

lx / J o z+‘ y+‘

= a%+

= A% + c* + c» T7 /o ly+‘^+‘+ ps+‘ ~ 2 A)dl

cx 4- c1' rX _
= Ad +—— (A — 2A<7)t^ + cy *y + w

& T C* _= ------- A — --------Aac^ + c'J "J cx + cy xu
c® — 0s-&= ------- A + ----- log s d . since A = - log $ct + cy *y &+cy x*

Also A1 . .ryz . . . (m)

7—------ , ,(A + B<*+‘)cltI Jn x+l :y+l (™> k ’xyz .. . (m) J u

A w + T^— Fo v,,^> ■■«+> ■■ -■+' • • • ^Bcldt
‘ryz . . . (m)-' 0

,______ ________________1 f vt/
xyz . . . (m) px + CS + cr + . . . t0 Hi terms /^_ 0 z+( :y+l (m)

x (Bc*+' + Bci'+' + Bc=+< +. . . to m terms)dZ
at 1 /■”An I —_ _ _ —— I v^lxyz... (m) c1 + eV + c= + • ■ . to m terms l^, (m)./ o »+<:»+<:=+< •• • W

X ^x+t + ^+i +/*.-+! + ••• tO m terms - ”'A) dl
Cx - A XAd -I-------------------------------------(A , . — inAd . Jxyz...(m) 4-c2/+ (5 + . • • to 77Z terms k xyz...(m) xy: . . . (mV 

cx + cy-i-cz + - • • to in terms xyz... (m)

inf - (c14- d' + cr +.. . to in terms)
c14-cy + c2 + • • • to m terras xyz...(m)
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(putting c* + CV + c* + • • • to m terms = me", and  (m) = «www (m))

c" Zc* _ T\ lo<ri -
mcw www • • • (m) \cw / ° www . . . (m)

24. Mr Colenso in the paper already mentioned deduces the
following expressions:—

“ A%+
x y J u

= Aa^ + ^-A)^

(a' being calculated at rate j where , * . = A
\ *» J \+j \+i)

= A« + (u, — Ala’WIO '' X ' ww

(a being at the same rate j, and w such that a +/x =2u )

= - log s ow + (/xx + log s^a ww since A = - log s.

Similarly

A1 = —log« a + (u +logs)a'xys ° www x o / www

And generally

A1 , , = -login , . + («. +logs)a' , ,xyz .. . (m) ° wurw . . . (m) x ° ' www . . . (m)

Mr Colenso gives tables of - logesSTO1(;w, log10(/x. + loge$)) and
log,„a' from which values of A’ may be easily calculated.ojo www xyz J J
Basis : Carlisle Table of Mortality, rate of interest 3 per cent.

25. Text Book formula (41) may be obtained thus:—
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lxyz . . . (m)i: abc ... (n)

__________ i__________ / vt/ i
I n x+t:y+t:z+t... (m) a+t:b+t:c+t. . . (n)xyz . . . (m) . abc . . .(n)J u

x {mA + B(c*+‘ + c»+‘ + c:+‘ + ... to m terms) }dt

mAa , , , , , + _________ 0* + ^ + ^ + ,,. to m terms__________
xy- ... (m). abc... (n) c1 + <$ + r + • • • to ?n terms + ca + c6 4-.. • to n terms

1X _______________ / ■y^Z I/ n x+t:y+t:z+t.. . (m) a+t :b+t:c+t. . .(n)xys . . ,(m) . abc . . . (n)J u

x {^x+< + /‘k+i + ^+i + ■ • •t0 ® terms

+ l*a+l + /S+i + /*,+,+ • " *» » terms - (m + ra)A}^
c1 + <? + cz + • ■ • to m terms —

<5 + c'J + <5 + • ■ • + c“ + c6 + • • ■ to (m + ri) terms ^zy:dbc ... (m+ii)

n(cx + c®' + c" + • • ■ to m terms) - m(c“ + cb + • ■ • to n terms)
+ cc + c'J + c: + - •• +ca + cb + - to (m + n) terms

x 1°S^"zy..aic...(m+n)

since A = -logs.

26. Text Book formula (4’2) may be obtained directly in a
manner which throws light on the ordinary assurance of the
same kind proved in Text Book, Article 21.

The benefit may be divided up as follows:—(1) An assurance
of 1 payable at the moment of death of (.i) provided (y) be then
alive, and (2) a temporary assurance for t years to be entered on
by (.v) at the death of (y). Thus

_ 1 r=o _
A1 — = A1 — / vnl I u. A— -dnI I Jo x+n v+n^y+’>. x-rn:tt

_ 1 /-co _ _
= A1 + —— vnl I u (A , -vltp , A , , .)dn^ry' I I I n x4-n y+n^y+n\ z-f-n t^x+n x+n+t'

x yJ u
_ __ V1 p —

= A^+A^-r4- J„’'’‘zx+1+»Wj+»ax+i+»</bx+t V 0

= A»-^— (Ai+<-AJ+»:i?
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EXAMPLES

1. Find an expression for A1, on the assumption that the
chance of (.r) and (y) dying in the same year may be neglected.

For the complete value of A1 we have the formula

But as the chance of both deaths occurring in the same year may
be neglected, we omit the second term in the expression, and we
have for the value of AJ under the conditions specified

,p - p) p\n-lJ x n‘ x'n1 y

= ^vn(nPx--L-.y _ \
\ Px-r nx'J>

a ,.
Px-i

This benefit is of use when studying formula (11) of Text Book,
Chapter XIV., and its modification in formula (14).

2. Given the values of single- and joint-life annuities, find the
annual premium payable during the joint lives of (.t) and (y) for
an assurance payable on the death of the last survivor of (.r) and
(y), but half the sum assured to be payable on each death if (.r)
dies before (y).

Do you see any objection to making the premium payable
during the life of the last survivor ?

The benefit splits into two parts : where (ar) is the survivor the
assurance is payable on his death, and where (_y) is the survivor
half is payable on each death. Therefore the whole value is

A2 +4A1 + -JA 2xy - xy - xy

= (A -A’j + JA1 +4(A -ADX x xy' - xy - X y xy'

= A +4A -1Ax - y - xy

= l-d(l+«x) + |{l-rf(l+«!/)-l+rf(l+„;r!()}

= l-dG+^ + la,-^)
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As the premium is to be payable throughout the joint lives the
payment side

= pa+%)
l-d(l+« + -?,o )

and P = ------ 1----, * -v. -
1 +aXU

The objection to making the premium payable throughout the
life of the last survivor is that, if (.r) were to die in the early years
of the contract, then (y) might be able to secure the benefit of
i payable on his own death at a smaller premium, provided he
were in good health.

3. Deduce a formula for the annual premium for an assurance
payable if a life aged x dies within the next five years, or if he
lives five years and dies after another life now aged y.

The first part of the benefit is for the second part, if (y)
also lives the five years, we have t>® » A-a_ —and if fy) diesJ ’ 5‘xy x.(-5:y+6’ 'J'
within five years, - 6p )Ai+5. Therefore the whole benefit
is

A1 -x-. + v^p A-a- —- + p (1 — , p )A ,,x:5| xy x+b’.y+o b* x' bl y' x+b

= A -vb,p A ,. + vb.p (A ,,-A4-_Ax b1 x x+b b1 xy' x+b x+b'.y+b'

+ v4 5r p A , - v'J, p A ,,b* x x+b bl xy x+5

= A - v5, p A-’.. —;x bi xy x+b.y+b

Similarly the payment side is

P {a Ti + u5.» a , , 4- v5. p (1 — . p )a , r}l x:5| bi xy x+b bJ x' bi yJ x+5»

= P fa — v5r P a ,. + u5, p a ,. + vb.p a,, - v5.pa )* x bi x x+b i>i xy x+b bi x x+5 b1 xy x+b'

= PaX

4. Express the value of an annuity-certain for n years, payable
quarterly, to begin to run at the death of (a) if he die after (y).
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On the required contingency happening the value of the
annuity is calculated at rate of interest Therefore the

value of the annuity at the present time is

5. Deduce a formula for the annual premium for an assurance
payable on the death of (,r) if (y) has died five years or more
before him, the premium to be payable during the currency of
the assurance.

The benefit here is equivalent to an assurance on (z), less an
assurance payable if he dies before (y) or within five years after
(y), that is

A - Alx x:y(6|)

•The premium will be paid throughout the whole of (.r)’s life,
and the payment side is equal to

P(1+O
A — A1 

whence P = — 1 + a,

6. State a formula for the annual premium for an insurance
payable I years after the death of (a-), if (y) has survived him and
died before the end of the t years.

Benefit side
d I

x V
= V1 (%Vn- J rfx+n~l ^+n-i _ Syn - J ^x+n-1 Zy+n+i-A

\ Zx Zy lx Zy >

= t>'(A> - p A1 —)' xy t‘ y x.:y-f-z>

The premium will be payable so long as (y) survives jointly
with (a) and for I years after (.r)’s death, if (y) lives so long.

Therefore payment side = P(l+<z,.^=p
Equating the two sides we have

t)*(Ai — p A1 —7)p v xy i‘v x-.y+i-'
l+ay:^0
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7. Give the formula for the single premium for an assurance
payable at the death of the last survivor of (ar) and (;/), if that
occur in the lifetime of (c), or within I years after the death
of(S).

A- — = A1 -=-+Ai — - A-L —

= {Ax “ ~jy" (Ax+< ~ Ax'+t:

( D 1
+ J A - -£t£ (A - A— ) I[ V D, ' l/+< v+‘: ='J

{» _ Dx+. : y+l (« _ . i _ . 1
xy P < x+Cy+l x+«:y+(:x "x+i :$+< :x

8. Find the annual premium for an assurance payable at the
death of (.r), uidess (jj~) die within the first n years and in the
lifetime of (.v).

To get the benefit we must deduct from the ordinary assurance
on (,r) the value (1) of an assurance payable should (.r) die after (y)
within n years, and (2) of an assurance payable should (,r) die after
n years, (y) having died within n years.

The benefit side is
Ax “ {I nAxy + (I ~ nPj) n | AJ

= A —I A +| A1 — |A +un A ,x | n x I n xy n | x n* xy x+n

= I A1 + u" p A ,| n xy nl xy x-f-n

which is correct, being the assurance payable should (.r) die before
(y) within n years, or should (a:) die after n years, (y) having
survived that period.

The payment side is
Pfl +a —r,+un pa,)V xy:n-1| nx xy x+n/

I A1 + vn p A ,
And P = r,J n- r+n1 + a —+ vn p a ,xy:n-ll nl xy x+n

9. Find the annual premium for an assurance on the life of
(x), the policy money to be payable at death or on the expiry of
n years, provided that in either case two other lives (j/) and (c)
are then in existence.

R
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The benefit side is
| A1 +un p|n xyz ni xyz

And the payment side is
P(l+a —)xyz:n-l\'

I A1 +fn p
Hence P = !" ___ iLSE

1 + (!■ . ■xyz'.n-l\

10. Give the formula for the annual premium for a temporary
assurance of 1 payable in the event of (.r) dying before (y) within
n years, (z) having died previously.

The benefit side is
| A2 = I Ai-I A’|n xyz |n xy In xyz

The assurance will not cease on the death of (z), and therefore
that life does not come into account in settling the currency of
the payment side, which accordingly is

P(l+a )

I A1 -I A’
And P = |n ln

1 + a —Tixy :n-l|

11. Deduce the annual premium for an assurance payable on
the death of (.r) if he attains age x + n and dies before (y) and
after (z), the premium to be payable throughout the whole period
of the status.

The benefit side = |A’ - lA1n | xy n I xyz

As in the previous question the death of (z) will not disturb
the continuance of the assurance, and therefore the premium will
be payable so long as (z) and (y) jointly survive. The payment
side is accordingly

lA1 - |Ai
and P = til-■ __"I

1 +axy

12. How would you arrive at the annual premium for an
assurance payable at the death of the last survivor of three 
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lives aged 40, 50, and 60 respectively, provided a life aged 20
is dead before the happening of the death of the survivor ?

The benefit side = A,o;- A ;̂
The payment side = P(l+(75n—)
Hence p = A10 :60 :60 ^A40 :50 : GO : 20

1 +n40: 50:60

*1 tv rl A _ ____  A 1 I A 1 | A 1  1
40:50 :60 :20 — 40 :20 50:20 60:20 40 :50 :20

-A 1 -A1 -A 1 - A140:50:20 40:60:20 40:60:20 50:60:20

_ A I -4- A 1 _l A 1 4-A 1
50 :60 :20 T 40 :50 :60 :20 T 40 :50 :60 :20 T 40 :50 :60:20

13. A sum of 1 is to be divided among such of the existing
children of a widow aged w as may be alive at her death. What
is the share of (,r), («) assuming that there are two children aged
.r and y respectively now alive, (6) assuming that there are three
now alive aged x, y, and z respectively ?

(a) If both (.v) and (y) are alive at (rc)’s death then (a:) receives
-1-, but if (//) has died previously (a:) receives 1. Therefore the
value of (a-)’s share is

1A1 + A2- wry wry
1

= 4A1 +(A> - A’ )- wry wx wry'

= A1 -4A’wx - wry

(6) If all three are alive at death of (?»), (a) receives if (a:)
and one other only are then alive, he receives 4; and if he alone
is alive at death of (w), he receives 1. Therefore his share is

AA1 + 4(A2 + A2 ) + (A’ +A3 )a u'xyzT s t u-xyz wxyzJ V wxyz wxyz'
1 1 21 12

= -IA1 +lfA’ -A1 + A1 -A1 )J wxyz - V wxz wxyz u-xy wxyz'

+ (A’.x-A^-Ak-+A^.-)

= Aix-«A^ + Ak-) + JA.^

14. Given four lives (,r), («), (6), and (c), find the value of an
assurance to yield at (.r)’s death .£1000 if one and only one of the
lives (a), (6), and (c) shall have predeceased him, and £3000 if 
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two and only two shall have predeceased him. The expression is
to be reduced to assurances which determine on the first death.

The value of the assurance is
1000A2 , + 3000A3 ,xabc xabc

= 1000(A1 . +A' +A\ -3A1, )K xao xac xbc xabc7

+ 3000(A’ + A1, +A1 -2A’ -2A1 -2A>, +3A’, )t xa xb xc xab xac xbc xabc'

= 3000(A1 + A1, + A1 )-5000(A1 , + A1 + A1, ) + 6000A'.X xa xb xc' s jxit xac xbc' xabc

15. Three partners, A, B, and C, aged respectively 30, 35,
and 40, possess a capital of £10,000, and their proportionate
interests in the business are 2, 3, and 5 tenths. How would you
calculate the premium for an assurance to cover the risk of
having to pay out the representatives of the partners who may
happen to die first and second ?

The value of the assurance required is
: 35T40 + 3000AS’5 : S07T0 + 5000A?0 : soTss

It would be advisable that three separate policies should be
effected, either by single or annual premiums, one for each part
of the above benefit. If, however, one annual-premium policy is
essential, the payment side will be

+ “30 : 35 : 4») — P(1 + «s0.35 + «30.4() + fls5.40 — 2«s0 . s5 . 40)

Hence P = 1000 : ssTTo + 3 A35 : so: 40 + ^A40: 30T35
1 + “so : 35 + “so : 40 + “ss : 40 “ “"so : 35 : 40

It is possible that under such a policy an option may be
exercised against the office in the event of one of the lives dying
early, say C in the first year. The premium for the remainder of
, , „ 2000A1 +3000A4

the benefit, viz. -------------------------SioAl, wjH probably work out
* + “si: 30

at less than P as found above.

16. Give a formula for PA.jSTS, the annual premium for an
assurance on (30) payable in the event of his dying within 10
years or before (60).
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The benefit side is
A1 =----- = A1 + A' —Ai30:10|:00 30: io]T 30 : 00 30 :C0:10|

The premium will be payable so long as (30) survives jointly
with the survivor of 10 years certain and of (60), and for the
payment side we have

P i =— y a =—30:10| :G0 S0:10| :C0

~ I 30 : ioj : 00 (a30:16] + ,n30 : CO — a30 : CO :i6|)

A’ _+A> - A 1
Therefore P’ =__  = s°:ioi 3Q:<x> 30:co:i61

30:10|:60 n--- l « ——
30:10|~ 30: GO 30:G0:10|

With the premium payable during a status such as this, it is
possible for an option to be exercised against the insuring office
in the event of (60) dying within 10 years, say at the end of the
/th year. For at that date, provided (30) is in good health, he
may obtain an equivalent benefit for PgA-y ,10 which might be
less than the premium found as above. On the other hand, it
would not do to make the premium payable so long as (30), (60),
and 10 years certain survive jointly, unless evidence as to the
health of (60) were produced. For if (60) were dying, then (30)
would secure a short-term assurance for 10 years for a very
inadequate single premium.

17. Use Mr Colenso's tables (J. I. A., xxxi. 354-6) to find the
value of A3i.:72;79 and 72:79

^35:72:79 = " loS "S5:72:79 + 0*33 + loSJ)"'s5 :72 :79

= "log «7i.73:71-7S:71-73 + (^ + 10SS)"'71-73:n-73:71-73

since + /i.3 = "01020 + -06558 + 41692
= -19270
= 3P71-7B

Now - log 3 «71.-S:. p-s-n-Ts - -02930

and log]0GiS5 + logi) = 3-29072
loS10"'n-73:n-73:71-73 = 68205

3-97277 = log1(J00939
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Therefore A^.^.-g = -02930 +-00939

= -03869, or £3, 17s. 5d. / very nearly.

A1
C-OPi ,, ™ , 35:72 :70 approximately.35 :72 :79 14.« 11 J

2 T 35 : 72 :79

•03869
4-053

= -00955, or 19s. Id. % very nearly.

18. Investigate an expression for — a^—, and show what approxi­
mate conclusion this leads to on the assumption that Makeham’s
law holds.

d - d /■“ , ,—a = --- v'p aldx dxjo 111

= -f
■' 0 x

= V‘lPxdt - /” vttP^+ldl

=

On Makeham’s hypothesis /* ~ P-x = - 1)> ar*d therefore

4-a — = - Be1 ( v'Cc1 - 1) p dl
dx lnl Jo x

Considering the definite integral, we see that it represents
either

(«) The value of a temporary annuity with increasing pay­
ments ; or

(6) The difference between the values of two uniform annuities,
one calculated at the ordinary rate of interest, say i, the other

1 ccalculated at rate j such that ----- . = ---- .J 1+J l+»
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19. Show that on Makeham’s hypothesis A1 = ---°’'s
71 31ogs-8

for all values of x, y, and z, which satisfy the equation
8 _ 2/^ ~ ~ M.

logs ^4-logs

Since

Therefore

8 =
log J /X* + log J

B(2cI-c»-c-’)
Be1

2cI-c»-cs
c* 

8c1 = log s(2c* - eV - c=)

= logr{3c=‘-(cI + c:' + c1)}

c1 + c'J +
cT(31ogs-8)

log «

But by Text Book formula (41)

A1xyz
C* - c!/ + c--2cI1------------ A - —----------r log s aqX + cy + xyx <5 + C'J + C- ° *'J’

substituting 1 - 8« for A„„° xyz xyz

c1 c*
C1 + C« +0s ~ CI + Cl' + ci Sa —xy:

cy + c:-2cc------------- log s a„„
C1 + + C* ° W

substituting for 8c1 its value as found above

e*
= c^ + c^ + c3

logs
= c^Slogs —8)

log s
31og s — 8
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20. Find an expression for

d .— a =di xn
dv d _— a
di dv X,J

= dv fm d .
di J o dv V ‘ Pw

-v^glv‘-\pxdl

= -V/0,ullPZycl1

=

21. Give a formula for the fine, to be paid as a single premium
at the outset, for the option to increase at the end of n years,
without further inquiry as to health, the sum assured by a survivor­
ship policy payable only in the event of (.r) dying before (y).

If, on the option being exercised at the end of n years, the
premium to be paid is to remain at the rate of P^j ] per unit for
the future, the difference between that premium and the premium,
which, looking to the effect of selection, should be charged,

is (P, ----- P,1,. The whole value of thisX W+n:M+n'’ X tej+n: M+n Ml/P
difference for the period after n years is then

D.. W+n:[H+n (p_l_______ P1 VI + a YD x M+n:M+n x t H+»W>'
Mini

If, however, when the option is to be exercised, the premium
to be paid is that for a similar benefit at the then ages, we must
substitute for P>, , in the above formula the premium P.-4—Hvl 1 [x+n][y+»]

22. A select life, (x), desires a contingent insurance against (y)
with the proviso that, if he be alive at the death of (y), he shall
have the option of converting his policy, as at the next renewal
date, into a whole-life assurance at the ordinary annual premium
applicable to his then age without medical examination. Obtain
an expression for the net annual charge required for this option.

If the option is assumed to be exercised at the end of the I th
year its value is

M+t ~ P[x+<?a(xl+<
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and the probability of its having to be exercised then is
«-l|^J«P[xJ

Therefore the value at present of the option in respect of the
/th year is

t’<l-l|?WP[x)(P[x]+t ~ P[x+ipa[z]+f

Summing this for every value of t and dividing by nM , we
obtain the addition to the ordinary premium to cover the option

'Sl,>t-l|?Mt?txj(P(x]+< ~ F(x + l])a(i]+<

atx][>/)

_ ^i-1 l?[y)(P[x]+t ~ 1 fi+l])(atxj ~ a(xl7|)

“ixlsl

23. Show how to find approximately the net annual premium,
on the basis of the Makeham graduation of the Carlisle Table,
at 3 per cent, interest, for an assurance payable in the event
of (a.-) predeceasing (y), (1) (.r) only, and (2) both (.r) and (if),
being resident in a foreign country. It may be assumed that the
extra risk is represented in the case of a single life by a constant
addition of -01 to the force of mortality at all ages.

A'1
m = —sj-

-1. + aX r “ xy

where A'^ = ^PxtP/x+, d‘

= vlr‘lPxtPyQJ-x+t + '()}')dl
J 0

= A'1 +-01«'xy xy

both A'1 and a' being calculated at a special rate of interest jxy xy ° 1 u
1 1“such that . = p-Qg, where — logr — -01.

/oo
o V‘lP'ltPy(U

= ^r‘tPztPdl

— a' found as above.xy
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A"1
(2) :_ _____ xy

+ a '- xy

where A"1xy
ra>

= Jot,'tP'z<7,>'z+trfZ

= l^v'r^lpi!/(jJ.i+l + -01')dl

= A"1 +-01«"xy xy

both A"1 and «" •zy xy
1 r2

= FTvU where1 +j 1*03

being calculated at rate j which is such that

-log r= -01.

Also a"xy
“ f“V,tP'xlP'y(l‘

= ( v‘r-‘ p dt
Jo llxy

= as above.



CHAPTER XIV

Reversionary Annuities

1. The temporary reversionary annuity

|nfly|z— |n°x | n^x/

where (,r)’s chance of receiving payments is confined to the first
n years, must not be confused with the annuity to (ar) after (y) for
life which is to be entered upon only in the event of (y) dying
within the first n years. To obtain the latter we must deduct
from the reversionary annuity, the reversionary annuity after
n years should both lives survive that period, vn p a | .Its' 1 3 n* xy y+n|x+n
value will therefore be

(a - a ) - vn p (a , -a , , )k x xy' n* x+n x+nty+n'

Tins again is different from the deferred reversionary annuity

n|fly|x — n|flx"~n|flxy

= ""nPxC1 - »Py>x+n + V\Pp,ay+n\X+n

under which, as pointed out in Text Book, Article 5, it is not
necessary that both lives should survive the period of deferment.

Another benefit to be distinguished from the foregoing is the
annuity to commence on the death of (y) and continue during the
subsequent lifetime of (,r), but in any event to the end of n years
certain from the present time. This is a reversionary annuity
on wi after (y), “Jj], together with a deferred reversionary annuity
on (i) after (y), then

a i— + if/ | = (a—. — ( ia — la )y|n| n| y|x v n| yn|- '-n| x n| xy'

Finally, this is different from the annuity-due to run for n years 
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certain after the death of (y), and for so much longer as (.r) may
live, the value of which is

Afl+a—+ = Afl+«—n) + (n ~ayx n-lp 2/('nl)lx ’/'■ n-l[s x x x:y(7t|)'

D
= A (1 + a—d—(a , — a )yx ii-l]-7 £) x *-f-Ti x4-n:y7

x

2. To find the annual premium for an endowment assurance to
(.r) payable at age (.r + n) or previous death, the premium to be
doubled in the event of the death of (y) before (a.) during the
n years.

We have benefit side = Ax«l
Payment side = P(1 +«i;^) + P x |x

= P(l + 2a —n-a —x x:n-l| xy'.n-1|'

A
Whence P = =—H----------

l + ”xy:n-l|

The difficulty arises, however, that if (y) die early, say in the
/th year, (j) may then obtain his benefit at a premium of
P ,, —T. which might be less than 2P as found above, and the
office would not in this case obtain the premium on which it
reckoned in making the contract.

3. To find the proportions in which the purchase price of a
last-survivor annuity on (a) and (t/) should be paid by them.

Each is entitled to half the annuity during the whole of his
life, and to the remaining half for the period succeeding the deatli
of the other life. That is, (.r) is entitled to

la I = a —laX X 2 y|x x - xy

and (y) is entitled to
la +la | = a -la- y - x\y y 2 xy

Now a — la +a — la = a + a — ax - xy y 2 ry x y xy

which is the whole purchase price. Therefore (.r) and (y) must
pay (ax - la^) and (ay - la^) respectively.

4. To find the value of a last-survivor annuity on (.r) and (y)
which is to be reduced by half at the first death.
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The whole annuity is payable during the joint lives, but half
only during (.r)’s life after (jf), or (,y)’s life after x. Therefore
the value is

a 4-ia I | = \(a +a )xy - !/|x - zly -A z
which is obviously correct.

5. The identity proved in Text Book, Article 18, may be very
easily demonstrated by working from expression (1) to expres­
sion (10).

= • ■ • +<-il'U

= vPx(1.j + v-2Px^1,j + i\1.) + vZ3PS-1,j +2\1,)+ ctc-
rZ ,, d

= “Tz~ (1 + ”^+1+"%7’z+i + etc-)
z y

Vn-l
+ etc-)

x y
v^l d

+ - 7z;,+;c1+vp^+dvi+3 +etc-)
* y

+ etc.
I d

I y

6. Tn Text Book, Article 19, the effect of a change in the
mortality to which (a) is subject is pointed out. But similarly
the mortality experience of the two lives may be assumed
throughout to be that shown by two separate tables. Thus in
the annuity an the assumption may be made that the O[N1I)
Table shows the mortality of the class to which (.r) belongs
and OW1 that of (y). Then

"mIm = VH)
where a, , is taken from the. Table, and a, ,, , is calculatedI’/J IZjl’/J
with O[NM1 mortality for (a) and OW1 mortality for (y). To get
the annual premium we shall divide by a[xj j found as above.

It is to be noted that (x) must be medically examined, but (y)
need not, as the latter's early death is to the advantage of the office.



270 ACTUARIAL THEORY [chap. xiv.

or

or

Dx,

Dxv
(«)M 1___ XV

D
XV

(ra)C l+(ra)C___  _L. 4. . . .
-----*+I:X+1 ---------------- if X < y(1+1?-^

(ra)M 1
_ ________ xy

(1 +iy-*Dk ' xy

Di;( is the ordinary joint-life commutation value, and the forms of
<r“)C 1 and (™)M 1 are clear from the above.xy xy

If the annuity is to be entered upon at the death of (y) it
takes the form,

vil , ,<l a ,, +1>3Z , , ,a ,,+•••A . _ v x+i x+a ’Z+1 x+a
1/1’ I I

x V

n’+H , .d a ,, +di+-Z , ,d ,,a_ ______ x+j y x+^_________z+a y+i x+a________
wnX V

(™)C 1 + (ra)C--- - — + ■ • •
= ____5L_______x+1 : y+1------------ if .r •> »

7. Commutation columns for the calculation of reversionary
annuities could be formed if necessary.

For al = ^x+AC1 +ax+lW/*+2<W1 + "x+2) + • ~ •

six I I
x V

Following Davies’s principle,
_ +^+1) + MI+2Wi/+1(1 +fflx+2)+ ’ ’ ’

^lxlV

(ratQ, 1 j. (ra)C---------- 1_ 4- . . .
= ___ ______ ’+1 _____  if „

(«)M 1
_ ______2(

D
XV

(ro)C 1 4_ (ra)C----- _1_ +
„ xy_______ g-i-l: !/4-i

(raJM 1
_ _________xy

(l+Ov-’D^
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Here, again, the method of forming <r<t)C 1 * * * * * * 8 9 and <r“)M 1 is suffi-
*3/ xy

ciently clear.

If the annuity is to be entered on at the death of (y) with a
proportionate payment to the date of death of (.r), we have
. Vi'z+idy{ax+i + 4\+J) + ”?/x+A+l(“x+S + 4A +?) + ’ • •

The denominator will take the form D or fl + j")y-*D
xy k J xy

according as x > or < y; and the numerator in either case will
take the form

6 6 A<ra>C 1 + (ra)Q--- _2_ + . . . _ (ra)M 1
xyT x+i : y+1 T 1 uxy

where <ra>C 1 = u'+lf d (a , +-i-A A
xy x+j y( x+J 2 x + l/

Tables must therefore be formed of this function for every value
of x with every value of y, and the summation of these values

&
from x upwards where x-y remains constant will give ("OftO
as above.

8. On consideration of the argument in Text Book, Articles
21, 23, and 26, we have clearly on the analogy of formula (10)

tPy)^

= a I )
si1 2m \ p , w' 1 y-l

which is Text Book formula (14).

9. The method of finding the value of dW given in Text Book,
Article 30, may be made more clear by a simple graphic
illustration.
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Let A, B, C, etc., represent the ends of mthly intervals as
from the date of effecting the contract; and let P, Q, R, etc., be
at the middle of these intervals.

Now on the assumption of the deaths being equally distributed
throughout each interval, if (y) die, say, in the interval AB, his
death will on the average occur at P. Therefore in the case of
the formula,

a<’») = «(’») - «(m>
y|x x xy

the first payment of — will be made at B, and the succeeding

payments at C, D, etc.
But in the case of the benefit represented by d<’"> it is desired

that the first payment of — should be made at Q, and them
succeeding payments at R, S, etc. If therefore the formula is

1—1to be employed, it is clear that not — but u2m—should be paid

at B, C, D, etc., for this will amount with interest to — al them
correct dates of payment Q, R, S, etc.

If the transaction be effected thus, (x) will receive a payment
— 1of v2m—, to which, on the conditions of the benefit he is

not entitled, in the event of his dying between B and Q or
between C and R, etc. Making a deduction for this over­
payment and keeping to our previous assumption as to equal
distribution of deaths, we have the value of the correction as
shown in Text Book, Article 30, = J— A2^ approximately.

A further correction is necessary to make the annuity complete,
and the value of this is also approximately A2^ as shown.

These two corrections are equal in value but opposite in sign,
and we therefore have finally,

i
= v Cat"1)- aO’Oly\x ' x xy '

10. To find | a<w.vX|n y|x
_]

As before, let payments of v-’ft— be made under the annuitym
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I - I «<“) at B, C, D, etc., which will accumulate to — at|n X |n xy ’ ’ ’ ’ m
Q, R, S, etc.: the value of this annuity being,

i
t) -m (l a<”>- I a'^Y' I n x \n xy '

Now let E be the end of the n years. At E a payment
_L i

of vim— is due, but is not to be made, because the annuity is to

cease at the end of n years and the payment of — to which thism
would accumulate by, say, T falls outside that period, and
accordingly is not payable. A deduction similar to that for
the whole-of-life reversionary annuity must also be made. We
then have,

— 1 — 1
| = l>2m(| - I ------- u2mUn „ H _ p X _ x I A2
|n y|x l|» x |n x\j ' m nxxX 2m

Besides an addition to make the annuity complete in the same
manner as for the whole reversionary annuity we must add a
proportion for the period between S and E. Therefore

I d<™) = v2"‘f | a<™) — I — /— t)2”>un p (1 — p ) + x | A2 1
|n y|x x |n xy Z | m nxxX nx y' 2m ln X’J)

+ {— x i A2 + — vn p (1 - p ) 1
(2m I" 2m n x^ nivJ J

11. To find n|d(“X

We have \aW = i a(®0 - ia<TO>n| y|x n| x n| xy

= vn p — vnp aWnrx x+n nrxy x+n:y+n

= vn p (1 — p +vn p c&m} , ,nl x'' nL y' x+n ni xy y4-n|x+n

With regard to the first portion of this formula, if (j) survive and
(^) die within the n years, the first payment of the annuity will

be made at the end of — of a year after n years, and thereforem
S
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= dW • Also in regard to the second part, , is ofx+n x+n ° IX y+n|x+n

the same nature as dOjO, which has been already discussed.

Therefore,

_|dt™2 = 1,71 P (1 - P )d<™> +«n p d<™) , ,n| 2/|x nl n1 y' x+n nl xy y+?i|z4-ft

= vn p (1 — p }(' aty 4- .J- A ,
n1 aA n*yJ I x+n 2m z+« J

1
+ vn p v2m(aW> -aW , )n* xy ' x+n x+n:y+n'

In the above formula — A , would be more exact than2m x+n
^Ai+n, but all through this chapter correction for payment of

claims at moment of death is ignored.

12. By Text Book formula (22) the annual premium for a
reversionary annuity is found to be

Now the value of a reversionary annuity occasionally decreases
as the lives grow older, and therefore the annual premium for an
annuity to (r) after (y) may be greater than that for a similar
annuity to (a+1) after (y + 1). This is a state of matters the
reverse of what is usually found in assurance contracts, with the
consequence that a level premium to be charged throughout may
be too small at first and afterwards too great; and were the
assured to realise this they might drop the policy and get the
same benefit for a lighter premium after a few years. The first
year’s risk is vpx<]J\ +ax+^) = <]yax> and must never be less
than this.

13. To find the reversionary annuity to two children aged 10
and 15 respectively, which is to commence on the death of their
mother aged 50 and to continue till both children have attained
majority.

This is a temporary annuity to (10) after (50) for 11 years,
together with a temporary annuity to (15) after (50) for 6 years, 
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less a temporary annuity during the joint lives (10) and (15) after
the death of (50) for 6 years. That is,

|ll“so|lO + lcn5o|15— lc“«>ll0:15

~ |ll“10 ~ |ll“i0: !O + lo°15 “ lc°50:lS- lofllO:15 + lofl5O:lO:15

= “(10 : n|X15 : uj) - “co : (10 : 1T|X1S : <f|)

14. To find a—I-ex«/| ab

(fi) «—I-? = a— — a— —v z xy\ab ab ab'.xy

= a—---- a—abxy xy

= (a -f- a. 4- fi 4- a ) - (a , 4- a- 4- a 4- a. 4- a. 4- a )X « b x y' \ ab ax ay bx by xy'

4* (fi K 4" (i i 4" fi 4" (i, ) — fi ,V- abx aby axy bxy' abxy

— (a 4- a ) 4- aV x 1 y' xy
= (a 4- a.)- (a ,4- a + a 4- a. 4- ft. )V a b' V. ab ax ay bx 1 by'

4* (fi , 4- (i , 4- (i 4" fi, ) — (i , ,x abx aby axy bxy' abxy

(b) fi-\-r = (i— | +a— I.— a— | .v / xy I ab xy | a xy | b xy | ab

= (.nx\a + M« - %|«) + (“x|o + Mo - %|o)
-(°z|ab + %|ai ~M|al>)

= (a — a +a — a — a +a )\ a ax a ay a axy'

+ (a,-a, +a.— a. - a, +a. )• \ b bx b by b bxy'

- (a , - a. + a , — a , — a , +a , )s ab aba ab aby ab abxy!

= (a +n,~)-(a +a +a, +a, +«,)V a bl V al ay bx by abl

■f* (a 4- a. + a , 4* a , ) — a.V axy bxy abx alyl alxy

15. The problem of Endowment Assurance Instalment Policies
discussed at page 148 is sometimes further complicated by the
introduction of a beneficiary. If the life assured die before the
date of maturity, the beneficiary is to receive an annuity for life
with the guarantee of n payments certain; but if, on the other
hand, the life assured survive the endowment period, then the
annuity guaranteed at that date is for n years certain, and con­
tinued beyond the n years to the last survivor of the life assured 



276 ACTUARIAL THEORY [chap. xiv.

and the beneficiary. This extra benefit for the first (m + n - 1) years
is the value of an annuity of — to (y), which however is not

payable so long as (,i) is alive, nor for n years after, or, in symbols,

~Qm+n-l"y |m+n-l"y:a:(n]))

And for the period after (m + n — 1) years, the benefit is a
reversionary annuity to (//) after (,r) deferred (»n + n- 1) years; in
symbols,

1

The whole extra benefit is therefore

n ^m+n-l"y lm+n-1 ny : x(n|) m+n-1 I nx ly)

1 Dy+n
n ("y:m+n-l| °yn| £) ay+n :as:1| ’^~m+n-l|"i|P

y

(See value of deduced on page 131.)

To get the extra annual premium, we must divide this function
by 3^^ in order to guard against an option as already discussed.
This portion of the premium will cease to be payable on the death
of (y) before (.r).

EXAMPLES

1. An annuity of £100 per annum, payable until the death of
the last survivor of three lives, A, B, and C, aged respectively
20, 30, and 40, is to be divided equally between A and B during
their joint lives, afterwards between the survivor and C, if living,
and ultimately is payable to the last survivor. Find the value of
A’s interest.

Given “2O = 20-2246 fl20:30 = 16-1739
"so = 18-4156 "so:40 = 13-9872
"40 = 16-1026 "20:40 = 14-5274
"47 = 14-1097 "20:47 = 12-9502

"43 = 13-8064 "20:4S = 12-7015
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A s interest = 4«2(). 30 + a“so|20:40 “30 : 40120

= ^“20:30 (-“20:40 “ -°2O:3O:4o) + (“20 - “20:30 ~ “20:40 “20: SO: 40^

= n20 - ia20 :S0 - 2a20:40+-a20:30:40

To find the value of a„0.30.40 we have

“so: 40 = 13'9872 = a47+r

whence by Milne’s modification of Simpson’s rule, the age of the
oldest life being less than 45, we assume w = 48, and

“20:30:40 = °20:4S = 12'7015

Therefore n20 — .30 — ifl«o: 40 ^“20:30:40

= 20-2246 -1(16-1739 +14-5274 - 12-7015)

= 20-2246-8-9999
= 11-2247

Multiplying by 100 we have A’s interest = £1122, 9s. 5d.
nearly.

2. Find the value of a reversionary annuity payable so long as
three at least of the four lives (<»), (a), (y), and (s) live after the
death of Of).

= - (Py) + tPWI: + tPw1J= + tPxy! - ^P^

~ + aj\+ “/I WJP + “/| zyz ~ ®“/| wzyz

which may be reduced to terms of joint-life annuities on three,
four, and five lives.

The general formula is

“/Iwxyi ... (m) —0 (1 . . . (m)

3. What is the value of an annuity during the lives of (j), (y),
and (s), £100 a year to be paid so long as they are all alive, £80 
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a year after the first death, and £00 a year after the second
death ?

The value of the annuity is
100 axyx + 8°(«xk + e,|C + MxP + 60C"7p|= + aii\y +

4. An annuity-certain of £a for the term of n years is to be
enjoyed by P and his heirs during the joint existence of two
lives aged x and y; and if that joint existence fail before the
expiration of in years, the annuity is to go to Q and his heirs for
the remainder of the term of n years. Determine the value of Q’s
interest.

Q gets a reversionary annuity for the remainder of the term of
n years after the failure of the joint lives x and y, but only in the
event of that failure taking place within m years.

Therefore from the reversionary annuity
a—, -a —,n| xy:n|

we must deduct the portion thereof after m years should both
lives survive, or

vm p (a-----, — a , , ---- :)m* zyv n~ml x+m :y+m:

Q’s interest is therefore
- vm p (a------- a , , ------A)n| xy:n|> m* xy' n-m| x+m:y+m:n-m\'>

5. Determine the respective interests of (.r), (//), and (s) in an
annuity payable so long as at least two of them are alive ; and to
be divided between (x) and (y) equally during their joint lives,
and after the death of either in like proportions between (s) and
the survivor during what may remain of their joint lives.

The whole amiuity is
a— = a + a + a -2axyx xy xx yx xyx

The share falling to (,i) is half of the joint-life annuity a
together with half of the annuity to the joint lives (.r) and (a)
after the death of (y), or

la la + la — la- xy — xx - xyx
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The share falling to (y) is similar to (.r)’s. The relative
positions of the two have merely to be changed. Therefore (y)’s
share is

+ 4« I = la + la — la-zn - z\yz - zy - yz -zyz

(c) gets half of the annuity so long as he survives jointly with (.r)
after (y)’s death, or with (y) after (,v)’s death, or

la I + la | = la -la +la -la- - x|s= J «- - xyx - yz - zyz
= la +la —a- z: - yz zyz

The three shares together make up the whole annuity

(la + la -la ) + + A« — la } + (la +la -a )V- zy - zz - zy:' zy - yz - zyz' ' zz ' -I yz zyz>
= a + a + a -2a as above.zy zz yz zyz

6. An annuity of 1 is granted for 15 years to the last survivor
of (.r), (y), and (z). So long as they are all alive during the first
5 years, the annuity is to be paid to (,r) alone; and, so long as
they are all alive during the second 5 years, to (y) alone. At
the expiry of 10 years, or at the first death, the annuity is
to be divided equally between the survivors, and is to go wholly
to the last survivor. Express the value of (y)’s interest in the
annuity.

The value of (y)’s interest is

S|5%.- + iX10|6%=H(|15»I|lp+ l^-lv

7. An annuity of 1 to the last survivor of three lives (.r), (y),
and (c) is to be divided equally between (x) and (y) during their
joint lives; if (.r) dies first, (y) and (s) are to enjoy it equally
during their joint lives and the survivor of them is to have the
whole; but if (y) dies first, (.r) is to enjoy the whole during his
life, and after his decease the whole annuity goes to (c). Find
the value of their respective shares.

The value of (.r)’s share
= la + a |- xy y|x
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The value of (y)’s share
— ha +ia | + a— i2 zy 1 2 z|yx z.-|y

= (a + a -a + 2a - 2a -2a +2a )xy yz xyz y xy yz xyz'

— a —\(a +a -a )y xy yz xyz'

= a -la —y 2 y : zz

And the value of (z)’s share
= la I • + a— I

= J(a -a +2a —2a —2a +2a )-x yz xyz z xz yz xyz'

= (■az-axz')-^ayz-axyz')

The sum of the three shares makes up a—, the whole annuity.

8. Find a formula for the value of a reversionary annuity
payable for the remainder of the life of B, after the death of A,
the annuity being reducible by one-half should such death not
occur for 7 years, and by two-thirds should it not occur for 10
years from the present time.

If A be aged x, and B be aged y, we have the value of the
annuity

ax|y- i'-VzA+Tl.+T- ^10lo7Vz+loL+10

9. An annuity of £k is to be paid to (z) so long as he and
(.r) and (y) are all alive. At the first death of the three lives the
annuity is to be shared equally by the survivors; and, at the
second death, it is to be continued for n years certain to the last
survivor of the lives or to his heirs. Express the share of (z) in
the annuity.

+ +AJJ:X1 +«^)}
3

= fifKa+oWA1 -A1 +A1 -A 1 )(1+«—,,)}xz yzJ V XZ xyz yz xyzx\ n-l|'’

10. There are two formulas for a^\x, viz. (a) So^p^l - tp^) and
(6) Sve( ]|^ x j^fl +«l+1). Give the corresponding formulas for
aj^lx’ an<^ Prove their identity.

(«) «^|x = -,]>,)(! -tp.)

GO aa\x = ^‘<-117^ xIZ)I(1+«z+<)
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= 2u<Ax|t?iS

= + 1|^+ ' ’ ’

= ”Px75:. + «22Px(,7s= + i|^) + u33Px(^ + i|7>t + 2|7;5)+ •• •

■= +’Px+i + o22Px+i + - ■ • )

+"22Pxxi|9rx(1+vpx+2+---)

+ • • •
= S“‘<PxX(-l|?iX1+Ox+<)

11. A father aged 50 wishes to secure to his two children
aged 8 and 10 respectively, an annuity of £n, to commence at his
death and to continue until the younger child, or the elder if he
be the survivor, attains the age of 21. Find a formula for the
value of the annuity. Would it be safe to grant such an annuity
to be secured by annual premiums ?

The value of the annuity is
£’1 Q 13°S0 |s + |lia50|10— |liaso|s:io)

One difficulty in connection with accepting payment by annual
premiums is in determining the period during which the premiums
should be made payable.

If they arc made payable throughout the whole status, the
risk is run of the contract being dropped, and of a new one being
effected at a cheaper premium in the event of the early failure
of one of the children’s lives. In this case to obtain the annual
premium we should divide the single premium by

+fl50:S:i2j + n50;10 :i0i-aW:8:10 : foj)

If, on the other hand, the premium is accepted only during
the joint status, there is a risk of either (8) or (10) being a bad
life, the premium payable being considerably underestimated as a
consequence. In this case we should divide by (1 + . 8.10. jjj)-

It is possible, too, that even if all survive, the annual premium
for a similar benefit for the remainder of the terra may diminish,
in spite of the increase in the ages.

A contract by annual premiums should therefore, if possible, be
avoided.

12. Find, according to the Text Book Table, the value, at 3 per
cent, interest, of a contingent annuity for the remainder of
30 years certain from the present time, the annuity to commence 
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on the failure of the joint existence of two lives both now aged 30,
but only in the event of such failure taking place after the
expiration of 5 years and before the completion of 10 years.

The formula to be used is
t5sl’so :S0 X “sszsslssl “ ’jl°io7)3O :30 X "40 :4o[20|

_ Ps5^35/„____„ . P60: CO,. \
D I 251 "s5:35 ' I) GO: 60/

30:30 ' 35:35 '
D40:40/ DCO:CO \
n \ iol 40:40 ■*"n C0:col

30:30 ' 40 : 40 '
 ^35:35/  x ®40:40z „ X

n '"251 "35:35' h ("201 "40:40)
30 : 30 30 : 30

= 1-807--726
= 1-081

1OSD35:35 = 9-42108 1°8 D|q . 40 9-31707
^OSD30:30 = 9-52032

1-90076
loS Djo : 30 — 9-52032

F-79675

"SI = 17-413 "201 = 14-877

35:35 15-142
2-271

"40:40 = 13-718
1-159

log 2-271 = •35622
1-90076

log 1-159 = ■06408
r-79675

= log 1-807
•25698

= log -726
1-86083

13. Required the annual premium for an annuity payable to
the last survivor of (.r) and (y), to commence at the end of n years
if both be living, or at the first death if that occur within n years.

The benefit side
= i>n p a—,----- :—i- a ; - vn p a , r ,nl xy x+n:y+n y\x n1 xy i/+w|x+n

+ V nPxyax+n\y+n

~~ V nPxy(ftx+n+ ay+n ax+n:y+n ax+n^“ nx+n:y+n

— a + a ") + a — a + a — ay+n^ x-Hix xy' y xy

=s a + a - 2a + vn p a , . .x y xy n1 xy x+n:y+n
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This might be written a----la, and in this form it means an
annuity to the last survivor, not payable, however, so long as they
both survive within the first n years; which is the required annuity
expressed in other terms. Our reasoning is thus proved correct.

The payment side =
a + a - 2a + vn n a ,And P = z 'J "J 2IJ x+n:y+n

a -r

14. Ascertain the annual premium for a reversionary annuity
which (,r) desires to provide for his wife (y) and child (a) after
his death. The annuity is to be £100 so long as (y) survives, but
to be reduced to £50 at (y)’s death.

The benefit side consists of two parts: (a) an annuity to (y)
after (,r)'s death; and (6) an annuity to (x) after the death of the
survivor of (.r) and ; that is

100a | + 50a—|Jills

A difficulty arises in determining the status for payment of
the premium. If the annuity were not subject to reduction on
(y)’s death the premium might be made payable during the joint
life of (.t) and the survivor of (3/) and (s). But in this case, should
(y) die early, the reversionary annuity to (3) might be obtained
at a smaller premium than that so found. Again, if the premium
were made payable during the joint existence of (,r) and (y), and
(y) were to die early (she not being subject to medical examina­
tion), the contract is practically a reversionary annuity to (s) after
(.r) at an insufficient premium. The best plan is, if possible, to
have separate contracts for the two portions of the benefit, and
have the premium for the former payable during the joint lives of
(.r) and (y), and for the latter during the joint lives of (.t) and (c).

15. Under a deed of separation, A covenants to pay an annuity
of £K per annum to his wife B so long as she lives, and the terms
of the deed make his estate liable for the annuity after his death.
I-Ie wishes to free his estate from this liability so long as his
daughter C survives him, and he applies to an insurance office for
a quotation for the annual premium for such a contingent annuity.
Find the net annual premium.

The company will have to pay the annuity so long as C 
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survives jointly with B after the death of A, and the premium
will cease on the first death of A, B, and C.

Therefore if the ages of A, B, and C are x, y, and z respectively,
the value of the payments is

K x a | = K(a -a )x\yz v yz xyz'
and of the premiums P(1 + a )

K(a .-a .)
whence equating and solving P = —

1 + axyz

16. Determine the annual premium for an annuity of $ to
continue during the lifetime of B aged y, after the death of A,
aged x; with the proviso that should A survive the age of
x + n a sum of t is to be at once paid to B, if then alive, instead
of the annuity.

The value of the benefit is
s{(<7 - a ) - a" p (a , -a , , )1 + lvn py yxJ n* xy< y+n y+n:x+n'> n* xy

The value of the premium which will run during the joint
existence for n years is

PC1 + aan/:^ij)

Hence P

- a ) - —x - a x )}+/
l' y y*J O'- v+n y+n-.x+nx) D

___________________ xy______________________________ zy
1

17. Give the formula, reduced to its simplest form, for the
annual premium for an annuity of 1 to a female aged y to be
entered on at the death of her husband aged x if that occur
within the next 20 years; but to be entered on at the end of 20
years if (y) be then alive, whether her husband survive that time
or not. The annuity is to be payable by half-yearly instalments,
and with a proportion to date of death of the annuitant.

The value of the benefit is

“ill/ ~ ’’2°20Px!/(“x+20|1/+20 “ “j+2o)

= 20 - ^20:^20) -

= V^ay ~ axy^ + “2°20PzA+SoG ~ ®‘) + ^+20 :1/+20 + 1 + iA!/+2o(1 + W

if «(2> = a + for both single and joint lives.
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The value of the payments is
P(l+a _)

whence P may be found by equating the two sides.

18. Write down an expression for the net premium payable by
a husband aged 40, to provide an annuity of 1 to his wife aged 30,
should she survive him; the premium to be payable quarterly in
advance for a period not exceeding 20 years, and the annuity to
be entered upon at the death of the husband, and to be payable
quarterly with proportion to the death of the widow.

Using Sprague’s formula (17)
i

^(m) - v2m(afm)_a(m)\
y\x ' x xy '

— m -1
= v-m(a  „ ) if we assume = a H-----—k z-I'ry' 2m

we have dW|30 = t>i(a30 - a30.10) for the value of the benefit.

And for the payment side

P0> x a<4> -20 30:40 : 20|

= 20PW{a30 : 40 : 20i + l(1 “

since a(m)-, = at") - 2i±^+l‘aW . .
xyn| xy J) x+n.y+n

xy

— i m _ ^z+n ty+nf „ . 1 \
— axy + 2m D \ x+n:y+n 2m )xy

_ a. m /i ^z+n:y+n\
*rnl + 2m \ /

a -+«/l -
30:40:201 + ^ DsoJ

19. A, aged 45, wishes his son, aged 15, to receive an annuity-
due of £20 on A’s attaining GO years or previous death. Find the
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yearly premium at 3 per cent, interest, using the OtXM) Table for
the father and the OlM) for the son.

Benefit side = 20a -d45 :14| 115

= -a.. .r. —)' 15 15:45:14'/

Payment side = P (X + «15.46. -)

Hence equating the two sides

20(a - a -Ap  2. 15 :45 :14/
1 + “15:45:14]

An approximation to may be found as follows:—

1 ,
“15:45:14] p  + d

* 15 : 45 :15| T

But by Lidstone’s formula I’16:45.1T| = p16: ij] + P45: IS] ~ Pi5|

Now °IM1“[i51:i41=l°-899> OtNU)«(45];1T1 =10-192, and «14j=ll-296

Therefore entering conversion tables, we get
P =-05492, P - =-06022, and P=, =-05220[15]: 15] 3 [45]: 15| 3 151

whence P„„ =-06294 approximately.115]: [45]: 15| ii J

Entering conversion tables inversely with this value we obtain

"(15]: [45]: i4j = 9’861

and a = 23 223[15]

Therefore P = 20(23-223-9^861)
10-861

= 24-605, say £24, 12s. Id.

20. There are S persons at present entitled to an annuity of £K
per annum each, their ages being respectively a, b, c ■ ■ - I, m, n.
Upon the death of an annuitant, the next on a waiting list steps
in. The waiting list consists of T persons, aged respectively
p, q,r- ■ • x,y, z. It is required to find the value of the interest
of (c) who is Tth on the list.
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There are (S + T) persons involved altogether, and (~) will
come in only when the (S + T-l) persons, apart from him, are
reduced in number below S. Therefore his chance of getting a
payment in any year is the probability that he is alive multiplied
by the probability that less than S persons out of (S + T-l) are
alive.

Now the latter probability is equal to the sum of the prob­
abilities that none, that exactly 1, that exactly 2. etc., that
exactly (S - 1) persons out of (S + T— 1) are alive

= „____________ !2!+ „____________ Ill
abc .. . Imnpqr . . . xy t^'abc . . . Imnpqr . . . xy

+ „ ra+ . . .abc . . . Imnpqr . . . xy

+ „__________ ISzll
m abc . . . Imnpqr . . . xy

1 z z2 z5*1
1+Z + (1 + Z)2 + (1+Z)s+’ ' ’ +(1+Z)S

= 1 -
(1+Z)S

“ tP abc . . . Imnpqr . . . xy

where abc- • ■ Imnpqr- ■ ■ .ry represents (S + T - 1) persons.

The value of (~)’s interest will therefore be

£K Sve(p_(l - (pai|c _ _ _ imnpqr . . . zj)



CHAPTER XV

Compound Survivorship Annuities and Assurances

1. It has been already pointed out that there are two formulas
for the reversionary annuity

Mz = Sl,‘Ax|19'!Z
I d

and a | = ■ 2t>< -5±£ (1 + „ )m ll'- z+l/x y
and these two are identical in value.

Similarly we may express compound survivorship annuities in
either of two ways. Thus

a1 I = x io1yxlx i' x [( lys

for a payment will be made at the end of, say, the /th year
provided (x) is then alive, and (y) has died before (a) within the
t years. But

Therefore

Also

And

y:lx y\xx

= approximately.

d1 | = StA p Q1 x i, ayz|x t* x^-yz jtJys

= Q1 a |yzfx

“yzfx =

— a | — a1 Iyz | x yz | x

ay^\x = 2”,1PzX|<9Sz

= a I — a Jiz|z jz|z
= a I - a | + a1 iz|z y:\x
= a - a - a + a +O1!x x: x xyz yz I x
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But again = St,< (1 4.^)
X y z

for if (y) die in, say, the Zth year—(z) being still alive at (y)’s
death—(x), if he survive to the end of that year, will come into
possession of an annuity-due for the remainder of life.

By this method a1! takes a similar form, and can then beys I z
reduced as before to a i — a1 i

And a^x =
X z y

= a I - a Ji as before.s]x yz\x

Also A»y_. = _^±L rfai+()
1 z y lx ' x+t-h 7

= dy+t-l ^x+t-j

I I /X y X

- d'v‘ l̂ r —1— C1+flx+1)
X y z

= A 2 - da'- Ixyz yxjx
1

which is Text Book formula (6).

2. To find the annual premium for we must divide the
benefit by (I + a ). (y) must be medically examined ; for it is
on his death the benefit starts, and (ar)’s or (s)’s death earlier
relieves the office of a liability.

The annual premium for a2_|x is found by dividing the benefit by
(1 + a^. Probably (y) and (z) should both be medically examined.

The annual premium for As , is payable at least so long as
1

both (a:) and (y~) are alive, and also for the period of (,r)’s life
after the death of (y), but only provided (y) died after (z).
Therefore we must divide the benefit by

1 + a + a2 1 = I + « + a 11 .xy y=\x xyz

Probably (a-), (y), and (z) should all be examined, but in this case
and the preceding one much will depend on the respective ages
of the lives.
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3. The interpretation of the following symbols should be noted—

---- (m) ’s an annu'*-y payable so long as at least r of the
m statuses n|, w, x, y, etc., survive. It is therefore equivalent to
a temporary annuity for n years on (r-1) lives out of {in — 1),
together with an annuity deferred n years on r out of {m — 1),
that is | a------- + ,a--------------- r|n uzy...(m-l) n| wxy...(m-l)

nynj|z *s an annuity t° Gr) of which the first payment is to be
made at the end of the year in which (y) dies, but in no case is
a payment to be made till («+ 1) years from the present time.

• nJ | <1 *s a reversionary annuity to commence on the failure
of the joint lives (.r) and (y) if that event occurs within n years,
but in no case are payments to extend beyond t years from the
present.

(-) 2
Al" is an assurance payable at the end of the -y- part of the

1:8
year in which the survivor of (.r) and (y) dies (that is, on the

average y of a year after such death), provided (z) die either

before or after both the others.

nW- Just as at™) is an annuity to (.r) payable in instalments of

— at the end of each y of a year, so a^> is an annuity to (r)

payable in instalments of 5 at the end of each period of 5 years.

That is

o(i) = BPg+s 5Di+iq + 5Dx+15 + • • •
1 D

X

= (D,+s + D,+< + D+6 + P +6 + D,+0 + (pz+s + • • • + Dx+is) + • "

Px

 ^±2

D
X

if we assume 5Di+n = Di+n_„ + + Dx+n + Dx+n+1 + Dx+b+2
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EXAMPLES

1. Find the premium for an assurance payable on the death of
the longest liver of A, B, and C, aged x, y, and z respectively:
should A die first the premium to be reduced 50 per cent., and
should C survive A and B the premium to cease.

The benefit side = A—xy:
And the payment side can be expressed in either of the two

forms

and P(ax + + Ja^ + a2^)
whence P may be found.

2. Give a formula for the present value of £1 receivable on
the death of a person aged 50, provided another person now aged
20 has then either died or attained age 40.

This assurance, being payable on the death of (50), provided
either (20) has previously died or 20 years certain have elapsed,
may be represented by

A 2:3 _  _  A _ A 1
60 : 20 : 20| 50 50:20:20|

3. Determine A3:4w : xyz
21

This is the value of an assurance on the death of (w) provided
he die either third or fourth of the four lives (?c), C1'), (.'/), and (z);
and provided (s) and (y~) have died first and second of the four
respectively.

Now A3:4 = A 2 -da 2 |w ’.xyz wxyz ryc|w
21 11

= A 1 - A 2 — da 2 iwxy wxyz xyz | w
1

But a 2 I = Srt p x| a 2xyz w t1 w \t*xyz
1 . 1

— axy | w axyz | w

Q1a I -Q’o I approximately.'■xy ry | w 'xyz xyz | w 1 1 J

Hence A®'^ = A — A ' — fZfQ *n I — Q o I }axcuuc X* w wXy VJCtj, xylw ^-xyz xyz\w'
21
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4. Find the value of

W Aw-.-

(c) A—v < xy : z
1:3

(d) A1:3v J x:yz

(e) A I-' ' zlxy

(a) This is an assurance payable (1) if (.r) die first, (2) if (.r) die
third, (z) having died first, (3) if (y) die first, or (4) if (y) die
third, (s) having died first. In symbols

A1 + A3 + A 1 + A 3xyz xyz xyz xyz

(6) This is an assurance payable on the death of (.?) if he die
more than t years after (y). In symbols

A - A1 -=X x:»(l|)

(c) This is an assurance payable (1) on the death of (.r) after
(y), if (s) has died before (y) or if (z) is still alive; (2) on the
death of (y) after (x), if (z) has died before (a:), or if (s) is still
alive. In symbols

A3 + A2 + A 3 + A 2xyz xyz xyz xyz11 11

(d) This is an assurance payable on the death of (a:) if he die
first or last of the three lives. In symbols

A - A2 = A - A1 - A1 +2A’X xyz x xy xz xyz

(e) This is an assurance payable on the death of the survivor
of (.r) and (y) if that should happen before the death of (s). The
alternative symbol is A—. 2

s

not involving the use of the integral calculus.

5. Express A2:3:4 and A3:4 in formulas for summation1 w : xyz w: xyz
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“a2:3:4 _  V*aa.|l-1 r + /~l w + l-l z+t-1 v + l-j T
" w.zyz ^1 = 1 / I// -'w+l-t

1 - w z y

43:4 — v-H-lt+l-H
w.zyz 1 = 1 / I / I w+i-J

21 * y w z

6. The present holder of a title of nobility is aged to. It is
desired to effect an assurance payable on the death of his wife
aged x, provided that during her lifetime, the heir aged y having
died, the next heir aged s shall have succeeded to the title. Give
a formula for the single premium.

To fulfil the conditions both (w) and (y) must die before both
(a-) and (z), but it is immaterial whether (a:) dies before or after (s).
The single premium therefore is

A— 2:3 = A 3:1 + A 3:4w:x:y:a w:x:y:x
-j- 1221

It may be most easily expressed as an integral, as follows:—

7. Calculate by the Text Book Mortality Table the value of
the following formula, using 4 per cent, interest:—

5O0A^O;J0-40«7’0:70|5O

500 AJ0 ;70 - 40 : vol so

= 500 x iA70:70- 40 xi«70:70|50

(since by formula (4) of this chapter of the Text Book od0:70|00
= QtO:-o"tO:7o|sO = -'’^O : 70160^

= 250A.0,70- 20(«50-<7i0;70.70)

We have A.o. 70 = 1 - d(l + «70.70)

= 1--03846(1+ 4 054)

= 1--19438

= -80562
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And aM = 12’522

“50 : 70 : 70 = “z:x:x where ^0 + ^70 + ^70 = 3/*x

By the Table of Uniform Seniority
c50 + c70+c70 = 3c60’4

= 3’850--4 x-228

= 3’759.

Therefore 500 A’0;70-40«7’0;70|60

= 250 x-80562 - 20(12 522 - 3’759)
= 201’405-175’260
- 26’145.



CHAPTER XVI

Commutation Columns, Varying Benefits, and Returns
of Premiums

1. In addition to the expressions derived in Text Book, Articles
9 to 14, the following should be carefully examined. It will be found
that these or similar expressions are very frequently required in
Chapter XVIII. in connection with valuation by the retrospective
method, and it is essential that the principles upon which they
are founded should be thoroughly understood.

/I(1+0" + U(1+0B-,+ - • • +Un-l(1+i)
lX+»

This represents the accumulations to the end of n years of an
annuity-due on (x) for that period. It should be noticed that it
is greater than (l+i)j^; for each value of Zin the numerator is
greater than ?i+n in the denominator, and the whole expression
is accordingly greater than (1+«)’* +(1 + i)'1*1 + • • • + (! + ’),
which is the value of fl +t)s—,.v ' n|

Nx-i-Nz+1-i _ +Q"+M1+0”-1 + • • • + u-X1+on~‘+1
D Ix+n x+n

Mx-Mx+n _ <(l+i?-l+<Zl+1(l+!y- = +

D I ,x+n x+n
M+(~Mx+n _ <+.q+0'‘-,-1+^+<+l(1+«)n-,-S+ ••• +<Un-!

D Zx+n x+n
R ~ Rx+n~»Mx+n = ^(l + .y-l + s^l+zy-^ ... +ndx+n i

■^x+n ^x+n

Rx-Rx+.-<Mx+t = + »)’‘-1 + 2<U1(i+»y-2 + •• • +»)n-t

■Dl+n (x+n

R*~ = 7^-[dI(i+on-1+2<+1(i+y-2+---
*x+n x+n

+'K+t-iC1 + 0n-‘ + + O’*-'-1 + • • • + ^x+n-j]
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2. The following is probably a simpler method of obtaining
the values of varying and increasing annuities and assurances.

AN ± A(N + N , . + N + • • • )_ x— < x+1 x+2 x+S '
- ----------------------- DX

AN ± AS x,
Dx

When A = A = 1
S

= if
X

4M ±7i(M ,,+ M 1O+M IO+- • • )(vA) = •r ___£±L___J+2 J+8 __________ '
Dx

AM ±4R
D

When k = h = 1
X
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= *(Nx~Nx+„)±M(N +1-N +„)+(N +2-N +n)+ ... +(N +n-1-N )}
DX

= - N+n)± *{SJ+I - Sx+n - („-* X1)N +n}

DX
When k - h = 1

Also (vA)1—' 'xn|
X-(M - M x )±/;{(M , - M ) + (M -M ) + ..• +CM -M 1!_ K X x+n' — << x+1 x+n' \ x+2 x+n' x+n-1 x+n''*

D,
X(M - Al J±A{R x] - R L (n 1)M I

DX
When k = h = 1

3. So long as the S* and R* columns are supplied, the working
out of increasing benefits by these formulas is therefore an easy
matter. But in cases where these commutation columns are not
available, a method which has been described by Mr Lidstone
(J. I. A., xxxi. 68) may be used. The proof upon which the
method rests is as follows :—

Let B* be a benefit of any nature dependent on the life (.r),
and expressed by vpl + v-p2+v3p3 + ■ ■ ■ , where pt, p2, p3, etc.,
are the probabilities of a payment being made at the end of the
first, second, third, etc., years.

Then 4b = A B x A
di x du 1 di

= (Pi + 2u;>2 + 3«2p3+ • • • )(-«2)
= -(y2p1 + 2v3p., + 3vlp3+ • ■ • )

Therefore - (1 + i)Abx = vpl + 2u'-p2 + 3v3p3+ • • •

= (IB),
,1

ii
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where (IB)x is a benefit dependent on the same probabilities
as B*, but increasing by 1 per annum throughout.

d AB -4A2B
But di Bx------------------- - approximately.

AB -|A2B
Hence (IB)x = -(1 + i)----1 ----- - approximately.

This formula is perfectly general and applicable to any type
of benefit which increases uniformly.

For example, let it be required to find the value of (IA)45
by the Text Book Table at 31 per cent.
(1A) = 1-035 ~ ~ ~ 2A»(W +

= - 207 {(-42692 - -46889) - 4 (-39003 - -85384 + -46889)}
= 207 (-04197 + -00254)
= 9-21357

4. The difficulties and dangers attending the practice (recom­
mended in Text Book, Article 27) of omitting the denominator in
writing benefit and payment sides are such as to outweigh any
slight saving of trouble.

Theoretically, such expressions as (M* - M B), (Njt_1 — Nx+n_1)>
etc., have no meaning as they stand (vide Text Book, Chapter VII.,
Article 9), and in practical use they will have different senses
according to the particular denominator used with them. There­
fore until the proper denominator is fixed the proper sense cannot
be ascertained. It is only after- supplying denominators to both
that benefit and payment sides can be examined and compared to
check their accuracy. Further, where a second life comes into
the problem, and the denominator is omitted everywhere, the fact
may be overlooked that, e.g., Dx is the denominator for part of the
problem and D for the remainder, and thereby serious error may
be introduced.

5. To find the value of the temporary benefits mentioned in
Text Book, Article 46, we must stop at the nth value of u, that
is, «n j, which is equal to

, (« - 1)(« - 2) .„no + (n-1)AK|) + <- A--------2a-«o+ . . -
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Then we shall have
(V«)zT| = IT [(Nx - Nx+>0 + {Sx+1 - Sx+„ - (» - l)Nl+n}^«0

+ { 2Sx+2 - 2Sx+n - (» - 2)Si+n - N+„}a=,,0

+ . - ■]

(vAK = 4-frM - M, X + /R R
V 'xn\ D L> z x+n' 0 x+1 x+n \ / x+nJ 0

+ {-Kx+2 - SR+n - (« - 2)Rl+n - Mi+„}A^Wo

+ - - ■]

To obtain (v—,a) and (v—,A) we need only omit from thesev n| 'X x n| yx ■'
formulas the terms which cut off the whole benefit at the end of
n years, but retain the terms which cut off the increase merely.

Thus
(y n) = Fn «„ + (S ,, - S )Ah„
x nl 'x D L x 0 x x+1 x+n' 0

x
+ {XS - XS - (n - 2)S A1 x+2 x+n x ' x+n’ 0

+..

(v—A) = ~ I" M w +(R , - R , )A«
V n| yx D L x 0 x x+1 x+n' 0

+ {SR x -2RX -(n-2)R }Ak( x+2 x+n x ' x+n’ 0

+...]
6. The warning contained in Text Book, Article 98, should be

carefully noted, as the error presents itself in different forms. For
example, if it is desired to have a table giving the annual premiums
for pure endowments, one-half of the premiums to be returnable in
the event of death before the expiry of the term, it is incorrect to
take the arithmetic mean of the premiums for pure endowments
with and without return respectively. The correct office premium
for the new benefit is P(1 +k) + c where

D +MR - R , -»1W )p _ ___________ x+n “ x T_____x+n_______x+n'________
N , - N , , - 1(1 + k)(R - R - nM ” )z-l x+n-1 -x x x+n x+n'
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while the proposed office premium is ir(l+ where
1 r D D , +c(R - R , - nM , )__ _  1 J ________x+n_____ , ___________x+n k x_____ r+n_______ r+?»7

" ~ 2 [N -N' , n ,-N ,-(1 + «)(R - R . -nilk z-1 z+n-1 x-1 x+n-I x 7k x x+n

and these two are not equal.
The explanation is that if (x) were to die within the n years,

having taken out a policy at this proposed premium, the office will
return only one-half of the premiums paid; but if, on the other
hand, he had effected two policies, one with and the other- without
return, each for one-half of the sum assured, the office would have
to return the whole premiums under the former policy which
obviously are greater than the mean of the premiums under both
policies. In accepting the contract at the proposed premium the
assured is therefore allowing himself to be overcharged.

7. We proceed to discuss some practical problems not dealt
with in the Text Book.

It sometimes happens that (a:) for some reason will not be
accepted by an office at the normal premium for his then age.
He, however, refuses to pay the premium for an older age which
they wish to charge him, but consents to his policy at the normal
premium bearing the condition that the sum assured will be paid
under deduction of a certain sum in the event of his dying within
t years and in full on death thereafter, t being usually fixed at the
expectation of life of (.r). It is required to obtain a formula to
determine the amount of this “ Contingent Debt.”

First, let us assume the debt to be constant during the I years,
and equal to X.

Taking the life at his assumed or rated-up age we see that the
value of the premiums which the office should receive is

PJl+aJz+nk x+n'
But they are to receive only 1^(1 + al+n)- Therefore they

lose premiums to the value of
(1’ - P )(1 + « □. )k x+n x' k x+n'

Now the present value of the debt is
xa4-

x + n :t\

Therefore equating and solving for X we have
(Px -P )G+" X. )y _ k x-i-n x7k_____ x+n'

■^z+n:T|
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Again, assume the debt to commence at IX and decrease by
X each year till it disappears at the end of t years.

As before, the value of the premiums which the office forgoes is
(P -P)N

D * l+n~1
z+n

The present value of the debt is now
ZXM , -X(R . - R .____ x-j-n_____ n z-rn+l_____ x+n+t+1'

D ,x+n

Equating and solving we have
fP - P INx+n____ x' z+n-1_____

(^z+n+l ^z+n+t+l^

In this investigation the damaged life is assumed to be a
normal life aged (.r + a), and the extra rates of mortality for
successive years are accordingly as follows :—

Year of
Duration. Extra rate of Mortality.

1 ^x+n ^x
2 ?x+n+l ~fJx+l
3 9z+n+2~$x+2

etc. etc.

It will be found that this extra mortality is at first small and
slowly increasing, but becomes great in the later years of duration ;
and this is a comparatively uncommon form of extra risk. Also
from the nature of the contract, the contingent-debt scheme should
be specially applicable to the case where the extra risk is at first
large and afterwards decreasing. Accordingly, the method of fixing
the amount of the debt is open to criticism in these respects.

8. We here give the methods of ascertaining the premiums
when they are loaded for bonuses in addition to the sum assured
of 1.

(a). Uniform Reversionary Bonus.—The problem is to find
the annual premium for an assurance of 1, to increase by 5l> every
5 years, with an interim bonus of b‘ in respect of each premium
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paid since the commencement or since the last increase, in the
event of death within any quinquennial period.

M M lr+ M ,,„+•• •
Benefit side = --y + 56 —------r)+1°--------- -

R -5(M + M  + - - ■ ). 7> X \ x + b X + 10 '
■*" D

X
N 1

Payment side = r
X

whence we may obtain ir.
If no interim bonus is to be given for the first quinquennium,

the benefit side becomes

__ x . kJ. x+5 x+10 I i’ x+5 z+10*4-15'
D D Dxx x

while the payment side remains

and the new value of ir may be found.
If 6' = 6 the benefit side in the first case becomes

and the payment side being

R

Mz+fiRx
N ,x-1

While if 6' = b, and no interim bonus be given for the first
quinquennium, the benefit side becomes

M 5M +R ,.x | i x+5 x+5
D + u D

X X

Payment side = ir

and in this case
M +6(5M ,. + R Jx ' *4-5 x+5'
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For an endowment assurance with a similar bonus, we have
M - NI +D ZM - M +DBenefit side = —2---------ip----- it? + 5b ( *+*------ *+?_____ *+»

X ' *x
Mz+10~ Mz+n+Dx+n Mx+n-5 " Mx+» + Dx+» , Mx+» “ Mz+n + Dx+»

dx + ’ ‘ ’+ tr + d;---------------

,/Rx ~ R +n) - 5(Mj+6+ Mi+1„+ ■ ■ ■ + Mi+n)
DX

M - AT +D 5(M + M u,„ + ... +M , ) + «(D , - M , )_ x x+n z+n ■ i \ x+5 z+10 x+n' x x+n x+n'
£> DX X
(R -R , )-5(M + M ,,„+••• + M ). i f k x x+n' \ x+5 z+10 x+n'

+ DX

N ,-N , ,
Payment side = w—* 1 j+,‘ 1

X
and 5r may at once be obtained.

If no interim bonus is to be given for the first five years, the
last term on the benefit side becomes

(R -la-R )-5(M ^,„+ M ,,,+ ... +M )7 / V z+5 x+n' x z+io z+15 x+n'
D

If b’ — b, the benefit side becomes in the first case
M — M , + D , R - R . - nM + aDx x+n x+n , j x x+n x+n x+n

D DZ x

and in the second case
Mx - Mx+n + Dx+n , . 5Mx+S + Rx+S ~ Rx+n ~ ”Mx+n + ”Dx+.

Dx + U

Also, the form of the payment side remaining throughout

the various values of tt may be deduced by equating and solving.
(6). Compound Reversionary Bonus.—To find the annual

premium for an assurance of 1, to increase by 5b per unit every
5 years, calculated on the sum assured and existing increases,
with an interim bonus of b' per unit in respect of each premium
paid since the commencement or since the last increase, also
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calculated on the sum assured and existing increases, in the
event of death within any quinquennial period.

Benefit side = ±|(Mx-Mx+5) + (l + 56)(Mx+0-Mx+10)
X
+ (1 + 5J«Mx+10-Mx+]5)+. ■ • }

+ W M - 5+ C1 + - Rx+w - 5 M.+10)

+ (l+5Wl+1o-Rl+ao-5Mx+15)+. • • }

N
Payment side = tt

X

and jr may be obtained by equating and solving.

If no interim bonus is to be given for the first five years, the
first term of the second part of the benefit side will be omitted,
and it will then read—

{(Mx - Mx+6) + (1 + 5&)(Mx+6 - Mx+10)

+ (l + 5^(Mx+10-Mx+16)+. ■ • }

+ X- f(l + 56)(R ,r- R )
D L'1 S'" x+5 x+10 x4-10zx

+(l + 5TOx,.-R±lr-5Mi,()+- •v k x+10 x+15 x+15z J

If b' = b the benefit side in the first case becomes

±{Mx + 6(R -Rx+D) + 6(l+5iXR+6-Rl+10)+- • ■ }
X

and in the second case

± { Mx + 56Mx+5 + 6(1 + 56)(R+6 - Rx+10)

+ 6(1+56XRi+10-R+16)+. • • }

The form of the payment side is constant, and therefore the
several values of ir for these benefits may be obtained.

To find the annual premium for an endowment assurance with
a similar bonus, we have
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Benefit side

= D- {(Mx - Mx+5) + (i + 56)(Mx+5 - M,+,o) + (1 + 5 Wx+10 - Mx+1»)
X

+ C1 +„-o- Mx+») + (1+5^D+n}

+ W M" Rx+=-5M+s) + G +5*)(K +i- R +I0-5M+10)+ ...

X '

+ (l+56p“(R ,-R , -5M , )}
s ' >• x+n-5 x-f-n x+ny)

N - N
Payment side = ~ —x— —-—-n -1

X
whence we may obtain

If no interim bonus is to be given for the first five years the
benefit side becomes

]T {(MX - Mx+o) + (1 + 5 W+5 - M+io) + ■ • •

+ (1 + 56p-5(Mi+n_5 - Mx+a) + (1 + 56)^D+ J

+ ^{(1 + 56)(Ri+5-R+I0-5Mx+10)+. . .

X k

+ (l+56p7ii ,-R , -5M x )}

If b‘ = b, the benefit side in the first case becomes

J- { Mx + 6(R - R+5) + 6(1 + 56)(R+5 - R +10) + . . .

+ 6(1 +56)^(Rx+u_5- Rx+ll) + (l +56&Dx+)i-

and in the second case
D- { Mx + 56Mx+O + + 56)(Rx+5 - Rx+io) + • ■ •

X k

+ 6(1 + 56Mri+„_6 - Ri+„) + (1 + 56P(Di+b - Mx+n)}

Then, the form of the payment side remaining unchanged, the
several values of ir may be obtained.

Where 6' = 6 = -01 it may be shown that the single premium
at 4 per cent, for an assurance of 1 with that compound rever-

U
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sionary bonus is approximately equal to the single premium at
3 per cent, for an assurance of 1. For ease in working, let it be
assumed that the bonus is compounded yearly. This will have the
effect of increasing the value of the benefit, which may then be
expressed

1 (1-01 , zi-oi\2, zi-oi\s,
lx (1-04 d» + \l-04? <Z»+i + V-04j dz+2 + ’ ’ ’

_J. . d 4. 1 d 4- * d
103 * + (l-03)2 *+i +(1-03)3 ■'+=

Now = -3. approximately, and if we substitute this
1'VT l’U«J

value for it we shall decrease the value of the benefit which will
now be

1 ( 1
Zz I1'03 ’

= ^-(cx+ci+1 + c+2 
• • ) at 3 per cent.

- Ax(S%)

The two approximations given effect to above act in opposite
directions, and will to some extent neutralise each other.

9. Under a scheme of Discounted-Bonus or Minimum-Premium

Policies the annual premiums are obtained by deducting from the
full profit premium the value of a certain rate of bonus.

(a). Cash Bonus.—At the several investigations cash bonuses
are usually declared as a percentage of the premiums received
since last investigation. On the assumption that investigations
are quinquennial, and that it is desired to apply a cash bonus of
1004- per cent, of the premiums received in reduction of the full
profit premiums, the yearly reduction will be

Ax5P’X
Pz+5 + Dz+10 + Px+16

N

Now, assuming that 5Di+6 = Dx+3 + Dx+4 + Di+6 + Dj+6 +

etc., wc have the yearly reduction equal to

A-P’
Dz+s+ Dz+r + ’ ’ ’ +Dz4-r + Dx+s+ ’

N

A-P'
* N ,
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But again 5Dz+5 + 5Dx+10 + 5Dx+15

Therefore

= 6PJl-3(P* + d)}

If an interim bonus at the same rate is also to be assumed the
reduction will be increased to

R
b __ *.

N ,

{b~}. Uniform Reversionary Bonus.—On the assumption that
it is desired to apply the value of a uniform reversionary bonus
of 56 to be declared every five years, the reduction in the annual
with-profit premium will be

56(M ,.+ M * M ■ . . )x-f-5 z-f-10 z+15 '
N

(c). Compound Reversionary Bonus.—If we apply the value
of a similar compound bonus, the yearly reduction will be

56Mi+5 + 56(1 + 56)Mi+w + 56(1 + 56)*Mi+15 + . . .

N ,

Or including an interim bonus at the same rate, we have

^R - Rx+s) + *(* + 56)(Rx+s - R+,q) + 6(1 + 56)°(RI+1O- RJd
N

In any such system, if the bonus declared is greater than that
applied in reduction of the premium in accordance with any of the
above formulas, the excess is added to the sum assured. But if
the rate declared be less than the assumed rate, the difference
must be deducted from the sum assured, or else an increase must
be made in the premium payable, care being taken to ensure that
no option is permitted to the disadvantage of the office.
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10. To find the annual premium for a pure endowment payable
at age (x + n), the premiums received to be returned with simple
interest at rate j in the event of previous death, but the premium
to be calculated at rate i.

The difficulty here is in the return of the interest on the
premiums. In respect of the first premium paid, this return is of
the nature of an increasing assurance commencing at one year’s
interest, and increasing by the same amount per annum. The
value of this therefore is

R - R , - n Mx z+n ;
D

In respect of the second premium the return is of the nature of
a similar assurance deferred one year, and its value is

R J_, - R - (n - 1)M• t z+1 x+n x ' x+n
J' D

X

and so on for each premium, the value of the return of interest in
respect of the last being

z+n-l x+n z+n
D

The value of the return of interest in respect of all the premiums
is the summation of these n expressions, and is equal to

SR -SR - nR  *<»+ D M
x x+n x+n 2 x+n

5
X

Therefore the benefit side

D R - R ,-»M ,
= -  ̂+ {<1 + k) + c}^-------

SR -SR -„K _<2+2)mx(b
. x x+n x+n 2+JkC1 +*)+---------------- p----------------

N , - N ,Payment side = n «+'*->
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Equating and solving, we have

^ = [”0 +c(R - R -wM )+jc-[SR -SR -«R + M 11
L x+» v x x+n x+n' J x x+n x+n 2 x+n i J

- [Nx-1 - Nx+n-l - (1 + *)(Rx - Rx+n - ” *'x +n)

-j(l + *)fsit -SR -nR, H
J [ X x + n x+n 2 x+n J J

and it' = tt(1 +k) + c.

11. To find the annual premium for a similar benefit, with the
exception that the premiums are to be returned with compound
interest at rate j.

Here we have the benefit side

= + «) + +j) —
;C J h

D i ,

where A'1-: is calculated at rate J, which is such thatXrt| 3
1 _ 1+J

1 + J  l + «
N , - N x. ,Payment side = ir —---- x+n-

X

D +c D (A'l-i-Ai-)x+n j xx xn| xn\'
Hence ir =------------------------------- f +7---------------------

N -! " Nx+n-t - 0 + -f Dx<A'^ - Ain|)

and -' = ir(l + k)+ c.

Alternatively, we have the benefit side
D , M - M M ., - M

= -yt+- {(i + j) -1 u +g +jy +D + ■*■ ■■•
X x X

+(1 +J)-1 }

= -^+” + ^(i+«)+c}i} {(1+J>II+(1+J7^X+1+- • •

+ (1 +j)nMx+n-l -C1 +J>n10)Mx+J
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The payment side being,as above, we have .

«• = [Dl+n + c{(l+J)Mi + (l+jyMi+1+ ■ +(1+J)"Mi+b_1

-(1 +J)^O)Mx+n}]-[Nx-I - Nx+n-! " G +«){(1 +J)M +G +»=*%

+ • ’ ’ +(1+j)nMx+»-I-(1+j)^0)Mx+n}] '

and ir' = tt(1 + k) + c.

12. The annual premium for a deferred annuity with a similar
condition as to return of premiums may be found by substituting
N for D in the above formulas.x+n x+n

If in this last problem we assume that the net premiums are
returnable, we shall obtain

’ = Nx+»-[Nx-l - Nx+n-! "{(I +j)Mi + (l +J)W+1

+ ... +(l+J)nMi+n.1-(l+J)^wMi+n}]

If, further, we put j =:, the portion of the denominator within
brackets becomes
(l+0Mi + (l+i)2Mi+1+... +(l+i)nMi+B.1-(l+l>si(4)Ml+B

= (1 +»)(vl+1d1 + i>I+2dl+1 + v1+8dl+2+ • • • +«l+n+ldl+n + - • • )

+ (1 + i)2(vt+2dl+1 + «l+8dl+2 + • • • + t)l+n+1<+„ + ■ • • )

+ • • • +(1 +0’'(«l+’,dl+B_i + «I+n+1^+n + - • • )

-{(i+o+(i+o2+ +(i+«y}(«i+B+i^+B+’'i+n+2^+B+i+---)

=  ̂+ dx+1+--- +dx+„-l)

+^i«+1+...+dI+n.1)

+ ...+t)x+n-l<Zx+n.1

= <Zx-U) + ^x+1-Zx+n)+ ••• +“I+B-1(U-1-U)

= Dx+ Dx+1 + • ’ ■ + Dx+n-! " Dx+JC1 + 0” + (1 + O"-1 + • • • + (1 + 0!

= Nx-1-Nx+n-1-DI+B(1+iK-j

N
Therefore ir = =-------—-------------------i+n----------------------- _—7

Nx-1 - Nx+n-l - <Nx-l - Nx+n-l " Dx+J1 +

_ Nx+n

D (l+ilr-;z+n'- ' n|
= P—.a ,n| x+n
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which is the annual premium under a leasehold assurance to
provide «l+n at the end of n years certain.

This result is correct; for, since the office has to return to those
who die within the n years their contributions along with com­
pound interest at the rate assumed in their calculations, it will
derive no benefit from those who so die, and therefore mortality
must be left out of account so far as these years are concerned.

13. To find the annual premium limited to t years and
returnable with simple interest at rate j for a pure endowment
with return.

Here there will be t expressions for the return of interest to
sum.

+y{s-(l+K) + c}------

N -N
Payment side = sr 1-1 J

D R -R , ,-tM
Benefit side = + {vr(l + k) + c} -i--------------- f±-n

SR.-SR ,,-ZR -Z(2"-<+1)M
• - • * - f-n 2

D

ir may be found by equating the two sides and solving, and
hence also ir’.

14. To find the annual premium for a whole-life assurance of 1
deferred n years, premiums to be returnable in the event of death
within the n years.

M R -R , -«M
Benefit side----- gt-" + {-(1 + k) + c} -£---------------- ^±-n

N -iPayment side = ir —

Whence

and

_ Mz+„ + C(Rx - Rz+n ~ nMx+n)

it' = ir(l +k) + c.

Mr Stirling gives (J. I. A., xxxi. 259) a simple practical
formula for obtaining this annual premium from a table of annual
premiums for pure endowments with return.
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The argument is as follows:—At the end of the n years the
premium for the assurance at the then age would be Pl+n, hut
the office is to continue receiving only the premium it ; therefore
at that time it must have in hand to meet the shortage in future
premiums a sum of

(Pz+n-’r)ax+n

ir must therefore also be the premium for a pure endowment, with
return, of this amount, or (P . -ir)a x RP L where RP L is
the annual premium for a pure endowment of 1, with return.
That is

TV = (P -7r)a X RP Ax x+n J x+n xn|

77 f RP 2_ — P«+nax+n

x XIII '

P a x+n x+n
1

RP I + “z+n
xn|

Taking net premiums throughout and substituting for RPx~j
its value as found in Text Book formula (31), we get

M ,
JT = _______________ _______________

N ,-(R -R " -sM ■ )x-1 x z x+n x+n'

which is the annual premium for a deferred assurance with return
of the net premium, agreeing with our first formula above if k and
c are zero.

Again, taking the loading as a percentage on the premium
only, that is »t' = z-(1+k) and c = 0, and making the ne’cessary
modifications on the value of RP A as found in Text Book formulaxn|
(47), we have by Stirling's formula

N ,-(l+*)(R -R z. z. )x-1 X 'X X x+n x+n'

which is the annual premium for a deferred assurance with return
of the office premium where the office premium is loaded with a per­
centage on the net premium only, agreeing with our first formula
if c = 0.
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Now, taking ir' = z-(I+k) + c, and giving to RP^l its value as
found in Text Book formula (47), we have by Stirling's formula

A L_ _____________________________ x+n_______
^x-1 “ ^'x+n-l ”(1 + K)(Rx “ Rx+n~ w^x+n)

f^x4-n + C(RX — Rx+n “ + ^x+n

But by our first formula
M +c(R -R , -«M )__ _____x+n V x x+n______ x+n'

N , - (1 + «)(R - R )x-l \ X X+n x+n'
and these two formulas are not identical.

The reason for the divergency will be found on examining the
formula

z- = (P --)a t xRPlv x+n ' x+n xn|

Under the circumstances now being considered RP I is loaded° xn|
to provide for the return of RP^O +«) + c. According to the
argument by which this formula was derived the office premium
which should therefore be returned is

(P -<r)a , { RP 1(1 + K) + clV x+n / jr+nl xn|< / 1 v f

But the office premium which actually is to be returned is
(P --)a RP 1(1+k) + cv x+n ' x+n xn|k z

and these are obviously not equal.
Mr Stirling, however, put forward the formula merely as a

useful method of obtaining the office premium for the deferred
assurance, the premium Px+n also having to be considered a
premium with some loading. Its usefulness is considerable, for
the numerator is constant for assurances commencing at age (r + n).
The process is to add to ax+n the reciprocal of the office premium
for a pure endowment with return, and divide P , a , by the1 9 x+n x+n J
result.

'1 he formula is easily modified to apply to endowment assurance
and limited-payment policies.

For the endowment assurance payable at age (.r + n + m), or at
death between age (x+n) and that age, with return of premiums
if death occurs before age (a: + n), we have

P —,a . —ix4-n:m| x-f-nim

Rp 1 ax+n:w|
xn|
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For a policy under which premiums are to cease to be payable
after age (.r + n + m- 1), i.e. after (n + m) payments, we have

n _ m^x+n^x+n: m\

— -k a —ipp 1 x4-n:m|
xn|

15. To find the purchase-price of a life annuity of 1 to (.r),
subject to the condition that should (a:) die before he has received
in annuity payments the whole of the purchase-price the balance is
to be paid to his estate.

Let W be the purchase-price. Then we have
N WM -(Rxl-RiWil)Benefit side = ----- j±w±V

X X
Payment side = W
Equating and solving, we have

W _ ~ ~ R?+w+i)
D - MX X

Since W is still involved in the right-hand side of the equation
it will be necessary to make an approximation to its value in the
first place. The right-hand side on being worked out should then
agree with the assumed value of W. After two such approxima­
tions the true value might be found by interpolation.

This method of obtaining W is not quite correct, inasmuch as
W is usually an integer plus a fraction. But as Mr Manly, the
author of the formula, points out, the correction for the value of
the assurance of this fraction of the annuity is so insignificant
that it might be ignored.

These remarks apply also to the two following problems :—
To find the single premium for an annuity with a similar

condition but deferred n years, the net premium also being
returnable in the event of death within n years.

Let W be the purchase-price of the annuity.
Benefit side = ^±? + M*~(R*+*+i~ R*+m-w+i)

X X
Payment side = W
Hence we have W = N*+" ~ ~ Rx+n+w+i)

E> - M.
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To find the annual premium for a similar annuity to the last,
with the condition that all net premiums paid are to be returnable
in the event of death within the n years.

N tt(R - R )_(R _ R , , >Benefit side = *+”+1----- -n{
*X *x

N ,-N ,
Payment side = ir ——— x+n—

x
N — (R — R

TT_n_A _____X+n V g-f-n+I z+n+nx+l'
‘ N , - N - (R - R . )x-1 z-f-n-1 \ x x-i-n'

16. To find the annual premium for a pure endowment payable
at age (a: + n); the premiums to be payable only so long as another
life aged y is alive jointly with (x), and to be returnable if (.r)
should die within the n years.

The value of the return in question was discussed on page 129,
and making use of the result there given we have here

Benefit side

N -N
Payment side = ~ »4-n-i:v4-n-l

Hence we may obtain ir. Also sr' = ir(l + k) + c.

17. To find the annual premium for a similar benefit, but the
return of premiums to be with simple interest at rate j.

Following the method of the solution on page 308, we have
Benefit side
D zM - M L M ,-M,

= -^ + {-(1 + + j+1d l+nP„+ •-
*x *x

M _ M , \x+n-1 t+n \
Dx n-rfv)

zR - R -nM R ,,-R , -n^lM ,
+j>(l + K) + c}p----- ----------- £±-“ + -----rfi---------- i±_’Pj +

X X
Rx+n-l ~ Rx+n “ Mx+» \

+ d
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N
Payment side = ir —-

-Nx+n-1:
D

Equating and solving, ir, and hence it', may be found.

18. To find the annual premium for a similar benefit, but the
premiums to be returnable with compound interest at rate j in
the event of (,r)'s death within n years.

Benefit side
D C C ,

= + !<1 + k)+c}[{(1+J) jf + (1+ • • •
x XX

c ,,
*x '

c c c+ {(1+» -n- + C1 +jy- -^ + • • • + (1 +J)’-1 + • • •
k X X X Jc

+ {(X +j") }»-!?»]

+ • 1 M z+n-1 M x+„
'+(!+_/)»-’ b;

where D’^ etc., are calculated at rate J, which is such that
j____i+y
l+J l+«

N , -N , , ,
Payment side = y ■ .iA1*+’!zlil!+’Ul

x;/
whence ir and ir' may be found.

19. To find the annual premium for an assurance on the life of
(a:) deferred n years ; the premium during that period to be payable
only if (y) also is alive, and thereafter throughout (-r)'s life, and
to be returnable should (.r) die within the n years.

Benefit side
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Payment side = tt (' x-1 :»-i ~ ^x+n-i :y+»-i + jS+,,-1)
"xy Ux

Equating these two sides we may solve for s-, and a-' = tt(1 + k) + c.

20. To find the single premium for an annuity to the last survivor
of (.r) and (y) deferred n years, the premium to be returned in the
event of the annuity not being entered upon.

Let a' be the purchase-price. Then we have

Benefit side = i«- + «'xi A—nJ x>j [n xy

= ( IO + |« - |« )Mi | x n | y n | -ry'

+ [«(1 + k) + c}(|uAx + ^A* - |nAij()
Payment side = a.

Hence equating and solving for a, we have

( in + la — in ) + c(| A +i A _i A 1__ \n | x n| y n| xy' x |n y |n xy'
1 -(1 + K)(|,1AI+|nAy-|nAly)

and a' = n(l + s) + c.

To find the annual premium for a similar benefit, all premiums
paid to be returned on the death of the survivor should that occur
within n years.

It has already been pointed out (page 151) that some difficulty
attends the fixing of the status during which the premium shall be
payable. We may consider both cases.

(a) If the joint lives be taken as the status, the benefit side

+ ) + +
x ' ' y y
My+n-1 - My+n \ ~ ~

+ - D n-Aj J

Payment side = ir(l q-a^.—)

whence we may obtain 7r and also tt'.
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(6) If the premium be payable to the death of the last survivor,
we have

Benefit side =
/R - R -nM

' a:

R  R  „M
11 !/ + «_________! 

D
v

Payment side = ir(l + '7“.^ryj)

from which other values of it and ir' will be found.

21. In the problems connected with pure endowments with return
of premiums, the element of mortality is in practice frequently
ignored. This is in effect taking for granted that the life will
survive the term ; and if it does not, the office receives for its trouble
interest on the premiums which it has received and now has to repay.

Thus in the case of the annual premium for a child’s pure
endowment to (.r) payable at the end of n years, with return of
premiums in the event of previous death, the net premium is
simply found from

vn
a—.»l

When the question is complicated by making the premium
payable only so long as the father (y) shall survive (see page 31a),
the net premium is taken as

___ i>n
a. —■y*l

EXAMPLES

1. The sum of £s is deposited by each of I persons in a fund,
and accumulated at compound interest. £a is paid on the death
of each member, at the end of the year in which he dies, and at
the end of n years the amount remaining in the fund is applied to
the purchase of an annuity upon the life of each of the surviving
members. Find the amount of the annuity.

Let the amount of the annuity be p. Then the value of an
annuity of p to each of the survivors of I persons alive n years
ago is pl , a . ■o 1 x+n x+n
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But the accumulations of the fund are
+»)”- «K(i +«)n’1+ +1(i + »7*-2+ ■ • • + ^+B_1}

Hence
^(I+»)n-a{dl(l+O"-J+d+1(l+O"--+ ••• +<+n-]}

^x+nax+n
sD -«(M - M )x \ x x+n'

N .

Alternatively, p being the amount of the annuity as before,
a(M - M , ) pN

Benefit side = -----1  x+n + 
D DX X

Payment side = j
a(M — M ) pN

Equating, we have -------- ---- 2+2. + - +n = $

/,Nz+» _ fDz-a(Mz-Mz+»)

Dz

sD — a(M — M , )
p — ——----- as before.N ,x+n

2. If I persons each secure by annual premium an endowment,
show that the amount which will be payable at maturity to the
survivors consists of the accumulated premiums paid by the
survivors and by those who die.

The annual premium is P i = -----1 x»| >\ _ N
z-1 z+n-1

and its accumulations to the end of n years amount to
P^{4(1+0"+U(1 + i)’-I+- • •

+"1+IUi+- • • +«J+n~1U;
vx+n

, N , - N , ,_ p 1 z-1___ x+n -1
“ xu | i)X+n

— x+n z-1 z+n-1

= lx+n
which is the amount payable at maturity, being 1 for each of
the I , survivors.z+n
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Hence A

for P =x»|

p-i3. For what benefit is —the single premium ? Explain
the formula verbally.

This is the single premium for an endowment assurance of 1
with the net premium returnable, since the value of such a
benefit is

1 — A —>xn|
P-

Now ~i is the value of a perpetuity-due of I’x^. But Px^ will

insure the payment of 1 at the failure of the joint status of (.r)
and n |; and after that, a fresh status of a similar kind being set
up and the payments of premium continuing under- the perpetuity,
payment of 1 will be made on the failure of the second status ;
and so on indefinitely. And this is the benefit asked for, since on
payment of the endowment assurance 1 may be taken, and there
remains A to set up a second similar contract, and so on indefinitely.

A —, + A x Axu| xn|

the payment for it being A.
A_ xnl

1-A -jxn|
P-,_ XU I

- d

xn|

4. “Suppose the annual premiums to increase or decrease a
certain sum every I years, and at the end of v intervals of I years
each the premium to continue constant during tire remainder of
life, what annual premium should be required during the first t
years” ? Jones gives as the answer to this question

p _ ^x + x+< -1 + ^x+21 -1 + ' ' + ^x+vi-1)

N ,x-1

while Chisholm, correcting him, gives
Mp — ____________________ ?___________________

Nx-1±,/(Nx+1-1 + Nx+2<-1+ ‘ ‘ ’ +Nx+W-1) ■

State the different conditions under which both answers are
correct.
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This problem is discussed in Text Book, Articles 28, 29, and
35 of this chapter, and from what is shown there it will be
observed that Jones’s solution proceeds on the assumption that
the premium increases or decreases by q per unit of the sum
assured, while Chisholm assumes the increase or decrease to be
q per unit of the premium. Each answer in its own case is correct,
the question being stated ambiguously.

5. Find the annual premium for an annuity to (.r) after death
of (y), all premiums paid except the first to be returned in the
event of (.r) dying before (y).

R—1
Benefit side = ^ + '-(1 + «) + c} -i+Lilil

Payment side = — (l+«^)

And ~
a -n + cx xy £)

xy

6. Deduce a formula for the annual premium for an assurance
on the life of (.r) against (y) for n years, with return of all
premiums paid should (y) predecease (,r).

Benefit side

D

N
Payment side

whence

— »M—
(Mi _ Mi ) + c(R i- R— J—»M-xy x+n:y+n' \ xy x+n'.y+n x-frn

-N u , L ,)-(1+k)(R1-R --*4-n-l: y+n-l' x xy x+n

R i- R— 4- -«M------ —xy x+nty+n x+n:y+nMl - M-l- —xy x+n:y+n
Dxy

-Nz-frn-l :t/+n-l
D

7. Find the annual premium required to secure to (a:) a pure
endowment of 1 payable at the end of 20 years, with return of two-
thirds of the premiums in the event of death within the second
half of the period.

X



322 ACTUARIAL THEORY [chap. xvi.

Benefit side
= Px+20 + 2 + + c| 10Mr+lO+ Rx+'1O ~ Rx+»0~30Mr+2Q

N ,-N
Payment side = ir — - -1- —i±12

X
whence

_ D*+S0 + 'SC(lQMx-l-10+ Rx+10~ Rx+°o ~ 20 Mi+2q)_______
‘ Ni+19-5(1+«)(1OMi+1o+ Rx+10- Ri+20- 20Mi+20)

8. Find the annual premium limited to t payments for a whole­
life assurance to (.r) subject to the condition that interest for each
year on the net premiums, up to and including the year of death,
is to be allowed by the office at rate i, which is the rate realised
by the office on its investments.

M (S -S ^,) + (R - It ,)
Benefit side = —X + ~ D *-----—

X X

N ,-N ,, ,
Payment side = tt *+‘-1

ux
M

whence ir = ------- —^-2-----------------
(Nx-i - lSx - iRx) " (Nx+t-i - lSx+t - !1<x+<)

M_ X
R - RX x+t

since N - iS - «R = S - S - tS - viS , + iSX-l X X X-l X X X-l X

— vS - SX-l X

= RX

and similarly N ,, , — iS ,, - iR ,, = R ,,J x+t-1 x+t x+t x+t

A proof of this formula by general reasoning similar to that of
Text Book, Article 66, may be given.

The office can gain nothing from accumulation of interest on
the premiums, and therefore the payment side is the value of a
benefit of ir payable at the end of the first year if death occur in
the first year, 2ir payable at the end of the second year if death
occur in the second year, and so on, increasing up to the /th year,
after which the increase ceases, and the benefit remains at tn till 
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the year of death. The benefit side is simply the present value
of 1 payable at the end of the year of death.

9. Find the annual premium for an endowment assurance to
(.t) payable at age (.r + Z) or previous death, subject to the condition
that interest for each year on the net premiums, up to and
including the Zth year or the year of previous death, is to be
allowed by the office at rate i, which is the rate realised by the
office on its investments.

Benefit side
+ rS-S.-ZN,, R-R -ZM_ X x+t X+t ■ I X X+t X + t X x + t X + t I_ _—_----------+tl. -------------------------- +.— -------------]

X < X X J
N , - N ,, ,

Payment side = ir —-— I+—
*X

whence
M - M + D_  ___________________________ X_____ X-j-t____ x+t______________________

’ (N , — iS -i'R)-(N ,, , - iS — iR ,) + Zi(N + M )V X-l x X' V x+I-l Z-f-t X+tX v x+t X+t'

M - M J_, + D— ______X_____ x + t x + t
~ R -R ,, + fDX x+t x+t x+t

since as before N , - iS - iR = RX—k XX X

and Nz+1-l-'Sz+1-£Rz+1 = Rz+1

and since i(NI+I + Ml+i) = i\+< + ”'Nl+,_1 - iNi+(

= (WN^

= DI+( + Nz+i-1’Nx+t-l
= Dz+(-Mz+1

A proof of this by general reasoning may also be given. The
value of the payment side is as before that of an increasing
assurance of sr, 2ir, etc., up to Zsr in the Zth year. But in this
case the benefit ceases then entirely, tir being receivable also if
the life completes that year. The benefit side is simply the
present value of 1, payable at the end of Z years, or at the end of
the year of previous death.

10. Find the annual premium for a pure endowment payable at
age (.r + Z); the premiums to be limited to n payments, and to be
returnable in the event of death before age (.r + Z).
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D R - RBenefit side = + ^(1 + K) + c} _J----- £±"----_£±‘
X *x

N ,-N , ,Payment side = sr 1-1 *+'‘ 1
X

Dx+1 + C(Rx" Rx+n-”Mr+<)

' (Nx-r - Nx+a-z) - (1 + TO- K “ - n Mx+()

11. Obtain a formula for the office annual premium, P, required
for a policy on (x) for a term of n years, the assurance to cover
(1) an advance of £/p made out of a trust fund at the beginning of
each year, (2) the premiums actually paid under the policy, and
(3) the legal expenses of the arrangement, say £a.

Benefit side
R -R , -»M ,x x+n______ x+n

D + {r(l+K) + c}
R - R , - n NIx x+n x+n

DXX
M - M

+ a x x+n
DX

N , - N x. ,Payment side _ g-1_____ a-4-n-l

whence ir
(P + TO - R+n - » Mx+„) + <Mx - Mx+n)

(Nx-I - Nx+n-r) - (1 + K)CRx - Rx+n - « Mx+J

and P = it(1+k) + c.

12. Obtain, in terms of commutation symbols and the rate of
interest, an expression for the annual premium for a deferred
annuity to be entered on at age 65 on a life now aged 40, the
premium to be returnable in case of death before 65, and the
annuity to be payable half-yearly, and to be complete.

Benefit side = 2- [n^.4- + |(1
40

+ {P(1 + K) + C}(R40-RW-25M05)]

N -N
Payment side = P —Syr——
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and P' = P(1 + k) + c.

whence P - + i D« + i 0 ++ <R<0 - Rw - 25 M^)
N30-Nm -(1+«)(S^KF25M -̂-----

13. Required the net single premium for an insurance upon the
life of (.r) of £1000, increasing at compound interest during the
first 5 years at the rate of 4 per cent, per annum.

The single premium = 22P-° ;(1-04)Cz + (1-04)2Ci+1 + (T04)3Cx+2

X
+ (1-0‘04C+s + (1-°4)=Mi+4}

14. An oilice proposes to grant endowment assurances under a
table of premiums reduced by anticipation of future bonus.
Investigate a formula for the annual reduction when the dis­
counted bonus is

(a) A quinquennial cash bonus of 1 per cent, per annum of the
premium.

(7>) A simple reversionary bonus of £1 per cent, per annum
declared quinquennially and vesting when declared. It may be
assumed that the office does not allow interim bonuses.

(a) For a cash bonus the reduction is

•01 P' 5(Di+5 + ®i+io+ ^j+is+ ‘ ’ +®x+»)

(/>) And for a simple reversionary bonus

5(Mx+5+Mx+10+Mx+]6+- • ' +Mx+»-6)-(”-5)Mx+» + «Din
X Nx-r-Nx+n-i

15. Obtain a formula for the office annual premium for an
endowment assurance policy on (x) to mature in 20 years, the
premium to be based on select tables, and to provide for a com­
pound reversionary bonus of p per cent, per annum declared
quinquennially, with interim bonuses at the same rate after the
first 5 years, and the loading to provide for an initial commis­
sion of k per cent, on the sum assured spread over the whole term,
a constant of I per cent, on the sum assured, and a percentage of
m on the gross premium.
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The problem to find the net premium for such an assurance
has been discussed in general terms on page 305. Here the
particular case is treated, and the office premium also deduced.

First, to find the net premium, we have benefit side
= D~ {(Mixl“ M(»)+s) + (1 + joo)(MW+6- M[x]+io)

+ (1+!Oo)

+ (1 + loo) (MW+15 “ MW+2o) + (1 + loo) DW+20

+ WO (1 + TOo) (RW+<> - RM+io - 5 M[x)+io)

+ Too (1 + Too) (Rt*l+io - Ri*1+15 - 5 M(xl+is)

+ 100 (i + too) (Rt»]+u>- Rlxj+20- 5

N - N
Payment side = ir —1X1 1x1+20

UW

whence

”■ = N -N {Ml»l+ TooMm+s + Too(1 + Too)CR(x1+5- R[x]+io)
M to+20 <•

+ TOo(1+Too) (Rm+io_ rm+io) + !Oo(1 +Too) (R[*j+i6~ rm+2q)

+ (1+10o) (Dix]+20~ M[xJ+«o)}

Further, the office premium
, 1 / i I \

77 " i_2!LV + 100ati):oo|+100/

100

16. Find the annual premium for a deferred annuity-due to
(.r), the first payment of which is to be made at age (.r + n) with
premiums returnable in the event of death before that age. If
(ar) survive the n years, the annuity is guaranteed for at least
t years whether he live so long or not.
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Benefit side = ^-(a~| + <|al+n) + {"G + «) + c}^£—

Payment side = ira^

Equating, tt
D.+n(a7i + , la,+ „) + C(R, - Rx+n " BMr+n)

(Nx-I - Nx+n-x) - (1 + *)(R - R +„ - »MI+J

and z*(l 4- x) + c.

17. Find by the O[MI table at 34 per cent, the annual premium
at age at entry 30 for an endowment assurance of 1 for a term of
30 years with a uniform reversionary bonus of 1 per cent, on the
sum assured in respect of each year entered upon after the first.

Benefit side
M - M + D R -R- 29M + 29D_ [SO] C0T CO ,nl n(301+l 00 G0+ C0

D D[30] [30]

Nro„, - N„
Payment side = P--130'---- «°

D[so)

whence P = M»o. ~ Moo ++ '01 CRW1+i ~ Roo ~ 29^+29Dt;0)
N[S01-NC0

(10267-77 - 4671-51 + 7432-6)+ 01 (278665-44 - 58079-89 -
29 x 4671-51 + 29 x 7432-6)

614584-81650-3

13028-86 + 3006-5716
532933-7

16035-4316
- 532933-7
= -03009

18. Find by the OIM1 table at 34 per cent., for age at entry
40 with a term of 15 years, the annual premium for an endowment
assurance of 1, together with a compound reversionary bonus of
1 per cent, per annum, which is to compound every 5 years, with
an interim bonus at the same rate in the event of death during
the 5 years calculated on the sum assured and bonuses in force
at the beginning of the quinquennium.
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Benefit side = [(W[40) - >L5+ D..) + -01(R(40] - R[40]+5)

+ -01(l-05)(R[401+5- R60) + -Ol(l-05XR60- R66)

-M55{(l-05)3-l} + DJ(l-05)3-1}]
N - N

Payment side = P —---- -2.
UHOJ

whence
P = XT—--M- Rm,..-Mrt4-Dt.)+0](R„„,-R.)N,.„, -N , !'• H01 05 So' v (401 .401+5-'[•10] 55

+ -01(l-05)(R[40)+5- R50) + -01(l-05)3(R50- RJ

+ {(1-05)3-i}(d65-m55)J

- SSO^TWSI'8202 ”-5689 39+ M5S'2>
+ -01(191831-83-151953-13)
+ -01(l-05)(151953-13-115901-12)
+ -01(l-1025)(115901-12 -84508-96)
+ -157625(9958-2 - 5689-39)1

14268-1029
" 225969-5
= -06314

19. Given that the office single premiums for pure endowments
of £100 at a certain age, with and without return of premium in
event of previous death, are £70 and £65 respectively, find the
office single premium for the pure endowment with return of half
the premium in event of previous death.

As pointed out on page 299, it would be wrong to charge
£67, 10s., as that would suffice for the return of £35 (i.e., half of
£70) and not of £33, 15s. in event of previous death.

Instead, let S be the sum assured under a policy without
return, and (100 - S) the sum assured under a policy with return,
so that the premiums on the two policies shall be equal. That is

(100-S)x-7 = Sx-65
S = 5T852

and 100-S = 48-148
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The premium under each policy will be 33-704, and the premium
required under the joint policy will therefore be £67, 8s. 2d.

20. Find, by the use of the following office rates, viz.:—

P'<o:i6i = ■°91'79> p7o:ioj = -01475, and A'm = -55396,
the annual premiums for an assurance on a male life, aged 40
next birthday, of £1000, payable in the event of death within
10 years, with a return of all the premiums paid if he survive
that term :—

(a) If the return of premium is to be made at the end of 10
years, and (6) if it is not to be made till death.

Let P be the premium required.
Then (a) P = 1000 P'i;i5) + 10 P x P'40;L

. p = iQQQp7o:ioi

Now P'40.L is not given, but may be taken

= P'4o:^-P7o:Ioi = -09479- 01475 = -08004.
Though by this method there is insufficient loading on the pure
endowment portion of the premium, yet the fact that there is a
term assurance for a very much larger figure makes up for this
loss.

Therefore P = 1000 X -01475
1 - 10 x -08004
14-75
4996

= 73-898

Again (6) P = 1000 P'^ + 10 P x P'40;L A'M
P = lOO°P7o:io|

1 - 10 P' L A'40:10| 50

11-75
“ 1 --8004 x-55396

14-75
■55661

= 26-5
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If in these formulas we assume net premiums throughout, we
1000 AA- noi iOOOAJa.w.

®et W = ;----- ifr-and (6) = 1OA° _-’ whicha40:i0| iUA40:10| a40:10| 1UA40:10|
are obviously the net annual premiums for the benefits, thus proving
the correctness of our formulas.

21. Under a certain “ Reversible Premium ” scheme, an
office undertakes to grant whole-life assurances, under which,
after n years, the company pays the premiums to the assured,
instead of receiving them from him, and this continues until the
life drops, when the sum assured becomes payable. If a =20, find
the office annual premium at age 40 by the Text Book table at
3 per cent., allowing for a loading of 15 per cent, of the net
premium, and 5s. per cent, on the sum assured.

Benefit side
M a-'N l ,
D DX X

Payment side
ir(N , -Nx-1 x+n-1'

DX

whence ir
M +cN ,_ x z-t-n-l

N ,-(2 + «)N' ,x-1 \ / x+n-1
Under the given conditions

7T
M40 + ’0025N69
N89-2-15N59

11869-4 +-0025 x 112093-8
458461 -2-15x 112093-8

12149-6345
217459-33

= -05587
and ir' = -05587 x 1-15 +-0025

= -06675
= £6, 13s. 6d. per cent.

22. Find the annual premium for a pure endowment payable at
age (.i- + n); the premiums to be limited to t, and to be returned with
compound interest at rate J in the event of death before age (□: + «).
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Benefit side

x X *z
M _ M

+ ■■• +G+j)!-^5—
X

,+I + - • • +(1 +J)n-,un-‘d
/ ,,

D r M - M J_, M - M= -^t?+{<i + k)+c}{(1 +J) ZD I+- + G +j)2 -*+1d --+-
X XX

where is calculated at rate j, while M' ,„ M' , , and D'i| j’ x+l1 x+n1 1
are calculated at rate J, which is such that —= —t?

1+J l+i
N , - N J_, ,

Payment side = ir———z+—
X

By equating the two sides tt may be found, and ir' = r(l +k) +

M , - M ,, D ,, M' , - M'
• ■ (1+J)‘-A±£_-_A+‘ + (1 +Jy_

23. Find the annual premium for a pure endowment payable
at age (.r + r), the premiums alone to be returned if the life dies
within s years, but the premiums to be returned with compound
interest at rate j, if the life dies after s years.

D R - R -,vM
Benefit side = ^+r + {f(1 + k) + c}—--------------- —

L~X X
+ {<1 + K) + c} {(I +J>_ M*tl

X
M - M

+ (i +y).+2 —
X

+ ••• +(1+J)r I+-}

N -N
Payment side = tt g~I x~tr—

X
whence by equating, tt may be found, and 7r' = 7r(l +k) + c.
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24. Find the net premium limited to 10 payments for an
assurance on (.r) under which the sum assured is 1 until all the
premiums are paid up; thereafter the sum assured is the amount
of the premiums accumulated at compound interest at rate i from
the dates of payment of the premiums until the end of the year
of death, should death happen before the expiration of the
twentieth year of assurance. If the life survive 20 years, the sum
assured again becomes 1, but the policy-holder is to be entitled
to an annuity, until death, at rate i per annum upon the total
amount of premiums actually paid without interest.

Benefit side

M - M „
= - x D j+9 + ^(i + k)+c}{(1 + 0 + (1+02--- +(i+010}

X

(1+OC+]O+•■•+(! +OIOC+lol
\ D----------------------- JX

the expression “ until death ” being taken to imply a complete
annuity.

N , - N „
Payment side = ~ — 1 —2±2

X
And ?r may be found by equating the two sides.

25. Given values of a as follows: at 3 per cent., 19'895; at
34 per cent., 18'441; at 4 per cent., 17'155, find at 3 per cent.
the annual premium for an assurance on (.r) of £100, the sum
assured to increase by £1 per annum for each year- entered upon.

100A + (IA)
Here P = ----- £—!—2

1 + ax

To find (I A) we may make use of the general formula
established on page 297.

<ZB
(IB), = -(1+0
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We have

Rate of
Interest. «x

Ax
= l-d(l + ax)

A A2

3
34
4"

19-895
18-441
17-155

■39141
■34258
•30173

- -04883
- -04085 •00798

Then (IA)x = -(1+z)^-1

AA -4A=A
= -(1+0---- -----------£v 7 Ai

'04883 +-00399
•005

= 10-881
39-141 + 10-881

20-895
= 2-394

26. If the office premium is 15 per cent, greater than the net
premium, find at 34 per cent, the approximate annual office
premium for an endowment assurance on a life aged 40 to be
payable at age 60 or previous death, all the office premiums to be
returned without interest in the event of death before age 60.
Given A^.^ at 3 per cent. =-20413, at 34 per cent. =-19385,
at 4 per cent. =-18428 ; and AJ0.„^ at 34 per cent. =-55338,
and (1 + |19«40) at 34 per cent. = 13-207.

The benefit side = A40;- + P(1-15)(IA)’O.^.
By Lidstone’s general formula for any benefit

(IB) = -(l + i)g

dr\ 1 —
Hence (lA)^ = -(l+i)—

Cl .Q35-) AA<o:20j “ i A-A40: eoi
- ----------?005

--00957-4 x-00071
= -(l'03o) ---------- ----------------
= 2-054.
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Therefore the benefit = ’55338 + P(l-15)2 054
= -55338 +Px 2-362.

The payment side = P(1 + «40.-jjjj)

= Px 13-207
Equating the two sides we get

Px 13-207 = -55338 +Px 2-362
p -55338

10-845
= -05103

The office premium therefore = -05103 x 1-15 = -05868.

27. Use Lidstone’s two approximate formulas to find by the
0™ table at 31 per cent, the annual premium for a joint-life
endowment assurance on two lives aged 44 and 45 respectively,
which shall increase by 1 per annum, i.e. 1 to be payable in the
event of the first death taking place in the first year, 2 if it
happen in the second, and so on, 20 if it happen in the twentieth,
also 20 if both survive the twentieth year.

The two formulas are

and

P _ =

(IA) - =

P _ _L P__ P_3/n.| 1 n |
AA -

-(1+i)----
-|A*A
Ai

3% 31% 4%
P

44:201 •04391 ■04206 •04030
P _45:20) ■04438 ■04254 •04078

•08829 •08460 •08108
P-20| •03613 •03416 •03229

■05216 •05044 •04879

Enter annual-premium conversion tables inversely to find
a,, „ 11-301 10-869 10-46144:45:19|

Enter single-premium conversion tables to find
A«:45:»0| -64172 ’59864 55919

A --04308 --03945
A2 -00363
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Hence approximately the annual premium
03945--00182

v 1 -005
11-869

= -720

Z'28. A father, aged 35 next birthday, has a child, aged 1 next
birthday. An assurance of £150 is to be paid on the child attain­
ing the age of 21, provided the father be then alive. In the event
of the father’s death an annuity of £5 is to be paid annually until
the child attains age 21, with a payment of £100 at that date.
The premiums are to cease on the father’s death, and to be
returned on that of the child before reaching age 21. Deduce
the formula for the annual premium.

20

Benefit side = 150 g—’ + 5 x + lOOt^p/l -
35:1

Cl + k) + c}^---- g----- + ---- g-----+ - • • + wpK - g------

N -N
Payment side = rr 31

^35:1

By equating the two sides, ir may be found, and -' = ~(1 + «) + c.

29. A debt is to be discharged by n equal annual payments
to include («) principal, (6) interest, and (c) the premium for an
assurance to provide for the cessation of the annual payments and
the extinction of the debt, if the debtor aged x die before the
expiration of the n years. What should be the amount of the
annual payment ?

If the annual payments are made at the beginning of each of the
n years, we have the annual equal payment of principal and interest
to repay a loan of K in that time, — ; and the annual premium to

”1
insure the balance of the loan outstanding is

+ Mx+»-2)+ • ’ • +«n-2(M -

Adding this to — we get the whole annual payment required.
a»i
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Alternatively, we may proceed thus. If the loan be repayable
K

by n equal instalments of — the amount payable under the
a»l

policy if (,r) die in the first year is — a—jp if in the second
anj

K— a—-, and so on. Therefore the whole benefit under thea- n-2l
»l

policy is
K /Cza^T| +Cx+Ia^2| + ' - • +Cx+n-2aF|\

% p ^z '

and the premium to be added to the equal annual instalment
, K .of — is

aM
ir
~ + ^x+ian^2| + ' ’ ’ +^'z+n-2arj)

«l

The two results are identical, for

CxaS^T|+Cx+iaST2j + ’ ■ • +Cx+n-2an

= Ci(l+t> + i)2+• ■ • + v’1-2) + CI+1(1 + i>+t>2 + . . . +«"-’)
+ • • • +Cx+n-2

= (Cx+Cx+1+’ ■ • +Cx+„-2)+<Cx + CI+1+- • • +C+n_s)

+ • ■ • + d"-2CX

= (Mx-Mx+n-f) + <Mx-Mx+n-2)+- ’ ’ + ~ +1)

30. Find the annual premium required at age x to secure £100
per annum for six years commencing on a child’s sixteenth birth­
day ; the premiums are to be limited to (16 - x), and in the event
of death before age 16, the whole premiums paid are to be
returned, while if it occur between ages 16 and 21 a proportion
of the premiums paid, decreasing in arithmetical progression from
five-sixths in the seventeenth year to one-sixth in the twenty-first,
is to be returned,
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Benefit side

= 100 I DX
+ (16-.r){Sr(l + K) + c} 'fC1G + *C‘7 + + *C1!> + *C;° }

= 100 N]5 ~ N°' + {^-(1 + K) + c] .[R^ " Ri« " ~6— (R1( ~ R=2) |

I IF J
N ,-N,t

Payment side = ir —A---- 1®
X

whence ir may be found, and ir' = ir(l +k) + c.

A better method of carrying through the transaction would be
to have six policies each for £100 payable at ages 16, 17, 18, 19,
20, and 21 respectively, with return of premiums paid in the event
of previous death.

31. Find the single payment required to redeem future
premiums under a child’s endowment with returnable premiums,
effected at age x, and payable at age (-r + 0, which has been n years
in force.

If ir and ir' are the net and office premiums for the original
benefit, and if we write A and A' for the net and office single
payments now required, we may take it that A must be equal to
the value of the future premiums now to be forgone less the
return in respect of these premiums, and plus the return in
respect of the single payment. That is

* x-f-n-1 x-i-t-l / x-i-n x-f-t \ / x+t
A ~ D . " D ,

x+n x+n

M , - M ,,
+ {A(l+O + c'}-^------

Hence

V x+n-1 x+i-ix I x+n z+l V > /+< 1 V x + n x+i'
D “ -(1+k')(M - M )x+n x-i-n x-j-t'

and the single premium required
A' = A(1 +k') + c'.

Y
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32. If you were furnished with the office annual premiums
for temporary assurances of £100 for from one to fifteen years at
age x, and also with full tables of annuities, how would you arrive
at the annual premium for an assurance of £1000 decreasing by
one-fifteenth each year, and at a premium also decieasing by
one-fifteenth annually?

Let the premium required commence at L5P and decrease by
P per annum.

Benefit side

= 1000 X t7(P ’ .j-j + P i;2]ni:2j+ Pi;sl“i:sl+ ‘ ‘" + l’l:isjax:Wj)

where P’.jj, etc., are the office annual premiums per unit.
Payment side = P^-q-a^^ + a^-q. ... + ax;13j)

and P may be obtained therefrom.
A more practical method of carrying through the assurance,

which, however, would not fulfil the condition that the premium
should decrease by an equal amount each year, would be to get
(.r) to effect fifteen policies, as follows :—

Term. Sum Assured.
Premium payable at

beginning of each
year during term.

1 1000 100 0 p'i
1 5 15 ar:i|

2 1000
1 5

1 OO_O P'I _
1 5 x: 21

3 1000
15

10 00 p'i _
15 x x:3|

15 i_o_oo. l_0 OOP '1 _
15 x x: i5|

The sum assured decreases in the required manner, but the
piemium does not, though it too decreases in total, since at the
end of each year there is always one premium less to pay out of
the fifteen with which we started.



CHAPTER XVII

Successive Lives

EXAMPLES

1. Give an explanation of the expressions
(°) A^A.

(6) (l+i)U AyA_.

(«) This represents the present value of 1 to be paid at the
end of the year of death of (s), who is to be nominated at the end
of the year of death of (//), who is to be nominated at the end of
the year of death of (a).

(6) This represents the present value of 1 to be paid at the
moment of death of (s), who is to be nominated at the moment
of death of (y), who is to be nominated at the moment of
death of (.r).

2. Show that the single premium for an assurance, with return
of the premium along with the sum assured, is equal to the value
of all the future fines on successive lives, where the lives are to
be nominated all of the same age as that at present of the life in
possession. Explain verbally why this should be so.

The single premium for an assurance with return of premium
is found as follows :—

Benefit side = A* + B x A*
Payment side = B

A
and B = —5-1-Ax

Again, the value of all future fines on successive lives of equal
ages is

Ax+(Ax)2 + (Ax)3+ • ■
AX

1-A
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Now, under the assurance, we obtain 1 + B at the death of (.r),
whereof 1 will pay the fine falling due at his death, and B will
set up a new policy of like nature on a life then aged x, which in
turn will pay the fine at the second death, and provide B for a
third policy, and so on, ad infinitum.

3. Find the value of an annuity during four successive lives—
the second, third, and fourth lives being nominated on the deaths
of the first, second, and third lives respectively.

n , — a + A (1 + u ) + A A(l+a)+A A A fl 4- a )®(»)&)(I) w wV z/ w zv y' w x yv z'
1 - A 1 - A 1 - A 1-/1

= - 1 + A —+ A A —j-2 + A A A —d w d w x d w 1 » d
1-A AAA_ W X ?/ Z 1

= d

1 A10
Taking the Carlisle table at 3 per cent, we have

8(-40129 +-43399) 6-68224
1--28606 ~ -71394

= 9-360

4. A copyhold estate is held on two lives, each renewable at
the end of the year in which it drops, by a life aged 10, on payment
of a fine of £8. Assuming the two lives to be now aged 30 and 35
respectively, find the present value of all the fines in perpetuity at
3 per cent, interest.

The value of the fines payable on the succession of lives
starting from the life now aged 30 is

8(AS0+AS0X Aio+ A30X A10XA10+ • • •)

= 8y>+aio+(aio)2 * * *+ • • •}

„ 8AS0

1 “ A10
Similarly, on the succession starting from the life aged 35 we

have
8AS5

1 ~ Aio
The present value of all the fines is therefore

8(A30+ A35>
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5. C and D have the perpetual right of alternate presentation
to a living of the annual value of £k. Assuming that D has the
next right of presentation, that the present incumbent is aged y,
and that his successors will all be aged .r on appointment, find the
sum which C should pay D to purchase his interest.

On the' principles of Text Book, Article 32, the value of the
perpetual right is

+Aj(c+«I) + A„Ax(H«z) + A!,(AJ2(*+‘ii)+• • •}

Of this series the even terms represent D's share, which is
therefore equal to

*A/A+«J{1+(A)3 + (A)4 + ’ • • }

l-(Ax)-’“

Modifying this formula in accordance with Text Book, Article
35, i.e. assuming a new presentation to be made at the moment of
death, and the presentee to then enter upon a continuous annuity,
we have

i-(V



CHAPTER XVIII

Policy-Values

1. The Prospective and Retrospective Values of policies under
the various ordinary classes of assurance should be written down
and their identity proved. We propose to deduce the retrospec­
tive values for whole-life and endowment assurance policies, and
prove that they are equal to the corresponding prospective values.

Assume that each of I* persons has effected a whole-life policy
at an annual premium of P . Then the premiums paid at the
beginning of each year accumulated at rate i to the end of n
years amount to

PIK(i+O"H+1(1+O’,-1+- ■ • +U-/1+i»
= p D*+D*+l+' ' ’ +Dx+n-l

X vx+n

N ,-N ,= p X —1_____ X-j-71-1
Xx flX+n

The claims paid at the end of each year accumulated at rate i
to the end of n years amount to

dI(l+OB-1 + ^+1(l+«’)n-2+ • • ■ +<+„-!
Cz + Cz+1+ ' ‘ ' +Cz+n-l

yX+n

M - M L x_____ x-f-n
~ vl+n

The fund in hand made up of the surplus of accumulated
premiums over accumulated claims is therefore

N , - N . , M - M ,p x-1_____ x-bn-1 __ x_____ x4-n
1 ® tf+n
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Dividing this by the number of survivors, viz. Z we have
the average sum in hand in respect of each survivor, that is

P(N ,-N )V _ zx z-1 x+n-1' x x x+n'
n x Dx+n

which is the policy-value found retrospectively.
The prospective value is

V = A , -P(l+<i , )n x x+n x+n'

To prove the values by the two methods equal, we must assume
the rates of mortality and interest to be the same as those employed
in the calculation of P .X

P (N , - N - (M - M , )Now 1-1 x+n-V ' X x+n/
D ,z+n

P N - M M - P N . , x x-1 x . X+n x Z4-B-1
D x Dx+n x+n

= A -P(l+ox)x+n zx x+n'

M
since P = —

x N ,

For the endowment assurance payable at age (j + Z) or previous
death, the value by the prospective method is

n'^xi'l ^x+n:f-n| ^xl| ax+n

By the retrospective method the value will be the same as for
the whole-life policy with the substitution of Px- for P*. Thus

p (N -N ,Y _ _ rt | z-1_____x+n-1' v z_____ x+n'
n *<1 “ Dx+n

Now

since

P-(N ,-N , )xt|x x-1____ x+n-1' ' x_____ x+n'
Dx+n

_ ^xf] 1 ~ - 1) ~ ~ ^^X+l ^X+t)

^x+n

JMx+n - Mx+t + Dx+() - PxH(Nx+»-1 - Nx+<-l)
D xx+n

= ^■x+n:i^nj- PxtjCl +flx+n:t-n-lp

p _ M -Mx+t + Dx+.

“I Nx-t-Nx+.-t
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Others which should be worked out similarly are:—

Pure endowment

V 1 = A -J—,-P^fl+rt , ------n) prospectivelyn xt| xtl^ x4-n:t-n-l p 11 J

P 1 (N - N 1
= -ill----L—b-----l+"~1 retrospectively

x+n

Temporary assurance

V1-. = A-J- ;—,-P17i(l+a , ;----- —) prospectivelyn it I x+n:t-n| xij'* x+n:t-n-l y 11 J

pi (N ,-N ,)-(M - M )= ■ »‘lk ___ l+n-17 V *------ E±“l retrospectively
a:+n

Limited-payment policy

(1) When n < I
— A . -,P(l+« , ;----- 77') prospectivelyn:l x x+n I x< x+nu-n-l/ 11 J

PIN -N 1-fM -M 1= ----- x+n-i> U»x x+J retrospectively
^x+n

(2) When n = or > I

n:iVx = Ax+n Respectively

,P (N - N ,, - (M - M )
= ‘ A I~1--------ItL-V-A *------ retrospectively

^x+n

Joint-life assurance

Jxy = Ax+n:!,+n-Px!/(1+'’x+n;!Z+n) Respectively

P (N , ,-N - M )
= --------Xd-n^i:■/+"-!> I X,,---------x+n-.v+n) retr0Spectively

x+n:y+n

Leasehold assurance

nV(j = »‘"”-pq(1+«r^n) prospectively

= P-| (1 + i) s- retrospectively

Further problems similar to these will occur later, and will
then be disposed of,
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2. The notation for policy-values in regard to select tables
follows the rules already laid down (see page 1-10).

If I < n, the period during which selection is assumed to have
effect,

V = A — P n
t l»l W+l 1*1*7*)+!

_ 1 _ Ul*)+I

“(*)
If t > n

tVl*l = A*+i ~ P[*)a*+i

If the life presently aged (.r + /) is assumed to be still select the
reserve value is

A -Pa — 1 -(*+H (*)(*+!) a

3. A very simple proof of Text Book formula (3) is as follows:—

V+P = A - Pn x x *+n z *+n

= (’7r+„ + vPz+nA *+n+l) - ^’’Pz+nC1 + "*+n+l)

= K9x+n + PZ4+JA*+n+l - PxC1 + a*+n+l)}

= ’'(9x+„ + P*+kx„+iVx)

Or, retrospectively,

P (N ,-N L ,)-(M -M )V . p _ **■ »-l x+n-P V x x+„' . p
■ » D 1x+n

P (N , - N ) - (M - M ) C_ XX r-1 X+n' V x x+n+1' . r+n
D L) Lz+n x+n

- t’(‘7x+n + P*+»x»+iVP
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Similarly, we have for pure endowments
n'xq + Pxi“| = ~ Plfj ax+n:, _„_i|

— VPx+n ^x+n+1:t-n-l| ~ Px(] l’Px+n( Z + flx+«+l: < - n - 2,)

VPx+n^x+n+l: t -n-11 xt | flx+«+l: t-n-2,^

= ”Px+nXn+lVxr|

P 1 fN - N 1
Or, again, „V+ + p>

x+n

= °Px+nXn+lVxf|

4. By Text Book formula (3),
„Vx+Px = <9x+n + Px+»Xn+lVs)

= "{'7x+n + (1-9x+n)n+lVx}

= ”{9x+n(1-n+1Vx) + n-hlVx}

Therefore (V+P)(l+i) = q_.fl- _.,V )+ ,V

From this we see that the reserve value at the beginning of the
year, and the premium then paid, both accumulated to the end of
the year, are equal to the reserve value at the end of the year,
together with a contribution towards the claims payable.

Now, if the mortality actually experienced agree with that
assumed, the account will work out as follows for Zi+n policies,
each for 1, existing at the commencement of the year :—

Claims payable . . . . . . = dx+u
Contribution towards claims payable

= Zx+»X?x+n(1-n+lVx) • = ^x+nG-n+lVx)

Reserve released . . = d . x ,,Vx+n 114-I x

Together .... dJ+n
so that the claims payable are exactly met.

Profit or loss from mortality in an Insurance Office therefore
depends on a comparison of the claims payable less the reserve 
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released, with the expected contribution towards claims payable.
If the claims, less the reserve, exceed the contribution, there is a
loss to the office, and vice versa.

Therefore mere comparison of the claims payable with the
accumulations of premiums received is no test of profit or loss from
mortality. It is impossible to view the contracts in this light,
since at the date of the claim the accumulations of premiums
received are not available, having been applied to pay current
claims and to increase the reserve (apart from payment of
expenses and distribution of profit). Further, however long the
life live, even beyond his expectation at date of entry, there is a
loss to the office in respect of his claim (unless indeed he live
beyond the limiting age of the mortality table used), since nV is
the average reserve in hand at any time while the claim to be paid
is 1. Every life assured on the books has to contribute towards
the deficit, and the profit or loss on mortality, as already stated,
depends on how this deficit compares with the contribution.

In the case of an assurance under which no further premiums
are payable, we have

Ae+nO + 0 ~ 9z+n(.^ ~ Ar+n-f-1) + Ar+n+l

Here the reserve value accumulated for a year is equal to the
reserve value at the end of the year, together with a contribution
towards the claims payable.

In the case of an annuity, we have
“x+nQ+O = (1+'Ix+n+1)-?x+n(1+flx+n+l)

This formula was discussed in the notes on Chapter VII., page 120

5. Returning to the equation
(»Vx + lJx)(l + «) = W1 - »+lVx) + »+lVx

we see that
V +P > = < Va xT x n+1 x

according as
(„Vx+Px)«’< = >?x+»(1-n+lVx)

Now, (,^ + P^) is the reserve value immediately after payment
of the («+ l)th premium and b+1V’i the reserve value immediately
before payment of the (n + 2)th premium. Therefore the former
is > = < the latter, according as interest on the reserve is
< = > the current mortality risk.
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It will be found that, unless the policy has been a considerable
number of years in force, (BVX + PI)’ < '/I+n(l '-n+i'rx)j an<^ there­
fore V +P > V. On the other hand, where the policy hasn x x n-f-l x 3 1 J
been a long period in force (nVr + P*)i may exceed 9x.n(l
and therefore V + P < , V , that is the reserve value of then x x n-t-1 x
policy will increase in the course of the year.

In the case of a temporary assurance

Vi- +Pi- > = < V1-n xi| T n+l x<l

according as
( V1- +P1-)i < = > a fl - V’-)'■» xl| T xl|> lx+n\ n+1 xl\'

And it will be found (where t is not very great) that interest on
the reserve is insufficient to provide for the current mortality risk,
and that V1-. + P1-, is greater than .V1-. Indeed V1- alonen xt | xl | 07 n+1 xt | n xt I
frequently exceeds n+1V^- as may be seen from Text Book, page
319, Table C.

In the case of a pure endowment
V".+P1> = < V i-n xt[ xt| n+1 xt)

according as
(nVit| + ^xFj)’ < = > ~ 7I+n x „+iVxf|

But obviously
CYri] + Yrtj)’ > ~ ?x+n X n+l^xfl

since the latter is negative.

Therefore nV,l + P^ < showing that the reserve
value in this class increases in the course of the year.

For the endowment assurance (the summation of the last two)
we have

V - +P - > = < V -» rtlT «| '' n+1 xl|
according as

(nVd] + Pifl)' < = > <lx+n(A “ n+lYrtp

that is, according as the interest on the reserve is < = > the
current mortality risk.
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6. As an illustration of how to ascertain profit or loss from
mortality, let us assume in connection with the example worked
out on page 316 of the Text Book that the actual mortality experi­
enced for the first five years was as shown below, and not according
to the Text Book table, and that the annual premium was '01873.

Age. dX

30 89685 655
31 89030 740
32 88290 700
33 87590 720
34 86S70 750
35 86120 765

etc. etc. etc.

We have first to construct a table, thus :—

Year. Premiums
received.

Vn -v\
as per Text

Book, p. 316.

Survivors
at

end of year.

Fund required
at

end of year.

1 1679’800 •01168 89030 1039’870
2 1667'532 •02364 88290 2087-176
3 1653'672 •03590 87590 3144-481
4 1610'561 •04847 86870 4210-589
5 1627'075 •06133 86120 5281-740

etc. etc. etc. etc. etc.

Then we may find the profit or loss, as follows:—

Year. 1. 2. 3. 4. 5.

Fund at beginning of year .
Premiums received

Interest ....

Claims.....................................

Fund in hand at end of year
Fund required do.

Profit ( + ) or Loss ( - ).

0
1679-800

1039-870
1667’532

2087’176
1653-672

3141-481
1640-561

1210-589
1627-075

1679-800
50-391

2707-402
81*222

3740-848
112-225

4785’042
143’551

5837-664
175-130

1730-194
655

2788-624
740

38*3-073
700

4928-593
720

6012-794
750

1075-194
1039-870

2048-624
2087*176

3153-073
3144-481

4208-593
4210’589

5262-794
5281-740

+ 35'324 -38'552 + 8*592 -1-996 -18’946
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7. By Text Book formula (10)
A , - Ay _ x+n____ X

n x ~ I- A
x

This result may be proved by general reasoning.

Suppose (.r) to enter into such a contract as that described in
Article 60 of Text Book, Chapter VII., under which the amount
payable after deduction of the single premium shall be 1. That
is, if B be the single premium the total sum assured is 1 + B, the
loan on the policy is B, and the interest payable in advance on
this loan is dB. Then B = A*(l + B)

A
whence B = =—L-

The sum assured is therefore . . . ■=---- r-
!"Ax

The single premium, which is also the amount of
the loan, is . . . . . . =—-r-1 - Ax

The yearly interest payable in advance, which is
also the annual premium for the net amount pay- (]t\
able, is .... . ■=----

1 Ax
The net amount payable at death is the sum

1 Aassured, less the loan, that is =---- 7-----=---- S-, or . 1.1 - A I - AX X
Now, after n years the reserve required under

1 Athe above single-premium policy for -—— is . j~ a~

from which deduct the policy loan which the office
must take credit for . . . . . =----L_

X-Ax

A — A
The difference is . . . . . —*+" .—-

!“Ax

which is the reserve required for an annual-premium policy under
which the net amount payable is 1, and which has been n years in
force. That is,
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8. The proof of Text Book, Articles 41 to 43, seems rather
laboured. The matter may be put more shortly.

P' -P'y _. z+n x
“ ' P'x+n + rf

= (Px+n-P)(l + *)

Pz+n(1+K) + c + rf

(P+„-p)(!+-)

(Pl+„ + d)(!+K) + (c-K(/)

V_ ___________n z__________
C— Kd

(Pz+n + 'W+'O

XT , , , . C - KitNow, according as c > = < Kd, the expression ---- +.d)(l

is positive, zero, or negative : and V' < = > V.i ° ’ n z n x

P -P
Or, again, V' = —-----£_

’l 1 P , c + d
x+nTl+K

Therefore V' > = < Vn x n x

p -P p , -P
as —i±»-----? > = < -'+n ■

C + d Px+n + rf
x+u 1 + K

c dthat is, as d > = < -----
1+k

or, finally, as Kd > = < c

9. Text Book, Article 48, is very important, and has a wide
bearing in a consideration of the effect that an increase in the
mortality has on policy-values.

One is apt to assume that merely because one mortality table
exhibits higher rates of mortality than another, the former requires 
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larger reserves than the latter. But it is impossible to argue so
fast; for we sec that, if in the expression

P +d1----- _____
1’ +d

we increase both P and P . , we cannot tell whether thex x-t-n'
whole expression is increased or diminished without more minute
examination.

The same point is seen on examination of the value of Vt
found retrospectively, •

J_rP { ziCi +i)n+zx+i(i+i?-l+ ... + zi+n_1(i +i)}
®+nu k

_ + + d +j(l +i?-S+ . . .

If the rate of mortality as a whole is increased, it is quite true
that P is increased and Z decreased, both tending to increase
V . but at the same time Z etc., are decreased, andn ar x+1' ar-f-2'

dx, dJt+1, etc., proportionally increased, all tending to decrease
\Tx, and the final result may quite well be a lower value for nVx.

Now, as pointed out in Text Book, Article 48, “ If the increase
be proportionally greater at the younger ages, the policy-value
will be diminished, and if the increase be proportionally greater
at the older ages, the policy-value will be augmented.” Also,
Dr T. B. Sprague, in his paper, “ How does an increased mortality
affect policy-values” (J. I. A., xxi. 109), says : “It seems that we
may fairly draw the following conclusions :—

(1) If two tables show the same mortality at young ages and
at higher ages an increasing difference in the rate of mortality,
then the one which shows the higher rate of mortality will require
larger policy-values.

(2) If two tables show the same mortality at high ages, but an
increasing divergence as we proceed to younger ages, then the
table which shows the lower mortality at younger ages will require
larger policy-values.

(3) If two tables, A and B, show the same rate of mortality at
the middle ages, say about 50, but at younger ages the table A
shows the higher mortality and at higher ages the lower mortality,
then table A ■will require the lower policy-values.”

Finally, Dr Sprague tells us that “policy-values do not at all
depend upon the absolute rate of mortality exhibited, but only 
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upon the progression that the rate of mortality exhibits. It is the
table in which the mortality increases the more rapidly, that
requires the larger policy-values.”

10. As shown in Text Book, Article 49.
V' > = < V. x n x

according as
l+«' !+«'-------5 > = < ____ i±2
l+« 1+a Lx x+n

If, then, it be desired to compare the reserves at 3 per cent.
of the Hm experience with those of the O51, a table should be
worked out for each age as follows :—

pjM
Ratio of annuities-due, at 3 Per cent, for comparison of 

policy-values.

Age.
ttM

Ratio ——5

20 •9720
25 •9778
30 •9813
35 ■9S50
40 •9881
45 •9888
50 •9895
55 •9890
60 •9870

Here then Hm V < OM V20 20 20 20

Hua HMa
because

OMa:0 ' O\0

Also Hm V < OM V15 40 16 40

HMa HM.-i
because OMa40 < 0X

But hm20v4O > o\v40

because °\o
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The matter becomes rather more complicated when it is desired
to compare the H11 and HM(6) reserves with the OM.

In this case when n < 5
Hm V >n x = < OM Vn x

M a
according as —>

° OMaX

HMa
— x+n

OMa xx+n

But when n — or > 5,

Hm and Hm(5) V > =n x
= < OM V

n x

HM(5>a 4.»
according as 1--------> =

a®

OMa _
= < 1------ ^±n

OMaX

HMa
that is, as —- > -

OMaX
HM<6>a

_ x+n
OMax+n

Having drawn up a table of the two ratios
HMa
oVX

and
HM<5’a_______ x+n
OMax+n

we can tell, by inspection of the ratios, at what ages at entry and
for what terms the H11 and HM(6) reserves will be greater than,
equal to, or less than the OM reserves.

It is wrong to assume that, because one table or combination of
tables shows larger reserves than another for whole-life policies,
the same relation will hold for endowment assurances. Comparison
must be instituted between an entirely different set of functions,
viz., term annuities. For

V' - > = < V -n xt | n xt |

according as —31 > = < *+n:! -711.
ti] aar+n:e-n|

This is not a merely theoretical point; for as a matter of fact,
while the HM and HM® reserves are greater on the whole than
the OM for whole-life assurances, the reverse is the case for
endowment assurances.

If two mortality tables yield equal policy-values, that is, if
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„V,l = nVj, then the ratio — will be constant for all values of
X

.t, and we may write

1+a'x = I
1 + ax 1 + k

1 1
whence a = —------- 11 1 +k

Then V' = 1 - + " z+n
n x !+«'X

1 4" ax-f-n
_ | _ 1 4- k

1 4- ax
~r+K~

1 4" o ■_ 1 x+n
1+aX

— V as required.n x 1

d
But asain p' = <

° x ’G+<+1)
1 + a
TTk-1

1+K

= Px

which is Text Book formula (29).

The conclusions of Text Book, Articles 59 and 60, may be
proved directly for the rate of mortality, q'x.
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If

K1 + «z+i)

11. In this connection it will be useful to discuss the reserves
required for policies upon lives subject to extra mortality. Extra
mortality will probably occur in one or other of three well-defined
ways.

(1) The extra mortality may be higher than the normal
throughout, the difference being small and slowly increasing at
first, but becoming great in the later years of insurance. We
should expect reserves under such a table to be greater than
those under the normal, as the increase in the mortality is pro­
portionately greater at the older ages.

(2) If the extra mortality is greater than the normal, but by
a constant difference throughout, we should expect the extra
mortality reserves to be less than the normal, since this constant
addition does not allow for the increase in the rates at older ages
being sufficiently great to give equal policy-values.

(3) The difference between the extra rates of mortality and the
normal may be great at first, afterwards diminishing, and finally
disappearing, until the two tables coincide. Here also the reserves 

a constant
not be so

Therefore, on

P'x = Pi

KV

= 1-7L + —x 1 x a
X

, K
7l + <l + ai+1)

The addition to be made to the rate of mortality at age x if
equal policy-values are to be produced is therefore

which increases with an increase in ,r.
Now, if instead of this increasing function we make

addition of r to the rate of mortality, the increase will
rapid as is required to give equal policy-values.
the principles of Text Book, Article 48, the effect of adding a
constant to qx is to diminish policy-values.

Again, if for we substitute - r, the rate of mortality

will be increasing more rapidly in proportion than under the
formula which produces equal policy-values ; and therefore on the
principles of Text Book, Article 48, the effect of deducting a con­
stant from qx is to increase policy-values.
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under the table of extra mortality will be smaller than the normal,
as the increase is proportionately greater at the younger ages.

The effect upon policy-values of an increase in the mortality
under a table graduated by Makeham’s formula, p = A + Be1, may
be considered briefly.

If in this formula the value of A be increased, the result, as
shown on page 232, is equivalent to increasing the rate of interest,
and that, as proved in Text Book, Articles 69 and 70, results in a
lower policy-value. A lower policy-value is therefore the effect of
a constant addition to the force of mortality. If, on the other
hand, B be increased, the effect, as shown on page 233, is to
increase the age, and therefore a higher policy-value will be given.
If A and B be both increased, the ultimate effect cannot be
ascertained without further investigation, as the two increases
operate in opposite directions in their effect on policy-values.

There are two well-known methods of dealing with extra-rated
cases in valuation.

(1) Policies on such lives may be valued at the increased ages
which correspond to the higher rates of premium charged ; that is,
they are treated throughout as normal policies effected at such
increased ages.

(2) The policies may be valued at the true age, precisely like
normal policies of that age, each year’s extra premiums being
assumed to meet that year’s extra claims.

It is interesting to examine the extra rates of mortality which
are assumed to underlie each of these methods.

Suppose (.r) to be a life charged the premium as at age r + r.
Under the first method we then have

Years
Elapsed.

Normal Rate of
Mortality.

Assumed Rate of
Mortality.

Extra Rate of
Mortality.

0 <lx ^x+r ^x+r ^x
1 ^x+t+1 ‘Ix+r+l ~ “Zx+1
2 <Zx+2 ?x+r+2 “Zx+r+2 - ?x+2

i %+t ^x+r+t “Zx+r+f - <ZJ+t
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In examining the second method, we know that for a normal
life

(»Vx + Px)(l+0 = „+1V +<7I+n(1-n+1VI)
while in the case of the extra-rated life under this method

(nVx + PX + R)G + ’) = n+lVc + tf'x+nt1 " n+lVx)

where R is the extra premium, and <]'x+n represents the actual
rate of mortality. That is, the normal reserve plus the ordinary
net premium and extra premium accumulated to the end of the year
are assumed to be sufficient to meet the normal reserve at the end
of the year, and make the necessary contribution towards payment
of the claims actually experienced. Hence

R(i+o =

and (‘I'x+n-'Iz+n) =
n+1 x

= R(l+i)az
ax+n+l

where (7'i+n - <yi+n) represents the extra rate of mortality which
it is desired to ascertain. Since R = P , - P we have

Years
Elapsed. Extra Rate of Mortality.

0 a— (Px+r-Px)(l+‘>x
x+1

1 ^(Px+r-PxXl+’X

x+2

2 T2- (Px+r-Px)(l+i)ax

x+3 :

l
r1- (Px+r-PxW+'X

x+t+1

12. The proof that a decrease in the rate of interest increases
policy-values, and vice versa, which is given in Text Book, Article 
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69, is made to depend on the conclusions of Text Book, Article 59.
Conversely, the proof of Text Book, Article 59, may be shown to
depend on the proposition that an increase in the rate of interest
decreases policy-values as proved in Text Book, Article 70.

Thus, let p be diminished at each age by a constant percentage.
Then a'x = »p'x + v-p'xp'x+1 + • ’ •

= ®ptG -r)+^pX1 - ^Px+iC1 -»•)+• • •

= v'Px + (v'')22Px+ ■ • ’
= «" calculated from the normal mortality table

at rate of interest j, which is such that
, 1 1—r , 1 1 , . .v = •=---- : = -z—-.; whence . and i > t.1+p l+i’ 1+p l + i J

1+a"_ i _ _____x+n
l+a"x'

= V'' calculated from the normaln x
mortality table at rate of interest j.

But since j > i, ,y"x < ,yx calculated at rate i, and therefore
V' < V .n x n x

Hence it is seen that the effect of diminishing px at each age
by a constant percentage is equivalent to using a higher rate of
interest; that is, policy-values are diminished.

By a similar process it may be shown that the effect of
increasing px by a constant percentage is to increase policy-values.

13. The propositions of Text Book, Articles 71 and 72, may be
proved as follows :—

lf ax < “x+l
then VPIG+«l+1)<°l+i

that is, P1 - > Px:l| x+1
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Again, if a < a ,,O y X x+l

Further, if a < a ,,' X x+l

that is,

a
< nS;

a
v-vp > V- =---—lx l+“z

P1 Ti> Px:l| x

Therefore, if a < a , „ ,V is negative.’ z z+1’ 1 z &

1 d > 1 d
1 +ax 1+°z+l

that is P > P ,,x xfl

Finally, ^Vx = ax-ax+1
1 + a

14. Besides the two cases mentioned in Text Book, Article 73,
in which negative policy-values occur, the following may also be
noticed:—

(1) Reversionary Annuity Contracts.
Here we have

Vo t = a , | , - Po | a ,» v|z= y+n|z+n y|x z+n:y+n

_ /ax+n ax+n:y+n _ ax axy\
\ a , a Jz+n:y+n zy '

It has already been pointed out (page 274) that the annual
premium for such a policy may decrease with an increase in the
ages. If this were to happen, the above formula would give a
negative result.

(2) Contingent Insurance, - (.i) against the survivor of (y) and
(s), (s) having died.

Under such conditions
Vi - == A-' _ pi _n x'.yz x+n:y+n x'.yz x+n:y+n

= (P— Pl —)ak x+n:y+n x'.yzJ x+n:y+n
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As pointed out on page 247, if n be small, P*-^;.^ may be less
than P*.jp in which case this value will be negative.

15. Toprove „V<™> = bV (1 +’ZL-1 P«)

V<") = A - P<"‘>a<m>n x x+n x x+n

= A -Pwfa ,
x+n x x+n 2m )

= k _/p +^Lz2p<mYp +<z)L +^rJp(”)
x+n \ x 2m x x ’ yj x+n 2m x

(since P<m> = Px + ^—- P<’n)(Pl + d), see page 196)

= Ax+n - ^x+n + ^P^ * -(Px + ^x+J

= vfi + 2rlp(m)\
” A. 2m 1 J

Again
V<“> = A____ p^aW ___n xr| z+n:r-n| zr| z+n:r-n|

a____ P<T21fa_____ W~V1
z+n:r-n| zr|\ z+n:r-n| 2m \ ®x+n''

= Ax+B:^4Pl71 + ^P^(P^ + <0}ax+n:^| + ^Pl<l-

(since P$ = P-^FW  ̂+ d), see page 198).

= A,+n:^- Pl71ai+B;^ + ^.^{1 - ^-(P17i ^“x+n:^:}

= V »« - 1 p(m) y]_
n xrP 2m lrln irl

Or, better

V{’2> = A____ P<^aW -----n xr\ «4-n:r-n| zr| z-f-n:r-n|

_ a______ p<™)( „_______ m~ 1 (p 1_______ +d)a ____ \
x+n’.r-n\ z+n:r-n| 2m »+*:r"nl ' x+«:r-n|J
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(substituting for its value as found on page 198)

= {p + +

_ A____ P 1____ ■ ,n~ lpO»Vp 1_______P’-Aa ___
x+n:r-n| xr| x+n:r-n| 2m ®rl'> x-f-n:r-n| xrr x+n:r-n|

= V . m ~ 1 p(m) yi_
» Irl 2m 1" xrl

Similarly, VW = V +’-^ PW Vi
n:r x n:rx 2m r x n xr*

16. To find V* (n being an integer and I a fraction).

V •— A — P X I cl
«4-( x x+n+t x l-t | x+»+t

Now la = a -0o I iz s
and la = a -1

>1 v v
Therefore, interpolating by first differences, where k is any

fraction of a year
,1 a = a - k«l y y

ax+n+t ax+n+t

„+.V« = Ax+n+<"Pxax+n+(+Px(1-0

which agrees with Text Book formula (31).

17. To find VW, (t -n+i x ’
n+1V$"’ = AIfn+(-PWaWn+t

= AI+n+,4pl+’^p^(px+4ax+»+<+

= Ax+n+(-Pxax+n+t + ^Pim)<l-(Px + ^ax+n+J

= (Al+n+.-Pxax+n+<)(l+^lp£n>) 

Hence 1(|

and
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which agrees with Text Book formula (36), since

363

»V, + <»+iVz-»V«) = Az+n-Pxax+» + Z(Ax+„+1-PI»l+B+])

-KA+B-Pxar+n)

= Ax+n + <(Ax-t-n+l ~ Ax+»)

-Px{ax+n + Z(ax+n+l-ax+n)}

= A , , — P a , ,.
x+n+t x x4-ji+<

if first differences are taken to be constant.

To find n+(VW, (t = k- +,)

n+l'r = Ax+»+|-PS”Xl-.la£?»+»
m

= A - P(m)( a<m> - — + J
x+n+t x y'z+n-H m )

= A - p(m)a<m) + pc^f- - J
^x+n+t Xx ax+n+l^ x \m J

= Ax+n+1-PKa-n+I-^) + P^-)

= Ax+n+1-{Px + ^ P^(Px + ^}ax+»+1 + ^ PS”

+{p‘+^
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The third and fourth terms of this expression are very small,
and in practice are usually ignored, it being assumed that

VW = V - P ('l - -t A
n+t x n+t x x( nl J

~ Ax+n+l ~ ^xax+n+t + ^x(^ —

It may be noted that where the mthly premiums are instalment
premiums, the third term will not appear in the expression for
the exact value of , and therefore the value used in practice
will in that case be so much nearer the true value.

To obtain + s), we may also proceed by

interpolating between
/ P<“\
\.n+m 1 m ) n+^ x

Pt™> , P0n\
Thus = JVM + -L + s»i( r-+iV<”‘)- itVW—L]”+t x n+- x m T \n+— x «+- x m )

"+S x \n+^r 1 n+™ x ) x \m )

Now, substituting for , and , fc+iV<™> their values as
x ’H—xm vi

found by Text Book formula (36), we have

,¥(•) = fi + ^rlpcmAr V +-( V - V)
lx \ 2wi 1 /L" ® J/I'n+I * n &

+ smf V + ^±1( V - V)- V --( V - V ')l"| + P(’’‘/-
|n z 771 'n+l x n x> n x x n x' f J ~ x

- 0+pr>) {»vx+g+') „ v)}+p«(i _ s)

The quantity H“) is very small, and may be ignored;

and Px may be substituted for PW in the second term. If
these alterations be made the expression ■will agree with Text Book
formula (38).

18. To find Vn+t xr |

y i an+t zr| x+n+t:r-n-t| xr| 1 —1| x+n+t:r-n-ll
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Now I a = a —— - 001 t/m) y:m-f-0|

, I a = a —— - 11| j/m| y:m+l|

Hence interpolating by first differences, where k is any fraction
of a year

K

an^ l-t|ax+n+t:r-n-l| ~ az+n+i:r-n-(| " 0

V  = A P —a  4- P —fl - /In+t xr| x+n+t:r-n-t| xr j x+n+t:r-n-t[ ~ xr)'* '

Or following the method of Text Book, Article 78, we have
,+1V = »Vz7i + + M1 " 0

The two formulas are identical, since
nVx7j + Z(n+lVxFi“nV^

= Ar+n: r-n| “* ^xr^x+n: r-n| ^(^x+n+1: r-n-lj ^xr | ax+n+l: r-n-ip

~ (^x+n:r-nj ~ ^xr~l&x+n:r-nl^

^x+n: r - n| ^^x+n+1: r-n -11 ^x4-n: r -np

” ^xr’i^ax+n:r-n| ^(ax4-n+l:r-n-l| ax+n:r-np^

— A ______  — P — n __*x+n+t:r-n-l\ xr| x+n+t :r~n-t|

19. To find ...V®, (l = - +
»+‘ xrl \ m /

n+.v$ = Az+n+n^-^xl-.|a^+n^

= Az+n+n^^-PS|(ax’+n+<:r^T|_-^-+J)

____  _p(”!>fa______ a _____ fP—________+ d) —
x-}-n+t:r-n-t| xr| x+n-f-t:r-n ~t| x+»+t:r-n-tp x+n+tir-n-t| ' 9
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y(m> 
n+l xr | ax4-n+t:r-n -t|

+ 2m P"l^P.+n+‘:.-n-<| + (^',,*+s+<:.-«-<|

+{p«+!£rpSi«d+'i>){<1
— A______ P — a _____z+n+t:r-n-t| xr| x+n+t:r-u -t|

__IpOn) f ( p 1_______PL-1)-\+n+(:^+ P^1 -0- P’^1 - -
2m *rlV x+n+t :r-n-t\

= v p -fi - ___Ip^-f v>____pi_fi _ LhJAl
"+« xr| zr |y m 2m xr|\n+l zr| ‘zr|^ }J

+d’±zjp<™y±_ A
2m lrl\w« )

The third and fourth terms of this expression are very small,
and in practice it may be taken that

V<"1 - V__ p _/i _ tl
n+i xrl n+l zr| zr|l m

^z+n+t:r-n-1| Pzr|az+n+l:r-n-i|

As was the case for whole-life assurances, the third term in the
exact expression entirely disappears when the premiums receivable
are instalment premiums, and accordingly the approximate expres­
sion is in these circumstances so much nearer exactitude.

20. To find , Vn+t’.r x

V = A - P X I a n+t:r x x+n+t r x 1-t | x+n+t :r-n-l[

■\+n+l rPzaz+n+l:r-n-l| + rPz(^ Z)
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21. To find VW, fz = * + A
x W2 /

n+f.rV^ = Ax+n+1-rP^)(a&,n+1:^i-^+J)

~ Ax+n+t ~ |rPx + ~2^TrPx”‘>(I’lri + J'X+n-H

+ 2m ’■Px™)( Px+n+i :r-n-t|+fOax+n+l:r-n-l|

- {A+ v} {C1 - 0 - ^)}

= Ax+„+I - rPxax+n+<:^ + A(1 - 0 - A(1 -

+ rPH(P^‘ :^i - P^ax+n+I:^i + Pin(l - 0 ~ P^.(l " ^)}

+ (/^Lzl iWl-,')
2m r x \m )

= V - P fl - + 1 P(m)f yi__ pi /1 _
n+t:r X r x\^ m J 2m r 1 V‘+‘ ir| Ir|\ ’» J)

+d^zlrpwfl -/)
2m r x \m /

The third and fourth terms are again very small and may be
ignored, and we shall have

V(m) = v _ p fl _ i±2\
n+l:r x n+l:r’x r m )

Ax4-n-H — rPxax+n+l:r-n-I|-^rPx^

22. In practice, however, these expressions for limited-payment
policies are inadmissible, as explained in Text Book, Articles 115
to 119 ; and we may modify Text Book formula (55) as follows:—

n+Ilr^x — An-n+t —TPx(^ C)l-t |ax+n+l:r-n-l|

+ {P'I(l-c)-PJI.t|ai+n+,

»nd n+(:rU« = B+1:rU -rp'x(l ~
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The formulas given in sections 15 to 22 were deduced by
Mr J. J. M'Lauchlan (Trans. Act. Soc. Edin., Vol. II., No. 12).

23. To find the reserve after n years of a pure endowment
payable at age (x + t"), with return of premiums in the event of
previous death.

By the prospective method

+ Rz+n Rj+t

®x+n

D Lx+n

N -Nx+n-l x i+t-l

By the retrospective method, the premiums returned at the
end of each year accumulated to the end of n years, for I policies
taken out, amount to

{<1 + «) + c}{d/l + 2di+1(l +»)”-* + 3dl+2(l +i)»-3+ • • •

+ ndx+n-Y.

{ir(l + k) + c}
C +2C+1+3Cj+s +

vx+n
+I 1x+n-1

{<! + «) + <>}
R - R - Lx g-|-n_______ z-f-n

vx+n

Dividing this result by the number of survivors after n years
we have

R - R -«M
{<1 + k) + c} —------

■x+n

The reserve by the retrospective method is therefore

Dx+n

v = ~ Nx+n-r)- {-a + Rz+n - nMx+J
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The two expressions are identical, for

- Hl + kHc|(R,- R+„-
I\+n

= IT- - Nx+(-l - C1 +K)(Rx- Rx+( - ^+1)}
X-f-71

-lD l#+c(R -R .J}1 x+t \ X X-t-t x+t-'i

+ Dx+I + Hl + *•■) + c} («Mx+„ + RI+n - Rx+( - <MI+()

-(N

D J_,
= £±1+^(1 + k) + c}

z+n

"Mx+n+Rx+n-Rx+.-/Mx+t

^x+n

^x+n-1 Nx+,-l

Dx+n

since
________ Dx+, + C(Rx-Rx+t-<Mx+l)

N.^-N^-x-Cl + ^CR.-R^-^)

As explained on page 318 the premium for this benefit is
usually calculated without taking any account of the element of
mortality. The premium charged would therefore be

p _ 1 v1
“ " (1 + 1>,-| °r

with a suitable loading for expenses.

The reserve accordingly might be taken as the net premiums
accumulated at rate i to the date of valuation.

pn(1+‘Xi = §

24. To find the reserve under a similar policy with the addition
that simple interest at ratey is to be returned with the premiums
in event of death before age (a- + Z).

2a
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Prospectively, the reserve is
D ».M , + R , - R , - IM ,,*+< 4. 4. m'14-M J+n x+n x+‘ x+‘

N - N_ i+n-l x+t— 1
‘ Dz+n

The third term here is made up of the liability for return of
interest on past premiums and that on future premiums. The
former is equal to

- Mx+<) + - Rx+( - G -
>'------------------------------- jy----------------------------------

x+n
n(n + l') w(2Z —n + 1)

Mx+n + "(Rl+„ - R +1) - —2------ - Mx+«
- >' D

x+n

x+n

Mx+»+«Rx+»+-Rx+?l-2Rx+(- <RI+(- Mx+t
+j {" (! + *) + c} rj

x+n

And the latter is equal to
SR - SR - (z - n)R - (<-")G -» + 1) M

x+n x+t \ J x+t 2 x+<
J~ —-Q

x+n
Together, as above,

. , M.+n + »R,+tt + 2R +n - SR +(- *Rl+t - Mi+i

The reserve found retrospectively is

D— [<Nx-i - Nx+„-i) - k(l + «) + c}(Rx - R+n - «Mi+n)
x+n

-y{ir(l +k) + c} (SR -SR - „R - M ’lla 1 K z > I x x+n x+n 2 x+nj J
The two formulas may easily be proved to be identical if the

value of a- as found on page 309 be remembered.

25. To find the reserve under a similar policy except that the
premiums are to be returned with compound interest at rate j in
the event of death before age (.r + /).
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Prospectively, the reserve is
2s±£ + {<1 + K) + c} _L {(i +?>-(Mi+b - Mi+() + (1 - Mx+1)

x+n x+n

+ (l+y)^(Mi+n+1-Mi+()+. ■ • +(I+y)t(Ml+1.1-Ml+()}
- 77 (1 + «x+n.

And retrospectively

* x-i x+.-i _ {<1 + k) + c} {(1 +>)(m - Mi+n)
x+n ^x+n

+(i+ym+1-MI+il)+- • • +(i+»n(Mi+B_1-MJ+n)}
These two should be proved equal, given the value of tt as

found on page 310.

since

____ ]_
~ D ,

MV, - (1 + *)(R - R +1 - - Mx+( -C(RX- RI+1 - /MI+1)

+ Ml+( + <1 + «)(«Ml+n + Ri+b - Rx+1 - /MI+1)
+ c(nMI+„ + Rz+n - Rl+( ~ Z^x+i) ~ ~\+n - J

[Ml+[ + {<! + «) + c}(nMx+n+ R+B- RI+I N

^+( + c(R,-R*+,-'Mz+1)
Ni_1-(1+k)(Rj-Rx+1-zMx+()

26. To find the value after n years of an assurance deferred t
years, premiums payable throughout life but returnable in the
event of death within t years.

Three cases arise, viz., n < = > I.
(1) « < I.
Prospectively, the reserve is

M ,, »M + R - R - ttNx-H i f_/1 i .A . -I *+n *+n r+i z+l x+n-1D— +i“(1 + ''J + c)---------- 2-------------------------- D------
x+n x+n x4-n

Retrospectively
tt(n , - n ;' x-1 x-f-n-1- Rx ~ Rx+n ~ ”^x+n

®x+n

Now these two expressions are identical, for

[<Nx-! - Nx+»-r) - {<1 + «) + 4(R - R+B - "M + J]
x+n

1
" Dx+n
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(2) n = t.
M J_, N ,

Prospectively -,<x+ - ?r —
x+< x+l

Retrospectively
N . - N R - R - ZM

7T - s-1 I+‘~1 - {tt(1 + k) + c} -i-----
x+f x+t

which may easily be proved identical.

These two expressions also may easily be proved identical.

(3) n > t.
M N ,

Prospectively x+n x+n-1
D " Dx+n x4-n

Retrospectively
N -r-Nx+n-r

" D Xx+n

R - R - tNf , M - M L
{<1 + «) + c}

x+n x+n

We have seen that when n = l, the reserve which the office
must have in hand is A , --a ,.. This has to be provided out
of the premiums received, and the mortality up to age (.r + f) may
be ignored, as the premiums are returned in the event of death
previous to that age. We may therefore find at what rate of
interest the premium calculated by the exact formula will amount
in t years certain to this amount. That is, find j such that

17 (1 +j' )*fj (j) ~ -\+( - ir a.x+t
The reserve, when n < t, may then be taken as ~(1

27. To find the value of a similar deferred assurance, but with
the condition that during the t years the premiums shall be paid
only so long as another life (y) survives.

(1) When n < I.
(a) still alive, occurring in p I , cases out of / , .X. 7 3 O nly x_|_n x-l-n

Prospectively
M 1

+ (1 + K) + c} {(„ + i)(Mi+u- Mx+1) +Py+n(Mi+n+1 - Mx+() + • • •
x+n x+n

/N - N N \
+ t-n-11 y+n\ x+t-l x+t'i k D D )' x+n:y+n «+»
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R -R -»iMx x+m_____ :
D

R - 11 _ „Mx x+n____ .
D ,

Retrospectively

---- D7
(6) If (jj) died after m payments had been made, occurring

in ( , p - p ) I , cases out of Iy y' x+n

Prospectively
M J_,

z+n

Retrospectively
N , - N , ,. g-1 x+ni-1

^z+n

M , - Mx+n :
D DZ+„

Prospectively

Prospectively

z+n

Retrospectively
N _,-N

Mz+<

»* ,-lMz+n CaSeS 0Ut

Rz-Rz+.-'Mz+I

DZ+.

payments, occurring in

(2) When n = I.

(a) If (y) lived (Z-l) years, occurring in (1p Zi+( cases out
of Iz + t

(6) If (y) died after m ( < Z]
( p - p )/ ,. cases out of I,,.Mn-V y y' z+t z+<

Nz+.-
Dz+<

Retrospectively
N , - N ,5r z-I z±£zI_W1+K) + c}

R-- Rr+rn-m^

Mz+. Nz+(-I

Dz+I" °z+1

---------- _ Hl + K) + c} -i-
■^z+l

(3) When n > I.

(a) If (y) lived (I -1) years, occurring
of r .x+n

M N
Prospectively —-

ux+n
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Retrospectively
 Mx+1~Mz+n

■^z+n

(6) If (y) died after m (< Z) payments, occurring in
( , , cases out of Z , .Mn-V y mry' x+n x+n

ftl N u ,
Prospectively -ir *+'*~1

*x+n ^x+n

Retrospectively
N , - N , , N, ,-N ,x-1 x+m-1 , x+t-1 x+n-1

D Dx+n x+n

Rz - Rz+„. - wMz+I Mz+i - Mz+n

Dz+n Dz+n
- {ir(l + k) + c}

28. The reserves for limited-payment policies, endowment
assurances, and temporary assurances have already been given,
both by the retrospective and prospective methods, and the values
of each by the two methods are equal.

The three classes may be looked at together in the following
manner:—

A — P 1 __x+n t x x+n:t-n|

N
A -,Pax +,Px+n t x x+n I x jj

x+n
A P - a 

x+n: t - n| xt | x+n: t - n |

<ZN u ,
A + _- P  a 4- Px+n+ T) 1 zl| x+n + 1 zl I

x+n

NZ+I-I

Dz+„

A+n Rz<|az+n +
(RzZi +„1

Dz+n

A-l______ P!-a ___x+n:t-n| xt| x+n:t-n|

M N d
= A----- - P1- a + P1-z+n ]) 1zl| z+nT1zl| 1)

x+n ;

(pin - p z.,)N
_ A - P1- a + k x‘l X+,J ■

x+n xt | x+n ~
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In each of these expressions the first two terms are of the
general form A., - Pa.P alone varying with the nature of the0 x+n x+n' J 0

N
benefit. The third term has -jyt— constant with a varying

*x+n
coefficient. This coefficient consists of two parts, the first of
which shows the correction to be made on the second term for the
value of the premium, and the second the correction to be made
on the first term for the value of the sum assured. Thus in the
case of temporary assurances, no premium will be received after
age.r + Z, and therefore the value of all premiums after that age
must be added to the liability; further, no claims will be paid
after that age, and therefore the value of a premium starting
then which shall be sufficient to meet all these must be deducted.

29. These formulas may also be worked into the following
forms:—

N
V = A -Pa + P l+(~-:i x x+n I x x+n~ I x

x+n
p „ . GPI-Pz)\-l-(P(^-1-Nx+I.l)+Pz\-1

= Az+» - ? xaz+n +--------------------------------------5

since A^x-r-Nx+i-i) = Mx = PxNx-i

V— =A -P-an <rt| x+n xt| x+n~ £)
x+n

~ \+n Pxi| az+n

(p«| - Px)Nx-I - W-l - + rfNx+<-I + PA->

+ ——Di+n

since P^N - dN = M,- Mj+( + Di+(-dN

= Mx - ®Nl+,+ Nj+1 + Nl+i- Ni+( - dNi+t_j

M = PN
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V'- = A - Pi- a + (P*r| ~Px+i)Nx+<-i
n xt | x4-n xt | x+n F)

x+n

= A - P1- ax+n xt | x+n

, (P'i| - Px)Nx-i - W-l ~ Nx+1-1) + PxNx-l - Px+A+«-l

Dx+,.

since Pin(N , - N\, ,) = M - M J_. = P N - P,, N ,, .xt|v x-1 x+t-1' x x-f-t x x-1 x+t x+t-1

Here each expression is of a perfectly general form indepen­
dent of the value of t, except in so far as I determines the value of

(P-P)N .
the premium for the benefit, A , - Pa , 4------- , where* ’ X + 7> X-f-71 T) ’

x+n
P alone varies, being the premium for the particular benefit under
consideration.

30. The reserves for policies under many special schemes may
be simply found by remembering the method by which the
annual premium was calculated. For example :

(a) To find the value after n years of a whole-life policy to
(a-), under which interest at rate j is to be guaranteed on the sum
assured for I years after the death of (x), and thereafter the sum
assured is to be payable, the office assuming rate of interest i in
its calculations. It will be remembered (see page 148) that the
annual premium for this benefit is

Therefore the reserve will be

n xl ' t|(4)>

(6) To find the value after n years of a whole-life policy, under
which the sum assured is to be payable in t equal annual instal­
ments, the first at the end of the year of death of (x). The
annual premium for this benefit (see page 147) is

Px^
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and therefore the reserve will be

31. To find the value after n years of a policy for the whole of
life under which the premium is P for the first I years, and there­
after is 2P.

(1) When n< t, the value is

Az+n - P(ax+n + t~n | “z+n) Prospectively

P(N ,-N )
---- ----------~Retrospectively

and these two are equal.

(2) When n = or > t, the value is
Ax+n ~ 2Paz+n Prospectively

P(N , + N -2N )-(M - M )
- Retrospectively

which are also equal.

32. To find the value after n years of an endowment assurance
policy payable at the end of t years or previous death under which
the premium is to be P for the first r years and thereafter 2P.

(1) n < r.
Prospectively

Az+n:t-n] P(az+n:t-n| r-n Iaz+n:t-r |)

Retrospectively
P(N.-l-Nz+n-!)-(Mz-Mz+J

Dx+n
(2) n = or > r.

Prospectively
A . ;--- ; - 2Pa , ---- ;r+n:t-n| x+n:t-n|

Retrospectively
P(N + N - 2N ,) - (M - M , )x-1 x+r-1______x-j-n-1' ' x

D
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Again in each case the reserves by the two methods may be
proved equal.

33. To find the value after n years of a policy subject to a
contingent debt should (.?) die within t years.'

(a) Where the debt is X for the whole period of t years.

Assuming that (.r) is rated up r years, we have

(1) When n < I.

Ml+r+n(l-X) + XMi+r+,
T) >l X X+1’4-71

®4-7'4-71

(2) When n = or > t.
A. 7T ax+r+n x x4-i’4-7*

(6) Where the debt is /X for the first year, and decreases by
X per annum for I years, we have

(1) When n < t.

Ml+r+n{l - (/ - »)X} + X(Rl+r+n+1 - Rl+r+(+1)
D x x-f-r4-n

x4-r+n

(2) When n = or > t,

A — 7T ax4-T4-n x x+r+n

34. To find the value of a double-endowment assurance policy,
2 being payable if (.r) live t years, or 1 if he die before that.

V = V - + V 1n u| » a|

_ V-+A 1 P1 i __
n z(| z+n:i-n| zi| x+n:t-n\

= V - + A -1-_ A 1 ar+n-:‘r»l-
n xt| x4-n:t-7i| xt\ a _

III

= V  i A 1  A 1 n - V  >
n xt| ”r a;4-n:t-7i| n xt\'

Similarly, to find the value of a half-endowment assurance
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policy, 1 being payable if (ar) live I years, or 2 if he die before
that.

V = 2„V«, -nV^

35. To find the value after n years of an annuity deferred "t
years which was purchased by single payment.

(1) n < I.

Prospectively

Retrospectively
t-n| x+n

Zxxi|a»(1+On _ 

l Dx+n x+n

The two expressions are equal, for
,|«D N D Ntlx X _ x+t X _ X+
T) d “ D .x+n x x+n x+i

(2) n = or > t.

Prospectively

Retrospectively
Nx+I-Nr+»

Dx+n

Again

36. To find the value of a similar annuity with the condition
that the premium is to be returned if (j) die within the t years.

(1) n < t.
Prospectively

I ci + {Afl + k] + cl A—1— -—[<-n| x+n 1 I \ J » x+n:t-nl

Retrospectively
AD

-{A(l + k) + c}
M - Mx r+n

Dx+n
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But the latter is equal to

D [A{Dx-(1 + k)(Mx- Mi+„)}-C(Mx- Mi+n)]
x+n

= UL-[A{DI-(1 + K)(MI- Mt+1)}-{N+1 + C(MX- Mx+()}

x+n

+ Nl+1 + {A(l + K) + c}(Mx+n-Mx+()]

N J_, M -M , N ,+rfM-MJ

= t-»|ax+» + {A(l + K) + c} AiT7i:rrs]

37. To find the value at the end of n years of an assurance
with a uniform reversionary bonus of b per annum declared every
five years, an interim bonus of b' being granted in respect of
each premium paid since the date of last investigation should the
life die within a quinquennium, assuming n to be a multiple.of .5.

Whole-Life Policy.

J_[(l +«6)Mx+n+56(Mx+n+5 + Mx+n+lo + . ■ • )
x+n

+ b' { Rl+n “ 5 (Mz+n+6 + MI+n+10 + ••’)}] “ ™l+„

(2) n = or > t.

Prospectively aj+n

Retrospectively
D M - M ,, N -N

A- {A(1 + k) + c}_* *+« - _*+»
x+n x+n x+n

But the latter is equal to

5^[A{Dx - (1 + K)(Mx - Mx+1)} - C(Mx - Mx+() - (N+( - N +n)]
x+n

= D^[A{ DX - (1 + «)(MX - Mx+1)} - {N+t + C(MX - Mx+()} + N+„]

= ^±n
JJ ,x+n

= a ,x+n
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it having the value found for the premium for this benefit on
page 302.

When b' = b, we have
(l+n6)M +6RV J x+n x+n
—DT--------------------^x+n

x+»

ir having its appropriate value.

Endowment Assurance, maturing at age (+ + /).

+ «6)(Mi+n - Mi+( + D+<) + 56(Mi+n+6 + Ml+n+10 + ■ • • + Ml+1)
x+n

+ (Z-n)6(Di+( - Ml+1) + 6'{(RI+n- Ri+1)-5(Mi+„+6

+ Mz+n+10+'-- +Mx+<)}]-’rax+n:i^i

When b' = b, we have

n^-Kl + +n - Ml+< + DJ+1) + b{ Ri+n - Ri+, + (/ - «)(Di+, - M1+I)}]
x+n

,rax+n:(-n|

7T in these two formulas will have different values as found for the
two benefits on page 303.

38. To find the value of an assurance with a compound rever­
sionary bonus on similar conditions.

Whole-Life Policy.

1(1 + 5b/{ (Ml+n - Mi+b+6) + (1 + 56)(Mi+n+6 - Mi+n+]0) + •..
^x-f-n

+ 6'(Rl+n - Rx+n+S - 5Mx+n+6) + 6'd + 5*)(Ri+b+S ~ R +«+10 " 5Mz+.+Io)

+ •••

If b' =b,

jj— (1 + 56)M Mx+n + 6(l{x+n “ Rx+n+6) + 6d + 56)(Rx+n+5 “ Rx+»+lo)

+ 6(l + 56XRi+n+10-Rl+n+16) + - • • al+B

ir will have a value appropriate to the benefit as indicated on
page 304.
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Endowment Assurance.

D—(1 + 5 W*x+„ - Mi+b+6) + (1 + 56)(Mi+b+6 - Mx+n+10) + . ..
x+n

t —n-5 t-n
+ (1 + 56)~(Mi+,_6- Mi+() + (1 +56)—Di+,

+ 6'(R+„ - R+n+6 - 5Mx+n+6) + 6'(1 + 56)(Rx+n+5 - Ri+b+10 - 5Mi+n+10)

+ ... + 6'(1 + 56)— (Ri+(.6 - Rl+( - 5Mi+,)} -

If 6'= 6,

_2_(1 + 56)V{ Mi+b+ 6(R +n - R +b+6) + 6(1 + 56)(Ri+b+5 - Rx+„+10) + ■ • •
*x+n

+ 6(1 + 56)^(Rx+<_6 - Rx+1) + (1 + 56)^(Dx+J - Mx+()} -

The values of tt are indicated on page 305.

39. To find the reserve under a Discounted-Bonus or Minimum-
Premium policy.

(a) Cash Bonus.
It was found on page 306 that the deduction from the ordinary

premium for a discounted bonus of k per annum of the premium
N „

was /.P' Therefore in finding the reserve of this class of1 N , °z-1
policy, we must add to the ordinary reserve for a full profit policy,
to allow for this decrease in future premiums; but we must also
make a deduction from the liability, in respect of future bonuses
at this rate which will not be payable. That is

N D +D + . . •
V' = V +Z.-P' - 56 P' x+,‘+5 *+"+™---------n x nx z K z-J-n z T)

z-1 x+n

N N
= V +A-P' =^±-2a -AF k/+w+2an x z K z+n z NJ x+n

z-1 z+n-1

= V +Z-P' - N*+n+^a
" 1 An,.. nx+b_J

V being the reserve for a full profit policy.n x °
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(6) Uniform Reversionary Bonus.
The deduction from the ordinary premium was found to

Rx
be 6^. 1 . An addition and deduction must be made as above

x-1
explained, and we shall have

R RV' = V __ — a _/>_£+?n x n x M x+n £)
x-1 x+n

(c) Compound Reversionary Bonus.

The deduction from the ordinary premium is

xR, - R+5)++s^)(R+5 - r+10)+h*+50;(r+10 - r+15)+-
-\-r

The reserve accordingly will be

v, = v , &(Rz-Rz+6)+&g + 56XR+5-R+1o)+--„
n x n x "" NT x+n

x-1
__ ^x+n+5) + 6(I+56)(R+n+6-R+n+10) + -

®z+n

~ v _ f*(Rz+» - RJ+n+s)+*(! + 5&XRi+b+5 - R,+„■>,<>)+-
” 1 t Nz+n-l

HR,-Rl+5) + *(i + 56XR+5-RI+10)+••■]„
Nx-! l+“

40. The subject of surrender-values does not fall to be
discussed, but it may be remarked that a surrender-value is as a
rule granted only where a benefit is certainly payable, as under
whole-life assurances, endowment assurances, joint-life assur­
ances, etc. It is customary to allow no surrender-value where the
benefit is only contingent, c.g., temporary insurances, where the
sum assured is payable only should the life die within the term,
a contingency which may or may not happen ; contingent insurance,
(.r) against ( y), where the sum assured is payable only should (.r)
die before (y), which may or may not happen.



384 ACTUARIAL THEORY [chap, xviii.

In the case of a pure endowment with return of the premiums
in the event of previous death, a surrender-value is given,
since a benefit is paid whatever happens ; but where it is a pure
endowment without return, usually no surrender-value is paid, as
the benefit is then contingent on survivance.

In the case of the double-endowment assurance, the method
by which the surrender-value is calculated requires special con­
sideration, since it must not be overlooked that only half the
benefit is certainly payable, the other half being contingent on
survivance.

41. The principles of Text Book, Articles 122 and 123, on which
formulas (56) and (57) are founded, may be stated generally so as
to apply to any kind of benefit.

First, let W be the amount of paid-up policy to be granted.
Then the value of a benefit of W must equal the value of the policy.

Second, the paid-up policy must equal the sum originally
secured less that proportion of it which the future premiums
will cover.

In the case of a whole-life assurance, we have
(1) WA , = V' •' z+n n x

p
(2) W = 1-p^-

«4-n
N

Similarly for a deferred annuity-due, where P — ■.------

we have
N N PfN - N 1w x + e-i _ x+i-i < x+u-i x+t-rt

' ' D Dx+n x+n
P

(2) W = 1---------- ^5--------------
x+l-l

^x+n-1 ~ \+i-l

For a reversionary annuity, where P = we have

0) W (“z+n - “x+nrv+n) = (“x+n " ax+n:s+n) " P(X + “z+mv+n)

P
(2) W = 1--------------------------v ' a , — a ,z-j-n i/4-7i

1 + a ,r+n:y+n
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42. To find the paid-up policy to be issued after n years in lieu
of a pure endowment policy payable at the end of t years with
return of premiums in event of previous death.

The value of the present contract is
w(N ,-N ,n ,)-w'(R -Rx -«M x )v z-1 z-f-H-l-' x x r+n z+n'

D xx+n

Now, the n premiums paid are to be returned in event of death
before age x + t under the paid-up policy as under the original
contract, and therefore we shall write

wD+1.-'(M+b-M+1) _ -(N^-N^.^-irXR -R+n-«Mi+n)
Dx+» »+. D +„

ir(N ,-N ,)-r'(R-Ri -nM ,)whence W = I~1----- *+"-!< *___ £+»-------
x-h

43. Under a last-survivor assurance three cases arise in finding
the paid-up policy.

(1) (.r) and (3/) both alive.
W A—---- -- = A—--------- P—a—------—x+n'.y+n x+n-.y+n xy x+n:y-f-n

P-
or W = 1--—S'—

x+n:y+n

(2) (.r) dead.
W A , = A -P-a xy+» y+» xy y-f-n

P-
or W = 1-p^-

y+n

(3) (y) dead.
WAx+n = Ax+»-P^x+»

P-
or W = 1-p-^

x+n

44. It is a common practice for offices to guarantee paid-up
policies under limited-payment whole-life assurances and endow­
ment assurances, the amount of each paid-up policy bearing the
same proportion to the original sum assured as the number of
premiums paid bears to the whole number payable.

2b
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It sometimes happens however that the value of the guaranteed
benefit exceeds the value of the original policy, and the conditions
may be investigated.

Under the whole-life assurance by limited payments, where t
premiums were originally payable and n have been paid, the

amount of paid-up policy is Assuming the life to be still

select, we have

n a — a P~A(x-H>) > ~ < A[z+nj-i1lx]a[x+n]:i^r|

according as
tPWa[x+7H:l~| > = < fl - -f)A[x+n]

or according as

> < (1 I \-»P[x+n]

The following figures based on the O[M] Table at 3 per cent.
illustrate the point:—

Similarly, in the case of the endowment assurance

Age at
Entry.

w

Original
Number

of
Payments

W

lt-»P[x+n] when « =

5 10 15

30 20 2-639 2-670 2-693 2-702
40 15 3’953 3'975 3-965
50 15 4-963 4-920 4-781
60 10 8-271 7-859 ...

yA[x+n]:l-n| > = < A[I+n]:iTn'| — ”[x]7ia[x+n]:

according as

^M<l > < t JP[x+n]:t-n|

In the endowment assurance of practice the right-hand side is
always the greater, and therefore the value of the guaranteed
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benefit is always less than the value of the original contract. The
following figures are on the same basis as before.

Age at
Entry.

w

Endow­
ment
Term.

w
Pt*li|

lP(x+n]:l^ii whcn » =

5 10 15

30 20 4’031 4*223 4*428 4*651
40 15 5*725 5*973 6-234
50 15 6’107 6-253 6-367
60 j.u 9-783 9-743

45. To convert a whole-life policy, effected by annual premiums
n years ago at age x, into an endowment assurance payable at age
(x + n + /), or previous death.

Let the future yearly premium be P. Now the present value
of the benefit as altered less the value of the future premiums
must be equal to the reserve held by the office. That is,

A --Pa = Vx4-n:l| x-f-n:t] n x

A _ _ p ____ n — —Pa _ P „ , n _ — V
x+n:t| x:n+t| x+n:t| x+n:t\ T x:n-H| x4-n:q n x
V_____Pi ___l p ___ n _ = V

n x:n+l\ x+n:tp x:n+«| x+n:t| n x

v Vj n n x:n-HI n x , -nand P = ----- - ----- - ---- + Pi:5Tii
*+»:<!

Thus the future premium required is equal to the endowment
assurance premium at the original age, together with the difference
between the reserve required for the same endowment assurance if
effected at the outset and the actual reserve in hand spread over
the future duration of the policy.

Now nVx:»+q
Px:^(Nx-l-Nx+n-l)-(Mx-Mx+J

Dx+n

P’x+n

Therefore nVi;—
(Px:^-Px)(Nx-l-Nx+n-l)

Dx+n
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and this is the lump sum to be paid to the office if the future
premium is to be Px_—j-^, the premium for an endowment assurance
at the original age at entry.

It is frequently suggested that it would be an equitable
arrangement merely to pay the difference between the premiums
accumulated at compound interest, or

(P -T71-P )(!+’>-;

N , “N 4. !But this is insufficient, since —x ‘—1 -■1 > (1 4-aj.v—, as shownD ' ' »rz+n
on page 295.

The following case will illustrate the absurdity of the sugges­
tion. Suppose an office

(1) Permits its whole-life policy-holders to alter to endowment
assurance on paying up merely the difference in premiums
accumulated at interest, and

(2) Permits its endowment assurance policy-holders to pay
only the whole-life premiums, the difference between the
premiums being allowed to accumulate as a debt against the
policy, which will be deducted from the sum assured on payment
either at maturity or at previous death.

No policies will be taken out under the second scheme, for
under the former just as good a benefit is secured for the same
premium, with the additional advantage that the accumulated
difference in the premiums will be deducted only at maturity and
not at previous death. To put the two classes on an equality,
the amount to be charged at the end of m years in the first
scheme should be altered to

N - N(P - - P ) *-l x+m-1
rm| x' J)

x+in

Another illustration of the same absurdity may be given.
Suppose the assumed conditions to apply to all classes of assurance.
The life assured would then be well advised to take out a
temporary assurance which will give him the sum assured in the
event of death during the term at the lowest premium. Then at
the end of the term, if he survives, he alters to endowment
assurance, and pays the accumulated difference

(P -- Pi_)(l +!>_, = P i (1 +i)jv. rm| ' m| xmp z wi|

and he should immediately receive 1, which is clearly wrong.
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The correct amount to be paid by him is

N -N , N -N
fp____pi ) *-l x+m-1 _ p 1 x-1 z+m-1
' zm] xm'/ £) xm| fj

a:+’n x+m
= 1

Thus he provides the payment of 1, which has to be made to him.

From the formula given on page 387, we have

From this expression we observe that the future premium to be
paid is the endowment assurance premium at the present age,
less the reserve value of the existing policy spread over the future
premiums.

Again, we may argue as follows :—As no premiums are to be
received after age (,r + „ + /), and as the office will lose the interest
in advance after that age on the assurance of 1 which will then be
payable, the total loss to the office is

(Px + <0-t 

= (Pz + (Z)(ax+n-ax+»:<i)

_  az+n ax+»:<|

a*

Spreading this loss over the future premiums and adding the
result to the present premium, we have

a — a . np _ p + x+n x+n;<|
x a x a ,x x+n: 11

Now let the premium to be paid remain at Px; to find the
altered sum assured, S.
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We have
SA x r, - P a = Vx4-n:t| x z-f-n:t| n x

V + P a x ng _ n x x z4-n:t|
■^z4-7i:F,

V P_ n x . x
— A — P -z+n:t| z+n:t|

which may be explained by general reasoning. A^^.j-j is the

single premium at the present age for a sum assured of 1 payable

at age x + n + Z or previous death. Therefore V is the single
V

premium for a sum assured of .n x . Also P..„.r, is thei A — x+n.t\
x+n:t\

annual premium for a similar assurance of 1, and therefore P is
P

the annual premium for a sum assured of p—-—. Together
x+n:t]

these two sums make the total sum assured under the policy as
altered.

46. It is sometimes desired to apply the bonus on a whole-life
policy so as to limit the future premiums or to alter the policy into
an endowment assurance.

Mr Manly has put forward the following formulas in answer
to this problem, and has also supplied tables to facilitate their
application in practice.

If the future premiums are to be limited, let xp x3, x3, etc.,
be the ages of the life assured at the successive periods of division
of profits; 7/j, yv y3, etc., the ages, at and after which the pre­
miums are to cease; and Bp B3, etc., the amount of the
reversionary bonuses.

Then at the first investigation, we have

from which yx may be obtained.
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If the policy is to be altered into an endowment assurance,
let yv yv etc., be the ages at which the sum assured will be
payable, and let the other symbols have the same meaning as
before.

At the succeeding investigation, we have
P(N ,-N ,)B A = A

2 z2 1)
xt

from which y2 may be obtained.

And we may proceed similarly at the following investigations.

We have at the first investigation
N

B,A = (Pl + d)-^-
*1

from which we may obtain yr

At the next investigation

N , -N ,

from which y„ may be found.

And we may proceed similarly at the succeeding investigations.

EXAMPLES

1. Given P25=-01521, P42 = -02654, 0^ = 15-5679, find the
value of a whole-life policy for £1500 effected at age 25, which
has been 17 years in force, and to which a reversionary bonus of
£383 is attached.

Value of policy = 1883 x A42 - 1500 x P25(l+ o42)
= (1883 x P42 - 1500 x P25)(l + a42)
= (1883 x -02654 - 1500 x -01521)(1 4-15-5679)
= (49-975 -22-815)16-5679

= 449'984, say £449, 19s. 8d.
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2. Give as many formulas as you know for nVx-|

n^xl| ^z+n:t-n| rtx+n: t-n~ 1 p

„ Pxfl^-l-^+n-J-CM-Mx+n)

P’x+n

= 1-(Px»j+rf)(] +ax+n:i^TT|)

0 x-}-n:i-n| Pxtp(l ffx+n:(-n-l p

A ,x+n: t -n|
■p*_

p ;—i
x+n:t-n|

= 1- 

A , ; - A t,_ r+n:t-n| xt\
1-AnXi I

Pzil+rf
__ I________ztl________

Px+n:i^ni +t^

Px+n:r5n+d
= l-a-rVxriW-rVx+^’-'CI

3. Find formulas for V . V and ,V , when the raten x5 n zip n-.t x>
of interest is zero.

V = 1-

= (when interest is zero) 1---- =—
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= (when interest is zero) 1------r+nrt-n-ij

n:t^x ~ Ax+n ~ tPx^ + az+n:t-n-l |)

1 +e ____
= (when interest is zero) 1------x+n;t-n-i|

1+ex:rul
A j

since P = 7------ ----- = -r------------ when interest is zero.
‘ X 1+Cx:.—

It will be observed that the formula for limited-payment whole­
life assurance is the same as for endowment assurance, so long as
n < t in the limited-payment assurance.

4. Under a policy taken out at age x which has been n years
in force, the sum assured and bonuses amount to S. Prove that

p p
the value of the policy is equal to fS + Pi + _ZjAi+b- +

Value of policy = SAi+n - P/l + ax+n)

= SA ,z+n

Px(l-\+J

d

= SA x - p (1 - A . ) fl +
x+n x'* x-t-ny \ t /

/ P \ / P \- (s+r.+ -!=)A.„-(r.+ T)
5. There are 44 policies of 1 each, all effected at age 40, which

have been in force 1, 2, 3, etc., up to 44 years respectively.
The sum of their values is 17’52789. Find the values separately
of the aggregate sums assured, and of the future net premiums,
having given A.10 =-379434.

By Text Book, formula IS, we have

2Ax+n = SV/l-A^ + rA
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Therefore
2A40+n = +

= (17-52789 X -620566) + (44 x -379434)
= 10-87721 + 16-69510
= 27-57231

which is the value of the aggregate sums assured. And the value
of the future net premiums

= SA,„, -SV,„40+n 40
= 27-57231 -17-52789
= 10-04442

6. Explain under what circumstances nVx < w_1Vl+1, and give
an example from some known table of mortality where the
anomaly occurs.

Vn z < n-l^i+1

if
a ,

1 _ a
< 1-aX ax+l

if
az < ajc+1

az4-n ax+n

if aX < ««+l
which is very unusual, but does occur at the infantile ages of all
mortality tables, and at very advanced ages of some mortality
tables which have been badly graduated, e.g. the Carlisle Table.

7. Find the reserve value after « years of a pure endowment
policy effected at age x to be payable at age (,r + Z), with premiums
limited to r and to be returned in event of death before age (x + Z).

The net premium for such a policy was found on page 324.
The reserve value after n years is
(1) n < r.

Prospectively
D ., »M + R - R - rM*:! (1 + K) + c}---- --------- i+s----- J±£------- i±£

x+n z4-n

N -N_ z-f-n-l_____ x+r-1
■^z+n
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Retrospectively

D
R - R■ - nMx r+n r-f-nN ,-NX-l X-

Dx+n

Prospectively

^±?+r{<i+K)+e} m*-h
z+» *x+n

Retrospectively
N , - N u ,,-I *+r-l_M1 + K) + c}

x+n

R - R - rM ,x x-t-r x+n
D ,

In each case the values found by the tvvo methods may be
proved equal, and it will form a useful exercise to do this as shown
for other similar problems.

8. Find the annual premium to secure an endowment assurance
to (.r), maturing at the end of t years, with a guaranteed bonus of
£2 per cent, for each year completed; and also the reserve value
at the end of n years.

Benefit side
M -M +D^, RTJ.,-R +X x + t X+l , .f(9 x + 1 x + i V / X + < r+i

D DX x
Payment side

whence equating and solving
p _ MJ+, + Di+,F-02{R +1~R+<-(<- +t*'Dx+J

N.-rVi

The reserve value after n years is
Prospectively

Mx+n " Mx+. + Dx+. + .O0 »Mx+.+ Rx+.+l ~ Rx+t~0-^x+l + 'Px+I

^x+n x+»

— P ^z-rt-1

Dz+n
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Retrospectively

ar+n-1 x x+n z+1 x+n v ' x+n
> D 02 D
x+n x+n x+n

9. Find in terms of commutation columns the value after n
years of a policy for a deferred annuity, payable half-yearly,
maintained by annual premiums, to be entered on at age (.r + s).
Examine the three cases, n <, =, > z.

Here ir
|a<2)

e | x
1 + a ——.x:z-i|

and reserve value of policy

(1) n < z.

N , +1D N -N
(a) Prospectively —_ X+M-1------£+- _1

x+n ^x+n

N - N
(6) Retrospectively - ——~—x+u 1

^x+n

(2) n = z.

(a) Prospectively - x+J~ ——

N - N
(6) Retrospectively tt x 1 —-+z 1

x+z '

(3) n > z.
N L +W

(a) Prospectively —*+’*^-----
a+n

N -N fN -N -D '(6) Retrospectively -*-1 *+*-*. _ L2U2
*x+n ^x+n

10. What annual premium should be charged for an assurance
of £1000 to (.t), the premium being successively reduced by T’F of
the first premium and ceasing altogether after the tenth payment?
What is the reserve value of the policy at the end of 6 years ?
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„ 1000M
Benefit side = —— .i

X
n — 1 rs — s

Payment side = P ———*---- £+l°_
X

1000M
whence P = =---- x

1Nx-i~-nrl\-l5z+1

The reserve value at the end of 6 years

— 1000A ..p^^+s
x+6 nX+6

11. Find the single and annual premiums for an assurance
upon a life aged x, the sum assured increasing in amount at
compound interest at rate j. What would be the policy-value
after t years?

The single premium is
(i +j)m +/(i +y)Mi+1 +y(i +y)2w +! + • • •

DX

And the value of this policy after t years is

,, , .v C1 +j)Ml+( t/G +./)Mz+t+l +>G +»2Mx+h-2+ • • •
( Dz+<

To find the annual premium, we have the benefit side the
same as the single premium above, and

NZ-1
Payment side = P —j—

X

„ „ G +-7')mz +X1 +J )Mz+i +>G +j)2Mz+2 + ■ ■ ■Hence P = --------------------------- -------------------------------
z-1

The value of this policy after I years is
„ (1 +y)MT+, +y(l +»Mt+,+1 +y(l +»2Mi+,+2+ • • ■
G +J J D

1+1

_ P
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Or again, the single premium is

®G +J)^ + ®2(1 +J)2rfl+i + • • •
/X

Find J, such that Then the single premium

= A.'x calculated at rate J, and the value of the policy after t
years is (1 +J)‘A'l+(.

A'x
In the case of the annual-premium policy we have P = j +ff~ •

The value of this policy after I years is (1 +y)eA'J+{ - Pax+t-

12. A policy by annual premium was issued n years ago tor
a reversionary annuity to (x) after (y). Find the reserve value at
the present time.

(11 (w) still alive V<z i = a , I , — P« i (1 + aK / v// n y [x y-j-711 0-4-71 i/]z'> x+n:y+n'

(2) (y) dead Vai = ax > w/ n y|x x+n

13. Find an expression for the value at the end of n years of a
contingent insurance payable if the survivor of (.r) and (y) die
before (z).

It must be ascertained whether (.r) and (y) are both alive.
Then if both are alive

_ a i____ p_l_ d+a_______ A
n xy.z x-t-n:y+n:z+n ry:z' "r x-t-n :y+n:z+n'

If (a:) is dead,

Vi = AJ----------Pl (l + « )» xi/:z 1/4-71: s4-n y4-n:z4-7i>

And, similarly, if (y) is dead,
Vl = A—--------- Pl (l+« 1n xy.z x+n:z+n xy.z' x+n:z+n'

14. Obtain by the retrospective method a formula in terms of
annual premiums for „V’- , and prove by general reasoning and
algebraically that

P - Pi-;
V = 1 1711n x p _1_

®n|
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and when n = I,

V -

V>-n xl{

Dx+n

pi (N -N| x-1_____x-f-n-
D

V -n xt |

Similarly, nV

These, then, must be the accumulated reserves under the two
policies.

Likewise, in the case of the endowment assurance we should have
P - - P’-xt |____ xn|

P Lxn\

P -P1-;
= -1____ 521

P 1xn|

These results are correct, for the risk already undergone is
that of a temporary assurance for n years, which would be covered
by an annual premium of PLjJ the surplus premiums paid are
therefore (PL - PLj) and (Px - PL) respectively, which obviously
must have sufficed to purchase certain amounts of endowment at
age (.r + «). Now, P^i will secure an endowment of 1; therefore
(PL - Pi—,) and (P - P1—;) will secure endowments ofv xt\ xn\' '•x xn|'

pi _ pi_ P - Pl_
———52.1 and ——_£21 respectively.

P - _ PL
zi I Zl I

P d
x<l

1

showing that the accumulation of overpayments will exactly
amount to the sum required at maturity.

M - Mpi z x+n
xq “ N - Nx-I x-f-n-

D “x-f-n
N i - N ,x-1 x-f-n-1

PL - P’-lxtf xn|

plxnl

P (N -N, ,)-
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15. Given at 3} per cent. V = -50084, and P , = -05917,* 1 * * * V n x 3 x-t-n
find the premium for the age at entry (Pz), the value of the sum
assured (Ai+n), and the amount of paid-up policy equivalent
to V .

Since

therefore

P , -Py _ x+n x
n x 1’ +dx+n

p = p a - v) - d vx n x' n x

= -05917 x-49916--03148 x-50084

= -01377
P L

A = x+n»+" p +dx+n

■05917
~ -05917 +-03148
= -65273

V
W = 4-5-

A ,z+n

•50084
“ -65273 

= -76730

16. Having given that at 4 per cent, interest, P20,4q] = ’01615
aI'd J'1k40eoj = 510/8, find 20V20;4ji and 20(FP)20.

v _ — A___P —
20 20:40| 40:20, 20:40, 40:20|

1 --51078 1-A
= -51078 -01615 x-^- since a = —

= -51078--20543
= -30535

V -
zpp\   20 20:40,

20V1 1 >20:40, A _
40:20,

•30535
” -51078

■59781
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17. A whole-life policy was effected n years ago at age x, and
the sum assured is now to be reduced by half, the value of the
rest of the policy being applied in reduction of the annual premium.
Find the future annual premium.

(a) We may take half the premium formerly payable and
deduct therefrom the value of half the policy divided by the
annuity-due for the rest of life.

Thus, = R-i(P+,-PJ
x+n

= P -IP •x - x+n

(6) Or we may take the premium at the present age for a
policy of |, and deduct therefrom the whole value of the old policy
divided by the annuity-due at the present age.

V
Thus, iP _2L_5. = |P _(p _p)> * z+n a - x+n V x+n x*

x+n

= p -JPXx - x+n

(c) Or we may reason that the value of the present policy
must equal the value of a sum assured of A less the value of the
future premiums. Thus, if P be the future annual premium,

nVx = ^x+n “ P“x+n

and Pai+n =
= {APx+n-(Px+.-Px)}ax+.

hence P = Px-APi+b

18. (.1) and (y), who are insured under a joint-life policy for
£1000, desire at the end of n years to have it converted into two
single-life assurances for £500 each. What premiums will be
payable by (.r) and (y) respectively ?

The joint-life policy has acquired a value of BV^ of which
(,r)’s share is nV^ and (y)'s \nxij, these two parts together
making up the whole value of the policy. Now, if from the
premium payable by (.r) at his present age for a £500 policy we
deduct his interest in the old policy-value spread over the whole

2c 
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of his life, we shall arrive at an equitable premium to be paid by
him. Thus we have for (.r)’s new policy for £500 a premium of

500 P ,x+n
1000 V 1n xy

a .x+n

And similarly for (y)’s new policy the premium is

500Pv+n
1000 VIn xy

%+»

19. A whole-life policy for £1000, effected at age 20, has been
thirty years in force, and has accumulated bonus additions of £450.
It is proposed to devote part of the bonus to convert the policy
(including the remainder of the declared bonus) into an endowment
assurance maturing at age 65. Using the HM table at 3 per cent.,
and ignoring the question of loading, find how much bonus will
remain attached to the policy after the alteration has been made.

The office has in hand at present 1000.„V +450A... If X be
the amount of bonus to be surrendered this will be reduced to
1000s()V2() + (450 - X)A50, and it will require to have in hand for
the new contract

1000^- P20a60:1T,) + (450 - X)A60;17j

The difference between these two reserves must be the present
value of the bonus to be surrendered. That is
XAfi0 = 1000(A50;--P20a50;_)_1000soV2o + (450-X)(A60;^-A50)

x = 1000A50:isj- IOOOPsAohm~ 1Q°O3oV;q + ^(A^ - A50)
A 

50:15|

685-47 - 154-10 - 353-53 + 53'70
•68547

= 337-783
= £337, 15s. 8d. approximately.

Bonus amounting to £112, 4s. 4d. will therefore remain attached
to the policy.

At future divisions of surplus the whole-life bonus only will be
applicable to the policy, and it will have to be converted into
endowment assurance bonus by simple proportion.
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20. Give the prospective and retrospective values after n years
of a child’s endowment policy effected at age x, payable at age
(.r + Z), with premiums to be payable only so long as the father (y)
lived along with (,r) and to be returnable in event of death of (.r)
before age (,-r + Z). Prove the formulas identical.

Prospectively—
If the father is alive to-day, which will happen in Zj+n x

cases of the survivors,

+ + + + 1)(Mi+b _ m+() +p#+n(Mi+n+i _ Mi+() + •. •
x+n r+n k

„ /yr Af — ^x+n-l:y+n-l ^z+t-l:y+t-l
+ J-----------------D---------------------

J z+n:y+»

If the father died after n payments : 4+n(n-i^y ~n?y) cases>

{<1 + k) + C}”(M^~-M5±£)

x+n x+n

If the father died after (n - 1) payments : ^+n(s_2P,-B-iP,)
cases,

£f±‘ + Kl + X) + c}(”-1)(AUn-AW
Ur+» x+n

etc. etc.

If the father died after 1 payment: Zl+B(l -?„) cases,

D M L - M_£±<+{<l + K) + c}_i!i----- i±‘
z+n x+n

The sum of all these cases is

-Mxl M ->1,x+t , „ x+n z+t , „ z+n___ .
i---------- +py-----D +o-P'J D xn
z4-n x+n x+n

Mx+n-Mx+(+ p Mx+n+l-Mx+Z. ...+ „Mx+<-^

+ ^—^T +n+lP'J----------Dx+n

Py
^x-pn-l:y-frn-l ^z+t-1 :y4-t-l

^z+n:y+»
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R etros pecti vely—

’rKG +»)’ + ZI+1 x py(l + £)»-! + lx+2 x ,py(l + i )"-* + ...

N
DX+n

Mx-Mx+n. „ 
jji+n Z’y

M x„- M
4- n —it------- :

2'j ^x+n

M - Mz+n-1 x+n
V vI+’1

M x,- M
+ p x+2_____ :

2' V vz+n

-N_ z+n-1 :y+n-l
I v* + »V

M , , - M , 'z+n-l x+n
n-1' y yl+n

To prove the two final expressions identical, we must first
recall the expression from which the value of the premium was
obtained, page 315. Adapting that expression to the present case,
we have

D

N -N
D

M x, - M >x+t-l g-H

M - M x, M - M ,, M x„- M X1x *+‘ . „ *+l x+l ■ „ z+2 x+l
D D 27v D

Therefore

Dz+t + H1 + *) + c) {(Mz - MX+1) +Ps(Mz+l - MX+I) + 2?VMz+2 - Mz+1) + • ■ «

+ ,-1P/Mz+(-1-Ml+()}

D

xy

Also it is to be noted that 1) is of the form v^l I.zy z y
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Now the reserve by the prospective method

= uLife+frc1+*)+(--+b~ Mj+‘
x+n ' x+n

+py Dx+n

x+n

M , - M - MM , - M ,, M - M
+ „ —I+n_____ £±£ + p —f±!+l_____ 1+1 4.

nly £) +n+lPy n +
x+n x+n

M - M \ N - N, r-H-1 X+A _ _ n x+n-lry+n-l x+i-I:y+l-l
<-iry D J ‘n‘y Dx+n ' x+n:y+n

= + +«)+4{(Mx+n- MI+1) +Py(M+B- M+<)+ -

+ nPy(Ml+n ^x4-|) + n+lP/^x+n+l ^x+l)+

+ +„-i:y+„-i-Nf-"

x+n:y+n y •

= ^J>z.H+^1+*)+cm- mz+<wmx+1- Mx+<)

+ »/’/^z+2 Mz+|)+ "• +I-lP/Mx+l-l ^^x+l)J

D J
-^(^z-liy-l “ \+l-l:y+l-l) D- +,r(\-l:y-l -^z+n-l:y+n-l) y

ry y

-{.(!+«) + c} {(M - Mi+b) +p/Ml+1 - Mi+n)

+ 2Py(Mx+2~ Mx+»)+ +n-lPy(Mz+»-l “ Mz+n)} ]

Nz-l:y-1 ~ Nz+n-l;y+n-l _ , zj x . / Mx~ M*+» + Mx4-1 ~ Mz+»

y

+...+
T Tn-Py pi+n

which is the reserve by the retrospective method.

21. Mr G. H. Ryan formed for a particular purpose a hypo­
thetical mortality table by adding -01 to the HM 3 per cent.
Px at all ages. Show that the policy-values by such a mortality
table are necessarily less than the HM 3 per cent, values.
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By this hypothetical table
p- p

V' — x+n x
" 1 P'x+n + d

(P1+„+'01)-(Px+-01)
P + -01 +dz+n

_ Px+n~Px

(Pl+n+<0+oi

But the true value by H11 table at 3 per cent.

P , -P
V — x+n x

" 1 P . +dz4-n

Therefore V' < V for every value of x and n.
n x n x J

22. Each of Z[x] persons effected n years ago at age x a whole­
life policy for 1 at an annual premium of Find the reserve
required to be held to-day in respect of the survivors. How much
of this is required for the lives that are still “ select,” and how
much for the now “ damaged ” lives ?

The total reserve required is
^x]+n(A[x]+n ~ P(x)a[x]+n)

Now of these I, ,, survivors, I, , , are still select. The reserve[»l+n 1 [x+n]
required for them wiU accordingly be

^x+n](A[x+n] “ P(x]a[x+n])

The remainder of the lives are the “damaged,” and they
number I, ,. -1,,.... The reserve required for them will be(xJ+n [x+n] 1

Mrf(x]+n-rf(x+nj)+t,‘(rf[!t]+n+i ~^(x+nl+l) + ‘

P[x) • ^[x]+n fc+n]) p t’^[x]+n+l — ^[x+n]+l) ‘ ’

(^[x]+n ~ M[x+n]) ~ Ptx](^[xl+n ~ ^[x+n])

D(xl+n ~ P\x+n]
- (^(xl+» ^[x+«p
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The reserve for the “select” lives, together with the reserve
for the “damaged,” will equal the total reserve required

CM -M I-P I'M -NI (A -Pa '> + ('/ -I 'ik W+n <*l+n I**"!-!»+»)' [z-f-n] 1 [z] a(z+n]> ‘ f[x+nF ]) _ ]->
M+» Ulz+n]

_ M|z+i.)~P[t1N[x+»1 M(z+»1) ~ Ptzfflzl+n ~ Nt,+nl)

_ ^f|z]+n P[z)W[zl+n

V*+»

;(x]+n(Alz]+n Plz)aW+n)

23. A policy for a term of n years is granted at an annual
premium to a life aged x, with the option of continuance at the
end of the term as an endowment assurance, maturing at age
(x + n + i), on payment of the normal yearly premium at age (.r + n).
Find expressions for the value of the policy on a select basis,
(1) at the end of the (n-l)th year, and (2) at the end of the
(a + l)th year, assuming the option to have been exercised.

The premium payable during the first n years is

NM “ Ntxl+» N(»l ~ Nt*)+»

while the premium thereafter for t years if the option be exercised
,S P(z+n):F|

(1) The reserve at the end of the (« - l)th year is

(2) The reserve at the end of the («+l)th year, the option
having been exercised, is

A ____ P  fi -"W+HlrFiJ 1(z+»|:l|iM+n+l:<-l|

24. If in the formula = A + Be1 the value of c be 1, what
effect is produced upon (1) (2) <“>!’*, and (3)
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(1) If c = 1, then p, = A+ B, which is constant for all values
of .r.

(2) It has already been proved that under such conditions as to
mortality

“ = 7+8 (see page 114)

and A = x (see page 218)
P 4- o

P —
Therefore (“)R<= i-r— — _-M_

= P
(3) (»)V = A -<»>P a Lv ' n x x+n x x+n

P _ 1
/j.+ 8 p, + 8

= 0
which is obviously correct, as the premium for each year will
meet the year’s risk, and there will be no reserve to accumulate.

25. Prove that the expected death-strain under a whole-life
policy, subject to an annual premium payable throughout life,
increases with the duration of the assurance if, at all ages on the
basis of the valuation mortality table and rate of interest, A2<z is
algebraically > iAa.

The expected death-strain in the (n+l)th year of a policy
effected at age x is <?l+n(l — and in the following year
7l+n, 1(1 The strain will therefore be increasing, if

«+l^ x) ** ?x+n+l(l — «+2^ x)

that is, if q L Jf±A+1 < <? ,lz+n a ■‘x+n+l a
X X

if ax+«+l Px+nax+«+l < ax+n+2 Px+«+iax+n+2

Or if “x+n+l “ C1 + ^ax+n < °x+n+2 ~ G + ’)«x+n+l

if -(%+„+2-2ax+n+l + ax+n) <_ “ ‘(ax+n+l ~ °x+»)

that is, if A2ai+n > £Aai+n

which is the condition desired.
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26. At the commencement of a certain year a company has on
its books lx persons who have been assured for 1 each for n years,
and who will be subject throughout the year to a special rate of
mortality qx + and in respect of the claims which occur amongst
them, the company undertakes to pay only the reserve values at
the end of the year. On the assumption that the extra mortality
will cease at the end of the year, and that it will not prejudicially
affect the lives remaining assured, state under what conditions the
company will make a profit from the arrangement, and find an
expression for the amount of such profit. (Assume the premiums
due at the beginning of the year.)

The office will have in hand at the end of the year

/(V +P )(l+«) = I x V +dx'n x-n x-nJ' z z-f-1 n-f-1 x-n x

which under normal conditions is sufficient to meet its claims and
the reserve values required for the survivors.

Under the conditions stated the number of deaths is increased
to l(<j + ttQ = dx + wxl^ but the amount paid to each is only

V . Further, the survivors will be I -(d +w I ) = I ,,-wln+l x-n ' x x x x x> x-f-l x x-
Therefore to meet its actual claims and the reserves for the sur­
vivors the office should have in hand at the end of the year

(Zz+1 - WzZz)»+lVz-n + + WzZx)a+lVz-n

= Zz+IXn+lVz-n + ‘ZzX,.+IVz-n

The office will therefore make a profit, if
Zz+lXn+lVz-n + 'Zz > Zz+lX»+lVz-» + ‘ZzXA+IVI-n

that is, if > 0

which must always happen, as B+1VX_B is fractional.

Further, the amount of the profit must be d^\ ~n+1VI_n).

27. The actual claims for the year in an office exceed the
expected amount. Does the difference represent the loss from
mortality during the year? Give the reasons for your answer.

This difference does not represent loss from mortality. The
office has in hand for each policy on its books a reserve value of
certain amount, greater or smaller. A comparison merely between
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actual and expected claims cannot therefore indicate the profit or
loss from mortality. The loss to the office through the death of
any single life assured is not the sum assured, as would be implied
in such a comparison as that suggested, but the difference
between the sum assured and the above-mentioned reserve. It
is this difference, then, that must be taken account of, if we are to
make a true investigation into the profit or loss from mortality.

The reserve held by the office at the beginning of the year and
the net premium then paid, both accumulated to the end of the
year, provide two things :—

(1) The reserve value required at the end of the year; and
(2) A contribution towards mortality risk.

The total of the contributions to mortality during the year
would require to be compared with the net loss to the office in
respect of the claims, i.e., the difference between the sums assured
and the reserve values as described above, the balance between
these totals representing profit or loss from mortality.

It is indeed conceivable that the actual claims in an office
might exceed the expected, and nevertheless a profit from
mortality result. For the claims might have occurred chiefly
among old assured lives where the reserve values were con­
siderable, and the actual loss to the office consequently small.

On the other hand, the actual claims might be well within the
expected, and yet there might be a loss from mortality, due to the
fact that the claims occurred chiefly amongst recently assured
lives where the reserves in hand were small.

In this connection it may be pointed out that in the annual
reports issued by insurance companies, one may sometimes observe
a table giving the distribution of the claims experienced according
to the age attained at death. Such a table, however, conveys but
little information regarding the mortality experience of the com­
pany. It is obvious that much would depend on a variety of
considerations, such as the average age at entry and the class of
insurance effected. A company transacting little whole-life
business, and that chiefly at the younger ages at entry, but doing
a large endowment assurance business, would tend to compare
unfavourably in such a comparison with another office doing very
little endowment assurance business, and a considerable amount
of whole-life business chiefly at the older ages at entry. We
could not conclude merely for this reason that the profit from
mortality in the first company is less than in the second.
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28. Assuming that an office had on its books at the commence­
ment of a year a group of 1000 lives aged 40, each of whom was
insured under a policy for £100 (without profits) payable at age 55
or death, and effected exactly 10 years previously at an annual
premium of £3, 14s.; also assuming that 10 of these become claims
(payable at the end of the year of death) during the year, the
remainder being still in force at the end of the year; that the
office earns 4 per cent, interest on its funds, spends 10 per cent, of
its premiums, and makes an H11 3 per cent, net valuation; find
the total profit to the office earned by the group during the year.
How much of this is (1) profit from mortality; (2) profit from
interest; (3) profit from loading ?

From Hardy’s “Valuation Tables" we find
1O°10V30:2q = 1OOArO:^-1OOP3o:^aW:,oi

= 66-847-3-244 x 11-383

= 29'921

100nV30^ = 100A4I:ur100P30:25i‘\l:l7i

= 68'528-3'244x 10'805

= 33-477

The accumulation of the fund is as follows :—
Fund at beginning of year, 1000 x 29'921 . . . 29921
Add—Office premiums paid, 1000 x 3'7 . . 3700

Less—10 per cent, for expenses . . 370
----- 3330

33251
Add also one year’s interest thereon at 4 per cent., the

rate realised 1330

34581
Deduct the claims payable 1000

Actual fund at end of year  33581
From which deduct the office’s liability, 990 x 33'477 . 33142

Difference, being total profit earned by the group
during the year 439
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Total profit, as before . . ,
Made up thus :—

. 439

(1) The liability at beginning of year was 29921
HM 3 per cent, net premiums, 1000 x 3'244

Interest for year at 3 per cent., the valua-

3244

33165

tion rate ...... 995

34160
Less—Claims payable as before . 1000

33160
Deduct—Liability at end of year as before . 33142

Difference, being profit from mortality
(2) The office premiums were as before . 3700

The net premiums .... 3244

Difference, being loading . . 456
Less—Expenses as before . . 370

86
Add—Interest for year- at valuation rate 3

18

Profit from loading .....

(3) The interest realised was as before . 1330
Deduct—Interest already taken credit

for in heading (1) . . 995
Do. heading (2) . . 3

----- 998

89

Difference, being profit from interest 332
----- 439

29. What is meant by an HM and HMt6) valuation ? How do
the reserves by this basis compare with those required by Dr
Sprague’s Select Tables ?

For the purposes of an HM and HM<5) valuation, in the
fundamental formula

V = A , -P(1+b, )n x x-j-n x' x+n>
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we insert values for the functions on the right-hand side of the
equation, as follows: P_,—the HM net premiums are used
throughout; Ai+n and «J+B>—when the policy is of less than
five years’ duration, the values from the HM table are used,
but when five or more years have elapsed, the HM(5) values are
taken.

In the case of policies, which have been less than five years
in force, the HM reserve is less than that required by Dr Sprague’s
Select Tables at all ages at entry. For those policies of five or
more than five years’ duration we may compare the formulas,
as follows :—

v(Hm and nM<5)) _ p(nM)
n i “ x+n x a»+"

and V = A^’^-P a(HM(5>)
ana n*[r] x+n (x]ax+n

It -will be seen that the only difference between them is that
the H11 and valuation employs the HM net premium, while

under the other the select premium is used. Now P^ ' is less
than P;,_ of Dr Sprague’s Tables for all ages at entry up to 43,
and thereafter is greater. Hence the HM and H'1® reserve is
greater than the select reserve for ages at entry up to 43, and
thereafter is less.

It may be mentioned that for an average office an HM and HM(5>
valuation gives a close approximation over the whole business to
the reserve required by Dr Sprague’s Select Tables.



CHAPTER XIX

Life Interests and Reversions

1. In practice it will be found that Life Interests are usually
payable with a proportion to date of death, and therefore in such
a case, though Text Book formula (1) is commonly used, a more
exact formula would be

d'z = a'z + 4A'z

F +d

v —
Amount paid to vendor

First premium on policy P' +d

Total outlay
P' + <Z

>-4
A policy must then be taken out for and we have1 J P + d

P'

2
PL + d

D-P' P'
_____ ? 4-1___ 5—P' +d 2P' +d
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The annual income is  1
to be applied in payment of

n ■ -M')
One year s interest on total outlay .  -* /

P' +dX

p'/1 - 4)
Annual premium on policy . . '

____ 1_
At death there is received— ‘

1 “ 4Sum assured under policy .... i
P^ + d

Proportionate payment of life interest... |
P'

1 + V
Together 1.

I\+d
which is to be applied in payment of

,(l+£)
Total outlay _____

P'I + d

/ P'\+ o-1)
One year’s interest thereon . . —

1 +t
I^ + d

2. Where the life interest to (.r) is limited to n years, the formula
is on the same lines as Text Book formula (1). The policy to be
effected is an endowment assurance which will return the total
outlay with a year’s interest at the end of the first year in which
no payment of life interest is made, that is, at the end of the
(a + l)th year or the year of previous death ; and we shall have

, _ 1 .
“xn| - p- +d
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3. The problem as stated in Text Book, Article 13, is much more
frequent in practice than the problem to find the value of the
life interest, and therefore it will be well to state the matter from
that point of view.

Since p---- 2 - 1 purchases a life interest of 1, a sum of 1 will
X

purchase a life interest of ■=—~----- =, and the policy to be

effected is for 1
i-(?;+<*)■

Then we have

Amount paid to vendor

First premium on policy

Total outlay .....

The annual income is . . .

which provides for

One year’s interest on total outlay

Annual premium on policy . .

At death the sum assured is received

which repays

The total outlay

And one year’s interest thereon .

1
P'x

■ • • l-(p;+d)

V

• • ■ l-(I\+rf)

P^ + d
' • • l-(p;+rf)

d
■ i-(p;+^)

p'x
■ i-(p;+rf)

P'^ + d

1
• ’ * i-(p;+rf)

V

■ i-(p;+<o
d

■ i-(p;+<o

i
i_(p’i+d)



CHAP. XIX.] TEXT BOOK—PART II. 417

4. In connection with the Reversionary Life Interest, formula
(2), as mentioned in Text Book, Article 51, was given by Mr Charles
Jellicoe. It is assumed under it that an annuity for the joint
lives is actually purchased or set up in the books of the office.
Dr Sprague, arguing that if the number of contracts entered into
is sufficiently large, no such procedure is required, or, as a matter of
fact, carried out, suggested formula (5), where one rate of interest
is assumed throughout, and which, without the correction for J
payable if (y) die first, reads

 1-(P +W+%j.)
—

Or, if we are to assume a higher rate of interest till the life
interest comes into possession

For a complete reversionary life interest we might use the
formula

%|x =
P'

" p + d a*yX

= V " 2) Px + d

In

 (1 4- a ) for an annual reversionaryTip

give 1 for a similar charge of

this case a policy must be effected

Proceeding as before, we have

2d

If now we give

charge of 1, we
Px + d

I-(p; + d) (!+%)’

f 1
i -(p;+<o (i+%)‘

, i-(p;+rf)(i+%)
= ------p-Td----------X

vhich agree with formulas(16)and (l/)of TextBook, Chapter XIV.

1
P>rf
shall
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Amount paid to vendor . . . .

First premium on policy

Price of joint-life annuity . .

Total outlay .....

The annual income, from the annuity
during the joint lives and from the
life interest after (y)'s death, is

which provides for

d

P’x
i-(p;+<o(i+<)

on total outlay .

Annual premium on
policy

At (.t)’s death the sum assured is received

which repays

1
p;

P'x+rf
i(p; + rf)(i + %)%

V
1 - (P’z+'OC1 +%)

P’x + d
i-(PI+‘W+%)

P'x+d

_________ 1__________
1 - G’x+'OG +%,)

The total outlay

And one year’s in­
terest thereon .

v
i-(P'i+d)(i+«7)

d
l-(P;+dXi + %)

1
+</)(!+%,)

5. For the Absolute Reversion, Jellicoe’s formula (8) assumes
as before that an annuity is actually or constructively purchased,
while Sprague’s formula (9) rejects this as not in accordance with
customary practice, and adopts one rate of interest throughout,
assuming that reversions will be purchased in sufficient numbers to
■warrant this procedure. It is true that a specially large reversion 
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might throw out the average on which the latter argument rests,
but this merely indicates that the office must avoid contracts
of such size, just as they have a limit for the amount of assurance
on any one life.

As before, let us consider the reversion which can be purchased
for a given sum, as that is the more usual problem. A reversion
of 1 is purchased for 1 - <1 (1 + «x); therefore 1 will purchase a

reversion of - ----- ---------T. And an annuity of ----- , must1 - rf(l+«x)
be purchased. Then
Amount paid to vendor  1

Price of annuity - ----- r aJ l-d(l+«r) 1

Total outlay

The annual income from the annuity is . . t---- 777----- r-J 1 - d(l + a?)

which is interest on the total outlay.

The amount received at (.r)’s death is . . . s---- -------- v' ' 1 -d(l + «,)
which repays

V
Total outlay..................................... 1 _rf(i+«x)

~ <1
One year s interest thereon . . ;—-77,——?J l-dfl+aj

-------------- 1
1-</(!+«,)

6. In the case of the Contingent Reversion, Jellicoe’s formula
(10) proceeds on the same principle as his others, viz., of purchasing
an annuity during the joint lives ; while Sprague’s, formula (12), has
one rate throughout. Sprague’s formula cannot, however, be further
reduced to for it is necessary, as in the immediate and
reversionary life interests, to set up a policy to cover possible loss
of capital which will happen here if (a) dies before (y). In the
absolute reversion the only possible loss was that of interest so
long as the life lived, and accordingly no policy to cover loss of
capital was necessary.
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First premium on policy

Price of joint-life annuity .

1
1”’

X'J.

contingent reversion of

a policy on (.r) against (y)

P'i +rf.
+ must

Now if 1 — (P'* +rf)(l +%,) purchases a contingent rever­
sion of 1, then 1 will purchase a
-——-—* ----------- for which amount
l-(% + <0(1 + %,)’

must be effected. Also an annuity of

be purchased. Accordingly we have
Amount paid to vendor

Total outlay
v

l-(P'iy + ,/)(l+%)

The annual income from the joint-life annuity is

which will provide
One year’s interest on

Annual premium on
policy . . ._________ ?»/

l-(p^+d)(l+%)

If (.r) dies first, the sum assured by the policy
falls in, and if (y) dies first, the amount
in reversion, amounting to . . .

which gives
v

Tote! outlay . • +rf)(1+%)

One year’s interest
thereon • ’ 'r-(p^+rf)(i+%)

p,U+rf
1-(1- +%U+%)

_____ ____________
l-(p-ly + rf)(l+%)

l-(P'i!/ + d)(l+%)

1
i-(i^+<0(i + %)
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7. The method of book-keeping to be used in connection with
reversions presents some difficulties. There are three common
methods to be chosen from.

(1) There is the theoretical method, upon which Jellicoc’s
formulas proceed, of actually purchasing from the annuity
department an annuity to pay premium and interest or interest
alone, as the case may be. The amount available to purchase
these annuities is the difference between the sums in reversion
and their present value: it must be added to the amount invested
in reversions, and will there appear as an asset, while it will also
be entered as a liability by being included in the annuity fund.
The annuity, as explained, will always provide the necessary
annual income. If, however, Sprague’s formulas be used and this
method followed, the annuity will have to be purchased on, say,
a 5 per cent, basis, which of course is not profitable to the annuity
department.

(2) Interest at an assumed rate may be added yearly to the
value of the reversion, and taken credit for in the revenue account.
But the annual increase in the value of the reversion is not so
great as a year’s interest, and if only a few reversions were to fall
in during a quinquennium a large sum might have to be wi-itten
off the reversions account at the valuation. Where the business is
new or of no great extent this might easily occur, and accordingly
in such circumstances this method is not to be recommended.

(3) The safest method is to add only the yearly increase in the
value of the reversion, and take credit for the whole difference
between the fund in reversion and its value when it falls in. Such
a stringent method means, of course, that this form of investment
may show at one time a very low rate of interest, and at another a
rate swollen out of all proportion. But obviously a loss cannot be
incurred at any time.

EXAMPLES
1. Determine the present value of an annuity-certain of £1 per

annum for n years, which is to pay during its continuance a given
rate of interest on the purchase money, and to replace the purchase
money at the expiration of the term at a different rate of interest.

On the principles of the life interest,

n-rl| 
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where d is at the rate of interest to be realised, and P'-m is the
sinking fund payable in advance required to amount to 1 at the
end of (« + 1) years, calculated at the rate of interest for replacing.

2. A sum of £10,000 is required on the security of an ample
reversionary life interest to (35) after (65). It is required to find
what annual charge on the life interest must be given, and for
what sum (35) must be assured, the office premium on his life
being £2, 8s. lid. per cent., and interest being taken at 5 per cent.,
with the joint-life annuity based on the Carlisle Table.

The annual charge will be
10000(P'3. + d)

1 -(P'86 + rf)(1 + "35:05)

and the amount of the policy
10000

1--58695

10000(-02446 +-04762)
1 - (-02446 + -04762)8-143

1745

= 24210.

3. What charge must be placed on funds, over which an absolute
reversion is held payable at the death of a person aged 65, in con­
sideration of a sum down of £10,000? The Carlisle Table with
5 per cent, interest is to be used.

The charge is
10000 10000
Am ~ -58262

= 17164.

4. A sum of £20,000 is desired, to be secured over funds falling
to a person aged 30 should he be alive at the death of his mother
aged 60. Find the amount of the necessary charge on the funds,
having given that P'A.„„ = ‘01354. The Carlisle Table is to be
used for the joint-life annuity, and 5 per cent, interest is to be
assumed.

The charge is
_________20000________
1-(P'30:00 + rf)(1+"80:Oo)

20000
1 - (-01354 +-04762)9-196
45707.



CHAPTER XX

Sickness Benefits

EXAMPLES

1. If the law of sickness be such that at any age two are
constantly’ sick for one that dies, find the single premium for a
sickness allowance of 10s. a week at age x, to cease at age 65.

Out of I persons alive at age x the number constantly sick
during the first year is 2d*, during the second 2d*+1, etc. Therefore
the amount paid in sickness allowance is 26 x 2d^ 26 x 2d*+J, etc.,
and the present value of the payments is

vi52(dx + vdz+1+ ■ • • +v6i-IdM)

and the value of the benefit to each person is
C + C + • • • + C

52 (1 + i)i 1 1+1 p--------
X

M -
= 52(l+£)* td 2

2. Find the weekly premium required at age x to provide the
following benefits:—

(«) £25 at death.
(6) A sickness allowance of 10s. per week limited to n years.
(c) A deferred annuity of 10s. per week to be entered upon at

the end of n years.

D

M(l+i)l K-K N.+W
Benefit side = 25 ■—------- j. -5 1 -------P 26 —— ----

XX x

(N -N , ) + A(D -D xn)Payment side = P^----- r+n?

P being the annual contribution.
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Equating and solving,
25M/1 + i )i + -5(Kx - Ki+J + 26 (N +„ + iD+w)

NI-Nx+™ + i(D,-D,+n)

P
And the weekly premium is

3. Find the weekly contribution required at age x to provide
the following benefits :—

(a) £20 at death.
(6) A sickness allowance of £1 per week for the first six

months’ sickness, 10s. per week for the second six months, and
5s. per week thereafter, the whole benefit to cease at the end of
n years.

(c) A deferred annuity of 5s. par week to be entered upon at
the end of n years.

Benefit side
M(l+i)i (Ki-Ki ) + -5(K"-K” ) + -25(KHi-K"i )— 90 7 i v x x+n' < x r4-ji7 \ x x+n'

D +
X X
^o^+n + ^x+n

+ 13---------- D-----------
X

(N -NJ+HD -D , )
Payment side = P —A----- *--------------------£±A<

X

p
Hence P may be found and the weekly contribution is g,.



CHAPTER XXI

Construction of Tables

1. A table of log D* formed as shown in Tat Book, Article 49,
at rate i may be checked very simply with the table at rate j.

For at rate i,
X"-llogDi= (logZi + log/i+1+ ... +log/(J_1) + logt(.r + .r+l+...+<^1)

And at rate/,
2"'1logDi = (logZx + logZj+1 4- • • • +logZu_1) + logU'(J; + m+ ••• + ^1)

Therefore
1 log Dx at rate j = 2""’log Dj at rate i + (log v - log u) ——J^“>+J—D

2. A table of Ax may be formed with the help of Gauss’s
logarithms in a way similar to that in which A^ is formed as
shown in Text Book, Article 99.

Ax = <--<1x + vPAi+a

= 1)+^+!

where II -- J— 1
X P,

Hence log A* = logiy^ + loglT^ + fZjOog Aj+1 -log 11^

Starting then at the end of the table we have Aw] = v and
log Au j = logu. From logv deduct logll^ ,, as tabulated (for
the Text Book table at pages 499 and 501); enter Gauss’s table
with the difference as argument, and to the result add
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log and log vPu-2’ and we have l°g Aw_2- From
log Au_„ deduct log nu_3 ; enter Gauss’s table, and to the result
add lognu 8 and logvpu_3, and we have logAu_3, and so on, to
age 0. Then take the antilogs, and the table of A is formed.
The table of A* when formed may be simply checked with
the table of a . For

X

Ax+Ax+1+ ••• +AU-1 = (’)-doI) + (”-d“x+1)+ •••

= (<» - x)i) - d(«x + ai+i + ... + au

3. Besides the method of tabulating P_ given in Text Boole,
Article 56, we might enter annual-premium conversion tables
with a*, and so obtain P^ as described in Chapter VIII. Or
again, we might make use of a table of reciprocals, which we should
enter with 1 + a, and from the result deduct d. Thus—

Neither of these methods, however, is a continued method.

Age

(1)

a

(2)

1
1 + a

(3)

P = 1 + a

(4)

4. The arithmometer may be employed to form a table of A^
in the same way as described in Text Book, Article 61, for A*.

A preliminary table of the differences between the temporary
annuities must first be drawn up, thus:—

1’ flx:n-l| flx+l:n-2|

°x+l:»-2| rtx+2: a - 81

flx+2:n-8| rtx+3:n-4|

etc.
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where the age at which the annuity ceases is always the same,
viz., .r + n - 1.

Putting 1 on the slide and d on the fixed plate with the
regulator at subtraction, multiply d by (l+^.j-yj) and the
value of A^— will result. On changing the regulator to addition,
continued multiplication of d by the series of differences found as
above, will give the values of j-., etc. For

A ,, —= 1-rZfl+a ,, —-) = A — + d(a —--ax+l:n-l| X x+l:n-2|x xn| X x+l:»-2/

■^x+2:»^2i = ■^x+l:n^Ii ■*'^(ax+l:n^2j “ ax+2:n^3j)

etc. etc.

5. Instead of using the values of - An* to help in forming the
table of policy-values as described in Text Book, Article 78, we
may use the annuity-due values themselves.

a
For V = 1,—i±»

n ax

Therefore, putting — on the fixed plate, multiplying succes-
X

sively by ai+I, aj+„, etc., and using the “ effacer" between each

operation, we get the values -i±i, etc., the complements

of which are the required policy-values.

6. The values of endowment assurance policies may be similarly
arrived at, since

Or they may be formed on the principles of Text Book, Article
78, since

y   y , flx+n:r-n-l| flx+n+l:r-»-2|
n+1 xr| — n xr|+ 1 + a*
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7. The construction of tables of policy-values for limited­
payment policies is a slower process, as the premiums have to be
valued separately from the sums assured and the difference taken.

As a preliminary, a table of differences of annuity-values should
be formed, as in the case of endowment assurances.

1 + a —n

a -x: 1

1 +«,

A preliminary table, as for the tabulating of A^, must there­
fore be formed, consisting of

Oz:UT| -az+l:r^2i

flx+l:r^5i ~ ®z+2:r^sj

az+2:r-S| ~ flz+3:r-4|

etc.

gl+l:r-2| + V.r-ll az+2:r-3|

Then with the regulator at addition, and ------ on the

fixed plate, the successive multiplication by these differences will
give us ,V —, V V etc.° 1 zr|’ 2 zr|’ 3 zr|’

The results may be checked by addition for
,V^+ V-+ ... +_ V^,

Years in force. Annuity A

n-2 a _x+n-2:l |
n - 3 ax+n -8:2] ax+n - 2: i"j

a — a „ —rx4-n-4:8| x+n-8:2|

2 a*+2:n^3i ~ rtx+3:n^T|

1 rtx+l: n-2| rtx+2: n - 8|
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Putting nPa. on the fixed plate, and multiplying by 1, we get
the value of the premiums outstanding at the beginning of the last
year of premium payment, i.e. J**. Then the successive multi­
plication of nPx by the quantities found above and their continued
addition will give the value of the premiums outstanding at the
beginning of each year down to the second. For

Pa — = P 4- P an x «+»-!:S| « xT» x x+»-!:i|

nPxax+n-S:si ~ nPxaxi-n-2:2j + »Px(nx+n-3:2i ~ flx+n-2:fj)

etc. etc.

The results may be checked by addition, since the total
= »PxK1+"x+l:^2j) + (1+nx+2:^)+(1+ax+3:^<l)+---

+ (1+flx+n-2:rp + 1}

= nPxK" _ 0 + (flx+l:n^2| +flx+2:n^3j + '?x+3:n-<| + ' ' "

+ nx+n-2:rj^

The value of the premiums must be deducted from the corre­
sponding assurance value to get the value of the policy. The
total may be checked by addition, for it should be equal to
fA ,,+A ,„+•■•+A , less the above summation of the
values of the premiums.

The value of the policy after the premiums are paid up is, of
course, just the assurance value.

EXAMPLES
1. Show in detail how to obtain a table of annual premiums for

whole-life assurances from the values of qx without constructing
the life table. Assuming a rate of mortality represented by a
constant addition of "01 to qx according to a standard table, explain
how the required premiums could be approximately obtained
without special tables.

Write down in a column in reverse order the values of px from
age oj — 2 downwards. From these values prepare a column of
log vpx.
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Then = log ««,_<>
•og^u-a + W^g^-a = loS"u-3
log’)Pu-4 + WloS%-3 = loga«-4

etc. etc.

From this last column pass to the values of raw_3> etc-
Enter annual-premium conversion tables with these values, and
obtain Pu Pw s, etc. The following schedule exhibits the
process :—

Age
X

(1)

?x

(2)

l-(2)

= 7>x

(3)

log (3)
+ logv

= logtfp*

(<)

log (4)
+ [«] log°x+l

= logax

(5)

log -1(5)

= °x

(6)

iTTd

= Px

(?)

w-2
(o — 3
co — 4
etc.

With reference to the second part of the question it was shown
on page 232 that it may be reasonably assumed that the addition of
a constant -01 to the rate of mortality will have the same effect as
an increase of -01 in the rate of interest per unit. We may
examine this assumption with reference to an increase from 3 per
cent, to 4 per cent, in the rate of interest employed in annuity
values. The assumption is that in any table

= ”(3»px

1 1 ,
l'04Pi “ 103P*

, 1-03
Px ~ 1-047’”

' - 1-03 -Qi
“ l-049»+l-04

= </*+ ‘01 approximately.
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If, then, the premiums required are 3 per cent, premiums,
we shall obtain good approximations if we enter a 3 per cent.
annual-premium conversion table with 4 per cent, annuities as
found by the method in the first half of the question, thus
following the formula

p’» = since = aPProximateIy-

2. From a table of nV(), show how you would construct a
table of a .X

"0
1 + oo

and the value of a jVq is given, that of a0 can be found.

Then from 2V0, 3V0, etc., find log(l -jV^, log(l
log(l - V^, etc., to each of which add log(l + <?0) and the results
are log(l +ax), log(I +«„'), log(l + °3)> etc. Find the antilogs of
these, and deduct 1 from each number, and the results are
Op «3, etc. The'following scheme shows the process:—

Age
attained

(*)

(1)

zV0

(2)

logd-.V,,)

= log(l + az)

-log(l+a0)

(3)

(3) +log(l + a0)
= log(I + ax)

(4)

log

= °x

(5)
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