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P R E F AC E.

The main object of the present Volume may be regarded
as being to give a detailed description of the basis and
practical application of those modern statistical methods
that are associated with the name of Professor Karl Pearson.

The history of the work is briefly as follows:—In
January, 1903, Mr. W. Palin Elderton read before the
Institute of Actuaries an interesting paper dealing with
the application of the Pearsonian frequency -curves to the
graduation of a mortality experience, and it was then felt
that the discussion of that paper suffered considerably
from the fact that Professor Pearson's methods, which
had attracted so much attention in purely statistical circles,
were comparatively unfamiliar to the actuarial profession.

It was therefore suggested by more than one member
of the Council that it would be exceedingly useful to the
profession if Mr. Elderton would contribute to the Journal of
the Institute “ an explanatory paper dealing with frequency­
curves, and giving illustrations of their use" based upon
actuarial data. To this invitation Mr. Elderton replied
in the most public-spirited manner by preparing a lengthy
paper which forms the nucleus of the present volume. On
consideration it was, however, felt that the work would
be more generally useful if published separately instead
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of in the form of a paper in the Journal, and Mr. Elderton
was good enough to undertake the necessary alterations
and additions.

It is hoped that in its present form the volume may
be of use not only to the actuarial profession, but also to
other classes of statistical students who may be glad to
have a connected account of Professor Pearson’s methods.

Actuarial work, on its purely technical side, depends so
largely upon the results of statistical enquiries that
developments and improvements in statistical methods
must always be of great interest to Actuaries, and the
profession is much indebted to Mr. Elderton (who has had
exceptional opportunities of becoming familiar with Professor
Pearson’s work) for the preparation of this volume, which
must have involved a great expenditure of thought and
labour. Time alone can show whether, and to what extent,
the methods which he has so ably expounded will prove
to be of practical value in actuarial work, and it would
as yet be premature to express any opinion on this point.
It may, therefore, be well to state that the illustrations
based on actuarial data must, for the present, be regarded
rather as examples of method than as indications of any
official view as to the applicability of the methods to actuarial
problems. The fact that no such expression of opinion
by the Institute is yet possible, however, does not, in the
slightest degree, lessen the indebtedness of all actuarial
students to such work as Mr. Elderton’s.

F. B. W.



INTRODUCTION BY THE AUTHOR.

By the preparation of the following pages an attempt is
made to bring before Actuaries the more practical methods
of modern statistical work. It is difficult to tell how far
such methods may prove useful in direct application to
actuarial problems, but even if they should happen to be
only a slight assistance it seems advisable for Actuaries to
have some knowledge of the contemporary study of a
subject connected with their own work on the theoretical
side. It has been necessary to exclude some recent work,
and in making a selection it has been decided that the
subject should be dealt with more fully from its practical
than its theoretical aspect, and that, for the present, at any
rate, it is best to omit the more difficult proofs, namely,
those of the probable errors of the coefficients of correlation
and of the formula for testing goodness of fit, while the
proof that the method of moments will probably give very
satisfactory results has been omitted because it is not
necessary to an appreciation of moments as a practical
method (as is obvious when we remember that it was not
published till the method had been in use for some years),
and also because it seems to the present writer that until
adjustments have been found for all possible cases its
practical value is somewhat discounted. The mean square
contingency is dealt with, but the mean contingency is 
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neglected because the mathematics leading to it are more
awkward, and, though the numerical work is less, the results
are not so satisfactory.

Some readers may be surprised that the method of least
squares finds no mention, but they should bear in mind that
the range of its applicability is so limited that there is a
growing tendency to put it aside in curve fitting, and it
seems best to concentrate attention on those parts of the
subject more likely to be of permanent value to those for
whom this book is intended. The median is not considered
because it has no important bearing on the matter dealt with ;
and if it should happen to be required the only thing’ wanted
is its definition, that it is the position such that the number of
cases before it is equal to the number after it.

The coefficient of variation lias not been dealt with, but
here again it is well for the reader to know its meaning. In
comparing the way two things vary it is necessary to
remember that relative size influences not only the mean
but the deviation from it, and in discussing variation this is
taken into account by using one hundred times the ratio

which the standard deviation bears to the mean (
\mean J

Part II. will probably give Actuaries more difficulty than
Part I. because it deals with a type of problem that has at
present received little attention from actuarial students, and
it is because the direct bearing of Part II. on actuarial work
is somewhat uncertain that it is dealt with more in outline
than Part I. Here, as in all other statistical study, examples
must be worked out if the methods and principles are to be
mastered. The reader who goes through a book on a
practical subject and docs not work out examples is as
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certain to encounter imaginary and miss real difficulties, as
he is to fail to obtain any satisfactory knowledge of the
subject.

The work may appear to some to demand more mathematical
knowledge than most Actuaries possess, and it may therefore
be well to point out that a practical man can use frequency
curves and correlation reasonably without such knowledge,
for the fact that a curve he has found agrees with the
statistics from which the moments were obtained is a proof
that in the particular case he has obtained proper values
for the constants even though he has not followed the
mathematical reasoning leading to the equations. It must
not of course be inferred that belief without proof is
considered advisable, but that it is unwise for a practical man
to put aside a practical subject which he can test practically,
merely because he cannot follow some of the proofs.

Frequency-curves and correlation form a subject in
which there is still much to be done in spite of the rapid
progress that has been made recently. There are few
subjects which offer a richer field for original work than
statistical mathematics and its applications. In this field the
reader will find that in recent years we are indebted to
Professor Kaul Pearson for the majority of the work that
has proved a success in practice, and anyone writing on
the subject for practical men is bound to follow in his
footsteps. Those who become interested in the subject are
strongly recommended to study Professor Pearson’s papers;
it is not until they have done so that they will fully
appreciate the great extent of his contribution to statistical
science. The present Author has merely tried to bring
together some of Professor Pearson's results and give them
to members of his profession with examples that tend to show 



that- actuarial statistics can be examined by his methods in
the same way as the statistics of biology and anthropology.
May not the continuation of such work add some links to
the chain of continuity and indicate a wider law than an
actuary studying his own subject exclusively might be led
to suspect ?

As will be readily appreciated, the Author is chiefly
indebted to Professor Pearson, but his indebtedness is of the
kind for which it is impossible to offer formal thanks; such
thanks would, at their best, fail to express the sense of
gratitude which prompted them. He has also to acknowledge
much kind help from Messrs. G. J. Lidstone and John

Spencer, both of whom read the work in a somewhat different
form in MS. and gave him many suggestions in connection
with the arrangement of the matter, and the former has also
helped him in many ways at the later stages, while Messrs.
S. Ad lard and R. L. Elderton have devoted a large amount
of time to reading the proofs, and have suggested difficulties
that would probably arise and ways of removing them.
Miss Ethel M. Elderton has rendered assistance in some of
the calculations and in other ways.

W. P. E.

London, August, 1906.



KEY TO THE ACTUARIAL TERMS

AND SYMBOLS USED.

The following explanation of certain technical terms and symbols
that are used in this book is given as an assistance to non-actuarial
readers. For a fuller account of the functions and notation reference
can be made to the Text-Book for Actuaries (Parts 1. and II.), and
to the “ Account of the Principles and Methods adopted in constructing
the British Offices’ Life Tables.”—London : C. & E. Layton. 1903.

When an investigation is made into the mortality experienced
among lives assured, the number of persons entering at each age, and
the numbers passing out of observation at each age owing to
(1) death, (2) withdrawal, by the policies lapsing, being surrendered,
or terminating from some other cause, are recorded. The exposed to
risk of death at age 25 (E^) means the number who had the chance
of dying between ages 25 and 26, and were on the average at risk for
the whole year.

The number who die between ages 25 and 26, divided by the
exposed to risk at age 25, gives the probability of dying in a year
at age 25 (qf).

When an experience ends in any year, say 1900, there will be a
large number of persons who have been at risk, but whose policies are
still in force; these are called existing at the close of the observation.



When a graduation has been made the expected deaths are found by
multiplying the exposed to risk by the graduated values of (]#• The
result is then compared with the actual deaths.

ONMu-i is tiic uame given to the table of mortality obtained from
the male lives assured by ordinary whole-life without profit policies
between 1863 and 1893, excluding the first live years of assurance.

0>l is a table constructed from the similar with-prolit assurances
for all durations, and IIM (healthy males) is the name given to the
older experience which ended in 1863.

Qx is (see above) the probability of dying in a year.

px is the probability of a person aged x living one year.

So if we imagine a stationary community, which a person can only
leave by death, and consider lx to be the number living at exact
age x, then Z.c+i=7>.rX lx and lx+2=Px+i x k+i, and so on.

The value at a rate of interest i per unit of a sum of 1 payable if
a person aged x be alive at the end of n years, is therefore
Vu1x+h i—— where t’ = (l + Z)”1, aud the value of an annuity of 1 would be

Now for convenience in making tables it is well to multiply
numerator and denominator of this expression by t>J‘, and we have as
the value of the annuity

I''* + C'1'+~I.v+2~ST • • • _  P.l‘4 1 4~ P.r4-2~t~ • • • 
Crl.c Do, “ D,.

where D.r= cxlx and Kx=Dx+l)x+14- . . .

Similarly

Tables of D, N, and 3 are called commutation columns.

a?| is written for the value of an annuity of 1 payable for n years
certain, independent of any life, so its value is v + t,24- . . . -f-rn.

is the value of a similar annuity of 1 per annum payable
m times a year when m takes the limit of co, so that its value is
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Cologpx is the logarithm of the reciprocal of jp.r, and Makeham’s
hypothesis assumes that its value is A-f-Bc4*;  but cologpx=
log 7,r—log Zr+1; therefore an alternative way of stating the hypothesis
is l^ksFg*.

When valuing the policies in an assurance office the actuary
groups cases together to save labour. When assurances are payable
at death they are grouped according to the year of birth, but when
the}’ are payable at a certain maturity age or previous death
(Endowment Assurances') they can be grouped either according to
year of birth or according to the number of years to run {unexpired
term). In the latter case they have to be valued by finding an
average age at maturity ; formerly this was done by taking the mean
of the ages, but Mr. G. J. Lidstone has recently shown that a much
more accurate result is reached by weighting the ages in Geometrical
Progression. The constants used for this purpose are called Z.

A model office is an imaginary specimen office which is used for
making approximate valuations.





FREQUENCY-CURVES AND CORRELATION.

PART I.

CHAPTER I.

Introductory.

1. The ordinary treatment of probability begins with the
assumption that the chance that a certain event will occur is
known, and proceeds to solve the problems that arise from
the combination of events or the repetition of a particular
experiment; it proves that a certain result is more likely to
occur from experiment than any other, that a result based on
a limited number of trials is unlikely to differ greatly from
the expected result, and that the proportional deviation from
the most probable result will generally decrease as the number
of trials is increased.

Experiments can easily be made to show that the
theoretical method leads to results which can be realised in
practice when the probabilities can be estimated accurately
beforehand; for example, various trials have been made with
coin tossing, in which it has been found that if five coins are
tossed together and the number of them coming down “ heads”
is recorded, then the distribution of the cases will agree with

B
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the binomial expansion + as the ordinary theory leads us
to expect. Sequences of “heads” or “tails” form a series
approximating to the Geometrical Progression with a common
ratio of A, and the drawing of cards from a pack gives a result
closely agreeing with the numbers that theoretical work
suggests.
2. It frequently happens, however, that the probabilities are
not known, and it is impossible to tell whether we are dealing
with an experiment like coin tossing or sequences or card­
drawing; in fact, the only thing known is the distribution of
the number of cases into certain groups, and in these
circumstances the inverse problem of tracing the theoretical
series to which the statistics approximate may become an
important matter. The difficulty of the subject is increased
because statistics do not give the theoretical distribution
exactly, and it is impossible to tell where the differences
between the actual and theoretical results lie. To make the
position clearer it will be well to re-state the problem and ask
whether it is possible to find the theoretical series to which a
series resulting from a statistical experiment approximates.
It may be difficult, perhaps impossible, to trace the simple
probabilities corresponding to a given case, but yet practicable
to form a reasonable opinion of the series of numbers that
might be reached if the experiment could be repeated an
infinite number of times. On turning to the reasons which
make it advisable to find this ideal result to which statistics
approach, it will be seen that the elementary probabilities are
not so important as they seem to be, and a reasonable
representation of the series is of far greater practical value.
We notice that one of the first objects of a statistician or an
actuary dealing with statistical work is to express the
observations in a simple form so that practical conclusions
can be easily drawn from the figures that have been collected.
If the available statistics fall naturally into fifty or sixty
groups he has to decide how they can be arranged to bring
out the important features of the problem on which he is
working, and if he can find four or five numbers closely
connected with the original series which can be used as an
index to the whole, he can then give the result in a way that
might assist comparison with similar statistics, and enable
others who have to deal with the facts to appreciate the whole
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distribution more readily than they could do if it remained in
its original form. The statistician has also to supply
approximate values for intermediate terms when only a few
can be obtained from his experience, or complete or continue
a series when only a part of it is known. In many cases
he has to keep the same terms as his original series, but
remove the roughnesses of material due to limitations in the
number of cases available for his investigation; that is, ho
has to graduate his data.
3. In reality these ob jects are much alike, for if the statistical
tables can be represented by an algebraic or transcendental
formula, we can replace the whole series of numbers by a few
values (the constants in the formula) which, if we deal
systematically with the distributions we meet, facilitate
comparison or enable us to supply missing terms, while the
roughness of the original material can be removed by making
a suitable formula represent the original statistics as nearly as
possible. If a formula is based on the theoretical considerations,
it should also give a solution of the problem in probabilities
mentioned at the outset, and we see that both the
practical and theoretical requirements can be dealt with
at the same time, for the smooth series sought by the
theoretical student is the same thing as the formula required
for practical work.
4. The advantages of any system of curves depend on the
simplicity of the formulae and the number of classes of
observations that can be dealt with satisfactorily, for a
complicated expression is very little improvement on the
original groups of statistics, and a system which is not capable
of general application leaves the statistician in difficulties
whenever it breaks down. One other thing is necessary; if
a formula is known to be a suitable one there must be some
method of finding the arithmetical constants that will give a
good agreement in the particular case. Such a method, if it
is to be of practical use, must be simple, reliable and capable
of general and systematic application.

A broad idea of the objects to be accomplished ought
to be kept clearly before the mind; they are likely to be
forgotten because of the large amount of detail necessarily
connected with the subject. It is also important because
the advantages of systematic treatment are often overlooked,

b 2



and short cuts and rough and ready methods are adopted
to the detriment of the work, and formulas having no
scientific basis and having no connection with others
suitable to similar cases are sometimes used in rather
haphazard fashion by statisticians. The consequence is that
generalisation is impossible, and where a law might be found
one can see little but a great variety of attempts by energetic-
workers to reach their own conclusions regardless of the value
of comparative statistics.
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CHAPTER II.

Frequency Distribution.

1. If statistics are arranged so as to show the number of times,
or frequency with which, an event happens in a particular
way, then the arrangement is a frequency distribution.
Although some of our results will be of wider applicability,
we shall generally confine our attention to these distributions.
2. It is necessary to have a name for the formula used to
describe such distributions, and the term frequency-curve has
been adopted for the purpose. The geometrical progression
which describes the number of sequences in any direct
experiment, such as coin tossing or dice throwing, is a
frequency-curve, the equation to which is y = Naa?.
3. Some distributions give the number of cases falling in a
certain group of values of the independent variable, while
others (e.g.} Example V. of Table I.) give the number of cases
for an exact value, and in the former case the exact values of
the independent variable to which the groups correspond
must be considered; for instance, “exposed to risk at age x”
includes those from .c— A to.-r+i, but the number of deaths
at duration n those from n to n+1. When statistics are
represented graphically, effect should be given to these
differences, and, to bring out the points a little more clearly,
the diagrams on pp. 6 and 7 have been prepared. The
drawings of distributions, such as those in the diagram, arc
called frequency polygons or histograms.
4. When statistics give the number of cases for an exact
value of the independent variable, it is simple to plot them in
a diagram by drawing ordinates and joining their tops, but in
the case of groups of values there is a little complication, for
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we can either draw a rectangle standing on the entire base
(Ex. II. of diagram) or put in ordinates at the middle points
of the bases and then join their tops (Ex. III.). The former
method seems to give a better idea of the amount of
information conveyed by the statistics, but, for some purposes
(e.</., for seeing the possible shape of the curve), the latter is
more convenient.
5. If the reader will now examine the examples in Table I.,
he will notice that the statistics tend towards a smooth series

Table I.

Example I.
1

Example II.
Example ’

III.
Example

IV. Example V.

Curtate
Durations.

Withdrawals
vith monthly

incldt nee
“ 0” in year
of exit(p.92,
Pi ini ia

i

Agee.

Exposed to
risk of

Sickness
(Watson, 1

U. U. Tables,}

Existing at
close of

observations
Without

Pro tit

Existing at
close of

observations
“Old"

Annuities

Terms of
the

expansion ol
1000(1+3)* 3

No.
of

term.
p. 19). Assurances. (Females).

1 308 -19 31 32 1
2 200 20-21 145 127 2
3 118 25-29 156 232 3
4 (59 30-34 115 258 4

59 35-39 123 194 5
6 41 40-11 103 3 103 6
7 29 45-19 86 9 40 7
8 28 50-51 71 42 11 8
9 26 55-59 55 111 29 9 9

10 21 60-64 37 176 23 1 10
11 18 65-69 21 200 81 11
12 18 70-74 13 193 151
13 12 75-79 7 160 192
14 11 80-84 3 73 239
15 5 85-89 1 26 157
16 11 90-94 6 93
17 7 95-99 1 29
IS 6 100- 6 ...
19 1
20 3
21 1
Jz 3
23 - ...

1,000 1,000 1,000 1,000 1,000 ...

1 True Total 1,308 2,995,721 2,674 172
Mean 4-182 37’8750 68-485 79-400 3-998

Standard (
Deviation ) 4-1996 2-76810 1-771288 1-774894 1-46215

1 ’
TyjM? I I II VII
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as the total number of cases is increased, and from this it
can be seen how naturally practical statistics lead to the
conception of a frequency-curve to describe the smooth
distribution that would be obtained if an infinite supply of
homogeneous material were available for investigation. In
other words, such curves would give an approximation to the
total “ population ” of which the particular case investigated
is a sample.
6. It may be noticed that a frequency-curve will give a
frequency corresponding to every value of the independent
variable along the whole range of the distribution, and will
not restrict us to a few more or less arbitrary groups as is
necessarily done by the actual statistics. The binomial series
and geometrical progression do the same when we imagine we
are dealing with something that can be divided into a very
large number of groups. Thus, if we mix a large quantity of
sand of two colours and take out a fixed quantity of the
mixture and record the number of grains of sand of either
colour in each drawing, we should obtain a continuous curve
from a large number of trials.
7. We will now define some important functions. When a
distribution is arranged according to the progressive values
of a variable characteristic, e.g.> duration, age, &c., the
average value of that characteristic (not the average of the
frequencies) is called the mean of the distribution, and is
given by

fa x a+fb x & +/c x c-f- ... +/w x n
. </aH"c/z»T/c+ • • • -\~Jn

where is the frequency corresponding to r; thus, in
Example I., 200 is the frequency corresponding to 2. If we
assume infinitesimal increments, the mean is given by

Sf*  x xdx
\fxdx 3

where the limits of the integral will be such as to cover the
whole distribution. The mean could also be described as
the position of the ordinate through the centre of gravity
of the distribution (centroid vertical), and this may be of
help to some readers.



10

8. The mode is the characteristic that occurs most frequently,
or. in other words, is the position of the maximum ordinate,
and its calculation can therefore only be made approximately,
unless we know the law connecting the various groups.
We cannot find the mode exactly until we know the
frequency-curve, because it is the position of an ordinate,
and we cannot tell from the rough statistics which ordinate is
greatest.
9. Now since one equation or curve might be used for several
distributions, one given according to age, a second of a
different subject according to duration, a third according to
sums assured, and so on, we must have a standard of reference
based on the distribution itself. For this purpose a function
known as the standard deviation is used. It is given by

/ • • • ~b/wnZ2y
"V t /a+/& + . . • +/» J

where a', b'. . . n are the distances from the mean. In the
form of integrals the standard deviation is

/ f j./x x ardx]
v

where the distances .c are measured from the mean.
The standard deviation measures the way the frequencies

are distributed in terms of the unit of measurement. Since
the frequencies furthest from the mean are multiplied by the
largest values of ic, a large standard deviation shows that the
frequency distribution spreads out from the mean, while a
small standard deviation shows that the frequency is closely
concentrated about the mean. In considering the relative
sizes of standard deviations, it is necessary to bear in mind
the unit of measurement, because, if a given distribution is
arranged in two series, first, according to years of age, and
then in quinquennial age groups, the standard deviation will
be five times as large in the latter case as it is in the former.
This can be seen at once by comparing the two expressions

VfhsrJ “a
The latter is obviously five times the former. The values of
the standard deviations are given in Table I. for each case.
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The diagram, on p. 12, shows two curves having the same
mean B and approximately the same area, but the dotted
curve has the larger standard deviation because it spreads
out more on each side of the mean.

The reader will notice from the algebraic expressions
given above that the standard deviation is not dependent on
the number of cases (i.e., on the absolute size of the curve),
but merely on the way they are distributed on the
proportionate numbers or the shape of the curve) ; it
measures the “ spread” or “ scatter ” of the statistics from
the mean.
10. An examination of frequency distributions (see Table I.
and pp. 6 and 7) shows that most of them start at zero,
gradually rise to a maximum, and then fall sometimes at a
very different rate. If the rise and fall are at the same rate,
distribution will be symmetrical about its mean, which will
obviously coincide with the mode. The difference between
the mean and mode is therefore a function of the skewness or
deviation from symmetry. In order to get a satisfactory
measure, the way the material is grouped must be
taken into account, and this leads us to measure skewness
by (distance between mean and mode) h- standard deviation.
If the mean is on the left-hand side of the mode when the
statistics arc plotted out in diagram, this function will be
negative, and to remember the sign it is convenient to write :O' o

Mean — Modebkewness =

The diagram will help to show the rationale of the measure
for skewness. It gives two curves having the same mean B
and the same mode A, but with different standard deviations,
and it is clear that the dotted curve, with its larger standard
deviation, is more nearly symmetrical than the other curve.
11. We may summarise these functions by saying that the
mean and mode fix the position of the curve on the axis; the
standard deviation shows how the material is distributed
about the mean, and the skewness shows the amount of the
deviation from symmetry exhibited by the material.

These preliminary definitions will be sufficient for our
present purpose, but the functions defined will be more easily
understood when their actual connection with the practical 
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work of curve fitting has been studied. A student working
at the subject for the first time should plot out several
distributions on cross-ruled paper, in order to familiarise
himself with their nature and appearance. He should
calculate and insert the means in the diagrams, but should
not attempt to calculate standard deviations until he knows
something of the method of moments.

A B
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CHAPTER III.

Method of Moments.

1. Before we proceed to deal with suitable forms for use as
frequency-curves, it will be well to see if some method of
applying them to statistical examples can be found, for it is
clearly useless to suggest a curve and have no way of using it.
We require, therefore, a general method by which a given
formula can be fitted to a particular statistical experience,
and may be applied to any expression (for instance,
Makeham’s formula for the force of mortality) on which we
may have decided as the basis of graduation. The first point
to be noticed in searching for such a method is that if there
are n constants in the formula, we must form n equations
between the formula and the statistics. Thus, if we have
three terms, say, y = 20, 40 and 88, when a=l, 2, and 3
respectively, and wish to use the curve y = a + bx + cx- to
describe them, we can, of course, find values of a, b and c so
that each item is exactly reproduced by equating as follows :—

a + b + c = 20
«. + 26 + 22c = 40
a + 3b + &c=8S

But if we have a fourth term 7/= 96 when a = 4, and use
the values of a, b and c found from the three equations just
given, we should find that when a=4 y = 164. This suggests
that when there are more terms iu the statistics than there
are constants, the equations must be formed by using all the
terms, not by selecting from them. The graduating curve
will not necessarily reproduce exactly any of the observations
but will run evenly through the roughnesses of the observed
facts so as to represent their general trend.
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2. Lot g1; a-2, a-.,. . . an bo n terms to be graduated ; then, if
the series were perfectly smooth and followed a known law,
each term could be reproduced exactly by, say, blf b2, ba . . . bn
where = g2=7)2, a2-=b2 . . . and an=bn. Now, if we
consider the two series (the a’z and the 7/s), we see that
since each term is reproduced exactly

r=n r=n
Sar =S&r

r=l r-1
r=n r=n

and — crar=S crbr
r=l r=l

where cr is a numerical coefficient.
This suggests a possible method to apply when each term

cannot be reproduced exactly. The total of the graduated
figures must be made equal to the total of the ungraduated,
and the further equations necessary for finding the unknown
constants must be formed by multiplying the various terms
by different factors and similarly equating the sums of the
graduated and ungraduated products, t.e., ScrGr=Scr&,.. It
still remains to decide the best form to be given to c,.,
and the mean being equal to

g14-2o2+ . .
God" • • • d"Grt

suggests that cr=r should give one reasonable equation.
Again, since we shall have to use some function of r
which, when applied to the graduation formula, will give
an integrable form (otherwise, we cannot make an
equation between Scrbr and ^crar), the powers of r
suggest themselves as convenient when integration by parts
is attempted. If, therefore, we write cr=re and give t
successively the values 0, 1, 2 . . . we can obtain as many
equations as we require, and the first two of them give the
area and mean of the distribution, which will be the same in
the graduated and ungraduated figures.

This method is known as the Method of Moments,
(cf., moments of inertia), and Professor Karl Pearson has
recently shown (Biometrilca, vol. i., pp. 267, &c.), that it can
be expected to give very good results.
3. Applying the method to solve the three equations given
above, we have
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(a + fc + c) + (a+2& + 22c)+(a+3& + 32c) = 204-40 + 88
(a + 6 + c) + 2(a + 26 + 22c)+3(a436 + 32c)=20 + 2x4043x88

(a 4 6 4 c) 4 22(a 4264 22c) 4 32(a 4 36 4- 32c) = 20 4 2” x 40 4 32 x 88
or 3a 4 66 414c = 148

6a4146436c=364
14a 4 366 4 98c = 972

These equations will give the same result as those from which
they were formed, because each of the three terms can be
graduated exactly; but if we introduce the fourth term,
a; = 4, 7/ = 96, we can modify the moment method by adding a
fourth term to each equation given above and obtain

4a 4 106430c = 244
10a 4 306 4 100c = 748
30a 4 1006 4 354c = 2,508

The solution of these equations gives
a= —25*5
6= 42*6
c=-3

or x=l ?/=14T
®=2 y = 47’7
ru=3 y = 75*3
x = 4 y = 96’9

This is a very simple example, but it will probably help
to show the way results are reached, and will serve as a
foundation for what follows.
4. The nth moment of a particular frequency is defined as
the product of the frequency and the nth power of the
distance of the frequency from the vertical about which
moments are being taken ; or the nth moment of any ordinate
y of a frequency-curve about the vertical through a point
distance x from it is and the ?ith moment of the whole
distribution treated as a series of ordinatesis ijiXi" 4 y*xj l 4 . . .
where y\ + y> + • • • is the total frequency. Thus, in
Example IV., the third moment of the frequency 81 about
the vertical through age 77 is 81 x ( — 2)3 where 5 years is
the unit distance.
5. If the ordinates are known, we can calculate the moment
for them immediately by multiplying the frequencies by the
powers of the distances between them and the vertical about
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which the moments are required and then add the results,
care being taken to give the distances their proper signs. If
areas arc given, an approximation is made by assuming them
to be concentrated about the ordinates at the middle points of
the bases on which they stand—the moments thus obtained
are sometimes said to be based on “loaded ordinates.” The
columns after the third in Table II. show the calculation of
the moments about the vertical through age 77 for
Example IV. of Table I., on the assumption that the frequencies
are concentrated at the middle points of the bases.

Table II.

Notation fob Moments.

Central !
Age Of Frequency

f
x — 77

Group
X

5
= s

/x.r‘ /x.v«

(1) (2) (3) (4) G) (6) (7)

57 29 -4 116 464 1,856 7,424 |

62 23 -3 69 207 621 1,863
67 81 — 2 162 324 648 1,296
72 151 -1 151 151 151 151
77 192 0 -498 -3,276
82 239 1 239 239 239 239
87 157 2 314 G28 1,256 2,512 I
92 93 3 279 837 2,511 7,533 !
97 29 4 116 464 1,856 7,424

102 6 5 30 150 750 3,750

Totals 1,000 •••
+ 978

. +480 3,464
+ 6,612
+ 3,336 32,192

N = total frequency.
yn=»th unadjusted statistical moment about mean.
/„ = wth unadjusted statistical moment about any other point.
/in=wtli moment from curve about mean.

= wtb adjusted statistical moment about mean.
/x,n = »th moment from curve about other point.

=nth adjusted statistical moment about other point.
Note.—v, v, p and p always refer to a total frequency of unity.

The unit of grouping has been taken as 5 years, and if,
as is often convenient, we assume the total frequency to
be unity, the totals will have to be divided by 1,000.
We should generally deal with the actual numbers that
occur, but as they have been given in Table I. as the
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distribution of 1,000 cases, it will be better to use them
in that way in the present case. The numbers — 4, —3 . . .
in column (3) show the distances from age 77 in terms
of the unit of grouping. The centre of any other group
would have done almost as well as 77 ; it is convenient to
choose the arbitrary origin so that it is near the mean of the
distribution. This makes easier the calculation of the
moments about the mean (a result frequently required), and
enables the calculator to get a rough check on these moments
by comparing*  them with those about the arbitrary origin.
The columns (4) to (7) are sufficiently explained by their
headings; they are formed successively and checked by
multiplying f by s‘, the values of s-‘ being taken from a table
of the powers of the natural numbers.
6. It has so far been assumed that moments can be calculated
about any point, but it is frequently inconvenient to do so ;
for if we had required them about age 79*4,  we should
have had to multiply by the powers of -- \ of —

and so on, and it is quite clear that the labour would have
been very great. In such a case we can, however, take the
moments about any other more convenient point, and then
modify them in the following way:—

Let the distance between A, about which the moments are
known, and B, about which they are required, be 4-d; thus,
if we want moments about 25*7  and have found them about
*25, d is *7  ; if we had found them about 26, d would have
been — *3.

Then, if the distance of any ordinate yr from A is Xr, and
from B is then

xr =Xr-d
an d a’r” = (Xr — d)n.

Now, the ?ith moment of the whole distribution treated as
a series of ordinates is 2£y,.Xrw about A, and — y^rn about B;
so we have

v"n = ly^n = 2y,.(Xr—d)n

= S[yr(X/‘-ndXr”-’ + . . . 4-^T«cZ»)]

= u'n — ndv'n_l+ ^d2u'n_2— . . (1)

C



where v"„ is written for the nth moment about B, and i/w the
nth moment about A.

Instead of (1) we may proceed as follows :—
= S y,.X,.=S[y,.(a>r + d)"]

= p n-^ndv M_j+ 9f d-v w_24- . . .

. tf > 7 ff 1) //V n — v n — ndv ------— d~v „_o— . . . (2)

There is little to choose between these two formulas, and of
course they give identical results.
7. We will now apply formula (2) to work out the moments
about the centroid vertical (i.e., vertical through the mean)
for the example in Table II. The distance of the mean from
any point is

S(X,.?/r) S(X,.yr)
Sy,. - N

where N is the total frequency; or we may say that the
distance of the mean from any point is the first moment of
the distribution about the vertical through that point. It
follows that the first moment about the centroid vertical is
zero, and this leads me to prefer formula (2) to formula (I)
when moments are required about that vertical. When we
come to deal with frequency-curves, we shall see that this is
generally the case.
8. The arithmetical work is as follows:—

The totals in cols. (4) to (7) are divided by the number of
observations (total of col. (2) ), and the quotients are the
moments (/) about 77. The moments are dealt with as having­
reference to a case where unity is the total frequency,
i.e., proportional, not actual, frequencies are dealt with.

vzi = ’480 v'2= 3’464
z/3=3’336 ^=32’192

The value of v'i gives the mean age = 77-I-5 x-480 = 79-4.
In order to use formula (1) or (2), the value of d is required,
and when the calculation of moments has to be made about
the centroid vertical its value is, as we have seen above, the
same as i/j; in the present case it is the first moment about
the vertical through age 77. The powers of d are next
calculated by logarithms; as it happens d is a comparatively
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simple number; if it had been '48327, say, the propriety of
using1 logarithms would have been more obvious—o o

cZ2='23O4 rZ;,= +'110592 fZ‘ =-0530842.

In modifying formula (2) for the particular case iu which
moments about the centroid vertical are required, it
should be remembered that is zero and p0 is unity, because
it is merely the total frequency divided by the total
frequency.

r2=i>'2 — d2 = 3*2336
p3=j/3—3<7u2—d3 = —1'430976
p., = v i — 4<Zi/:l — 6cZ2z/2 — cl1 = 30'416289.

A seven-place logarithm table and antilogarithm table
(such as Filipowski’s), an Arithmometer or Brunsviga should
be used. It will be noticed that 6d2v2 can be formed very
easily from 3cZp2 when logarithms are used, as log d is known.
It is useful to keep a note of this value (logrZ) in a conspicuous
place when the moments are being calculated.
9. Although the above is the most direct and obvious way
by which moments can be calculated, another method was
suggested by Mr. G-. F. Hardy and used by him in his recent
graduation of the British Offices Life Tables. He pointed out
that by summing the statistical numbers and forming a new
series in the same way as the TT# column is formed from the
D.v column and then summing these results (c/’. the column),
and so on, equations can be formed. So far as I can trace,
Mr. Hardy has not shown the connection between the
summation method and the direct calculation of the moments,
though he has pointed out that the same results can be
obtained.

The arrangement on p. 20 shows both the method of
calculation and the form of the expression obtained by the
process.

Considering the line opposite the first term, we notice that
the sum of the series is given, and that the second summation,
which we will call S2 when the total frequency is taken as
unity gives the first moment of the whole distribution about a
vertical situated at unit distance before the point corresponding
to f (1). Still considering only the first line, we see that
S3 gives each function multiplied by coefficients of the form

c 2
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n2 + n . . . v2 + v\ , ,. r— 9 |— or z.e.} it gives 9 where v is written for

the moment, because by definition the /th moment (v't) of the
whole distribution is given by the sum of nef(n) for all
values of n. S, and S5 give each function multiplied by
n3 4- 3n2 4- 2?t , ?r‘4-6n34-1 ln24-6n ,. .- g - and ---------- ------------ respectively.

The following equations result:—
S2=p'|
S3= J (^2 4-^'1)

Si = ^(z/3 4- OV 2 4- 2z/j)
S5= 14" bz-' 34~ 1 li^ 24' 6z/j).

These equations enable us to calculate the moments about the
selected origin, but if it is necessary to find moments about
the mean, the following relations are more convenient; they
can be reached by substituting in the above the values in
formula (2), and remembering that S2=d.

i/3=2S3-d(14-d)
z/j=6 S.j — 3i/2( 1 4- d) —d( 1 4- d)(2 4- d)
p, = 24S5-2^2(1 4- d) 4-1} -z/2{6( I 4- d) (2 4- d)-1}

-(/(14-cZ) (24-d)(34-d).
10. The following table shows the working in the numerical
example already dealt with by the direct method. The fifth
sum is unnecessary, as the total of the items in the fourth sum
gives the only value required :—

Table IV.
1

Frequency First
Sum.

Second
Sum.

Third
Sum.

Fourth
Sum.

29 1,000 5,180 19,372 54,508
23 971 4,480 13,892 35,136
81 948 3,509 9,412 21,244

151 867 2,561 5,903 11,832
192 716 1,694 3,342 5,929
239 524 978 1,648 2,587
157 285 454 670 939
93 128 169 216 269
29 35 41 47 53

6 6 6 6 6

To,tal. v } 1,000
(for check)) 5,480 19,372 54,508 132,503
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From the totals of the columns we have—

Sa=d=5’48, S3= 19-372, S4=54-508, and S5= 132-503.

The first value S2 or d shows that the mean is at age
52 + 5-48x5 = 79-4. The age 52 is used because it is the
centre of the group before that in which numbers occur and,
as has been already remarked, the summation method assumes
the work to be done with reference to this position. The
application of the formula for v2, v3) and i/.t, given above,
enables us to find

r2= 3-2336
v3=- 1-43099
v,= 30-4164

11. This is the most obvious way of using the summation
method, but if the series contains a great number of terms, it
is more convenient to use a central term instead of the first
term as the starting point for the summation.*  A slight
adjustment is then needed because, though there is no difficulty
about the calculation of the sum for the terms on the positive
side of the selected point, the moments for the terms on the
negative side are formed by multiplying by the powers of
negative quantities. In order to use the formula; given above,
we require S?//(?/) ; Xn• /(?«), and so on, or when n is

v . v—h(—n + l)„ . —1) .,negative, 'j(-n) or X ?i);

v —n(—n+l)(—?& + 2) ., . n(n — l)(n—2) .. . ,
- ------------ ------------ V(-^) orS- —------and

v ~ + 1) (-+ 2)(- n + 3)^ or (n~2)(n~3)y-(

The first of these is given by the lasl term in the
ordinary second summation taken negatively; the second
is seen from Table III. to come from the term before the
last in the ordinary third sum; the third is the second
term before the last in the fourth sum taken negatively;
and the fourth is the third term before the last in the
fifth sum; the sums in each case being begun from the

* I have to thank Mr. G. J. Lidstone for the suggestion of this improvement
in the method.
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central term but in the reverse direction from the sums on the
positive side. To make the method clearer the following table
has been prepared, showing the calculation of the summation
about the centre of the group of which the frequency is 192.

Table IV.(A).

1 Frequency. first
Sum.

Second
Sum.

Third
Sum.

fourth
Sum.

fifth
Sum.

29 29 29 29 29 29
23 • ) 81 110 139
81 133 211 32 A ...

151 281 498 ... ...
192 —— — —

239 52 I- 978 1 ,G 18 2,587 3,854
157 285 154 670 939
93 128 1G9 21G 2G9
29 35 41 47 53

6 6 G G 6

1,009

S.,= -978—-498 = -48
S3= 1*648+  *324=  1-972
$4=2-587—-139 = 2-448

and S5=3*854  + *029  = 3-883
lienee z/.j=2x 1*972 — ’48 x 1*48  = 3*2336
and similarly vA= — 1*43097
and 1/4 = 30-41621
agreeing with the previous results.
12. A comparison of Table IV.(A) with Table IV. will show
that a saving of numerical work is effected by using a central
point as the starting point for the summation, for the sums
are numerically smaller and the value of So or <Z, which enters
into the formula) on p. 21, is much smaller. It will be readily
appreciated that whenever there is a large number of terms
the summation method, and especially the form of it given in
Table IV.(A), is a very great improvement on the product
method of calculating moments. By means of an adding
machine, such as Burrouglies’ adding machine, the summations
can be obtained mechanically with little trouble, even for
series containing as many as a hundred terms.
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13. It is now necessary to consider the calculation of moments
from the curve, for until this has been done it is impossible to
form equations for finding the constants.

Let 7/x=/(at, a, b, c . . .) where a, b> c . . . are constants to be
determined.

We have seen, on pp. 13 and 14, that one way of working
would be to find

/(I, a, b} c . . .) x 1" 4-/(2, a, b, c . . .) x 2“ 4- ...
x=r

say, X /(.r, a, b} c . . .) x «rn,
X = 1 *

and this would give a result which might be used in forming
equations if it were not for the fact that it is often impossible
to find an algebraic expression for the sum of such a
series in terms of the constants. It is, however, generally
possible to find such an expression for the integral, and as we
have defined the 7ith moment of an ordinate yx as yxxn, the
nth moment of the whole distribution from «u = 7i to x= k is

y^dx or I /(*c,  a, b> c . . .)x,ldx.
h J h

The total frequency (z.e., total number of cases investigated)
is I yxd<C; and the mean is | y^dx^- I yxdx, as we have

J k J k J It
already noticed.
14. If the moments from the equation to the curve are
calculated in this way and equated to the moments calculated
from statistics by assuming that the latter consist of a series
of ordinates, an inaccuracy is introduced.

Let us consider the two cases :—
(1) When the statistics are a system of isolated terms

or ordinates*  and we wish to pass a curve very
closely through them.

(2) When they are a system of areas but the moments
are calculated by assuming the areas to be
concentrated at the middle points of the bases.

* Strictly speaking, not a frequency distribution but a series of values
requiring graduation. The distributions referred to on p. 5 have to be dealt
with as areas for frequency-curve work because they tell the way the whole
number of eases is divided in groups, and the whole area between the curve
and the axis of .r must therefore be used.
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15. (1) In this case the terms y0, yl} y2 • • • yn-\ are given by
the statistics, and since j yxdx is approximately equal to y0, it

is simplest*  to assume that | yxdx is given by the equation to

the curve, and we have to find adjustments to counteract the
X=ll— 1 pl—J

error caused by equating X to '£yxdx (the error is
.r=0 J

analogous to that introduced by assuming (1 4-^)4a,7 =ft,7i)«
'The most practical way of overcoming the difficulty is by
calculating the true area corresponding to the ordinates
i/o, y\ • • • yn-\ by means of a quadrature formula (formula of
approximate summation). Many formuhe are well known,
and some have been given for use in rather special circum­
stances in Text-Boole, Part IL, pp. 480-491; but for the
present purpose it is convenient to have expressions
which give approximate values of an area in terms of
ordinates lying both within and without the base on
which the area to be valued stands. Symbolically, these
formuhe express | yxdx in terms of i/_.j, //•, y_i>, -i/h, &c.,

or 2/o> //u y-2, y-2> &c.
I.—Let

yx=a 4- bx 4- ex2 4- dx3 4- ex ’,
then

f- . , c c
j_4^'=“+12+80’

and
y0 = a

y_14-yi = 2(a4-c4-e)

y _2 4-1/2 = 2 (a 4- 4c 4-16e).

Now, assume the required integral can be equated to

hy0 4- &(y_i 4- ?/]) 4- ^(i/-a 4-1/2),

substitute the values given just above and equate the
coefficients of ft, c and e respectively to 1, -X and J , and

12 oU

* It is generally possible to use these limits in case (1), but if other limits
have to be taken, such as 0 to >1, different quadrature formuhe must be used.
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we have /t + 2A- + 2Z=l

21 + 81=/,

21+321=^.

The solution of these equations gives

.  5178 . _ 308
/l“"5760’ 5760 and I = — »o760

and we obtain

. ^'c= 5766 {51782/0 + 308 (y_) 4- y,) 17(y_2 4- y2)}.

IT.—If

yx = a + bx + cx2

| " t Uxdx = Jq {-1 + 22^ + ) *

III.—If

yx = a 4- bx 4- ex2 4- dx2 4- ex1
I*  J 1
| ^Jxdx= (802(^4-2/_j) -93(y,. 4-y_!i) 4-11 (y2i4-y-.j)) •

IV.—If

yx = a 4- bx 4- ex'2 4- dx2

16. We can now take the calculation of the moments, where

I yxdx is required in terms of y0, . . . yn.

Now,

If formula I. be applied it can be used for all the integrals
on the right-hand side of this equation except the first two
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and the last two, and the values of these are given by IV.
Summing the values obtained and writing IV. with the
denominator 5760, we obtain

~ J 1 (■
yxd^= 57oo {bl63y0 + 4371yi 4-6669y24- 5537y34- 5760(yt + ys4-. . .

4- yM_6 + yn_i) 4- 5o37yM_4 4- 6669yM_3
4-4371yw_24-6463t/w_1j . . . V.

which means that we can multiply the first and last ordinates

by ^(=1-1220485), the second and last but one

by 4371 . _ • ...
- (=' 7o88d41),o76()v the third and last but two

by
6669. ,( = i’lo/b!2 ✓),o760 the fourth and last but three

by ( = -9612847),o7b0 K leave all the other ordinates

unaltered, and work out the moments in the usual way
from this modified series of ordinates. Of course, if there
are less than eight ordinates another formula must be
evolved.
17. In the following table the original series and the modified
one are set out in the first two columns, and in the other
columns the calculations of the first four moments about the
middle of the range by the direct method are shown :—

Table V.

y*
Modified by
Formula V.

.'/x
'/xx-** .V x x

J

51-81 5813 232-52 93008 3,720-32 14,881-28
4374 3319 99-57 288-71 866 13 2,598-39
35'58 4101 82-02 164-04 328-08 656'16
27-80 26-72 26-72 2672 26-72 26-72
20-42 20-42 -440*83 - I.'.' 11-25
13-79 13-26 13-26 13-26 13-26 13-26
8-26 9’52 19-04 3808 76-16 152-32
4-29 3-26 9-78 29-34 8802 26406
1-69 1-90 7-60 30-10 121-60 486-40

208-38 207-41 + 49-68
-391-15 1,520-63

+ 29904
-4,642-21 19,078-59
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207*41  is then treated as the total frequency, and the
moments for unit frequency (//„) would be obtained by
dividing —391*15,  1520*63,  &c., by 207*41,  and not by 208*38,
which is not the “ total frequency”, but merely gives the
uncorrected sum of certain equidistant values.
18. The work can sometimes be simplified considerably, for if
the values at the ends of the experience are very small and
have a tendency to keep close to the axis of x before they
finally vanish (t.e., if there is high contact; most actuarial
functions 1XJ ax, Dx., &c., have high contact at the old age
end of the table), then it is reasonable to suppose that
ordinates before the first and after the last exist, but
are insignificant in value. Thus the integral corresponding
to the whole series of ordinates can be legitimately extended
beyond the limits — | and n— 1 previously used, because the
additional area thus introduced ■will be evanescent. Now if
the area be so extended, the effect will be that in equation V
the significant ordinates from i/0 to yn-\ will all have the
oefficicnt unity, and the ordinates with weighted coefficients
.'ill all vanish. The practical result is, that if there is high

contact at one end of the statistics the adjustment need only
be made at the other end, while if there is high contact at
both ends no adjustment is necessary. Mathematically, high
contact means that the first few differential coefficients vanish
at the point of contact. The diagrams on pp. 73 and 90 show
high contact at both ends of the curves, and the diagram on
p. 67 shows high contact at the longer durations.
19. (2) The second case, namely, that in which mid-ordinates
are used instead of areas, may now be examined. By
concentrating areas about the middle points of their
bases, we assume that the distances by which the areas
f- l’1-j yxdx'} J yxdx} &c., must be multiplied, are the same as

the distances from yX) &c.; that is, the Zth moment from the
statistics is

I yxdxX! + I yxdx(X + iy + . . . + I yxdx(X+n— 1)'
J -1 J J J 1J

jr
(X+a>y?/xda5 where X is the distance of

yQ from the ordinate about which moments are calculated.
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By formula I. the series of integrals can be written

576o{ . . . +[5178W + 308{(/l-l)' + (/l4-iy}
-17{(/t-2)'+(/l + 2)q]j/+ ...}

where h is written for X-Hr in order to simplify the expression,
and working out this general coefficient we have
._l(i0^57607i, + 240i(i —l)7?-2+37(i —1)(Z—2)(/—3)7i,_' + . .

If t=l this becomes h
„ 7 = 2 7i2H-T2
„ t = 3
„ 7 = 4 + Hi2 4- hV

It has already been noticed that if there is high contact, rhe
value of | is found by using the unadjusted
ordinates; that is, the second moment is given by a series,
the general term of which is 7ry; the third by a series, the
general term of which is h3y, and so on; hence, if /z. be
written for the true adjusted moment about the mean and u
for the unadjusted moment, the relations between p and v are
given by

/^2 + t2==:^» or — —-jV

^4+ 2^--’ + tA.-=2A> or = —+ 0
The mean needs no adjustment, for if 7=1 the general term
has the correct coefficient h, and the third moment has to be
adjusted by | of the first moment, which is zero where the
moments are taken about the mean. These adjustments were
first given by Mr. W. F. Sheppard in Proceedings of the
London Mathematical Society, vol. xxix., pp. 353-380. In order
to demonstrate the correction for the ?ith moment by the above
method, a parabola of at least the nth order is necessary. If we
apply these adjustments to the moments found on p. 19, for
Example IV. of Table I., we have /z-2 = 3*1503,  p3 = — 1*430976,
and pi = 28*8*28322.  These adjustments are found to make a
considerable difference in the constants obtained from the
moments especially when there is a small number of terms.
20. When there is not high contact at both ends of the curve,
the adjustments become more difficult to value; suggestions
have been made for finding the corrections, but they are not



30

altogether satisfactory, and it is probably best, in such cases
to use the unadjusted figures. A few particular cases are,
however, dealt with in Arts. 15 to 21 of Chap. V.

A student should calculate the moments for one or two
distributions, and make the necessary adjustments; he can
also find the standard deviations of distributions, for the
SD= ■//<> where the /z-j has been adjusted in accordance with
the above rules. In Examples III. and IV. there is clearly high
contact, in 11. and V. there is more doubt but the adjustment
is advisable, while in I. the rough moment should be used.
21. Before proceeding to deal with fitting more complicated
curves it is advisable to consider the application of the method
of moments to a simple case, namely, when i/ = «4- 4-c.r2 4- &c.

Let the range be 27. and let the origin be at the middle
point of the range, and m0 stand for the area and for the nth
moment of the whole distribution about the middle of the range.

f+z
Then ?>?.»«= | (« 4- b.r 4- c.r2 4- . .

= 27 x 7* 2:+l
and similarly ???.2.+1=2Z x Z-’+,( o -5 4- 5- , - +\2s4-o Z34-0

These equations show that the even moments give the
constants a, c> e, &c., and the odd moments give the constants
6, d,f> &c. This is, of course, the result of using moments
about the middle of the range, and makes the solution of the
equations less laborious than they would otherwise have been.
The solution can also be simplified a little by writing

1
2l'

Wo,
7*

a cl2
2$4-3+ ’2s 4-1

so that
1 cZ2 el4

27 -a+¥ 4- —4- • • •0
1 ■m2 (I cl2 . el4 .

27 72 = 3+ 5 4-74-...

1 m4 a cl el4

1.
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and similarly

1 7Hj_6Z , dl3 fl*
2l' I ~ 3 + 5 +’ 7' +•••

1 m3 _bl dP fP
2l' P ~ 5 + 7 +' 9 +‘ ‘ ’

1 ms _ bl dP fP
21 P ~ 7 + 9 +'ll + ’ ’ '

required, for example—
The solution of these equations gives the constants

(■•) if y = a + bx, we have—
1a = 9 f niQ

, 3 1 T/l)
7j=Z2Z’ /.

(ii.) if y = a4- bx 4- ex2
3 ( 3 5

21' Pj
, 3 1 7??!
’’= l'21' /

15 f l 3 7h2]
C_47-4-2Z™o+2Z’ Z-f

(iii.) if 7/ = a4-bx4-ex14-
_3( 3 5

a—4|2Z’W°-2Z’ Z-J

, _ 15/ 5 7»i 7 mi.tI
b~‘ll(2l' I ~2l' Z’J

15 f 1 ,3 mJ
C-4Z-t 2Z’”,o+2Z‘ Pf

._  35 f 3 i»! 5 rrt3]
( = 4P{~ 2l"T + 2l' ~P )

The above results, which can easily be extended if it
is wished, may now be applied to one or two numerical
examples.
22. As a first example, we shall graduate the statistics in
Table V., Art. 17, for which the moments about the middle 
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of the range have been calculated. Taking the curve
y = a + Zx/’ + c.c2, the following values from Table V. will be
required :

2Z=9 or Z=4*5

?n0= 207*41

m} = — 391*15
?n2= 1520*63

Hence 3 f 622*23  5 1520*63)
a-4l 9 9X (4*5) 2 )

= 20*563

7 3 1 (-391*15)7>=4^X9X "¥5—^

= -6*4387

15 ( 207*41  3 1520*63  Ac = ------ — -------  J- - x ______ >4(4*5) 21 9^9 (4*5) 2 f
= *36815

23. The best way to obtain the ordinates corresponding to this
graduation is by calculating b + c the first difference, and 2c
the second difference, from the middle term; their values are
— 6*0706  and *7363  respectively. Since second differences
are constant, the work is done continuously, and is as
follows:

A A2
52*208 -9*016 *736
43*192 -8*279
34*913 -7*543
27*370 -6*807
20*563 -6*071
14*492 -5*335
9*157 -4*599
4*558 -3*862

*696

These graduated figures will be found to agree fairly well
with those given in the first column of Table V.
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24. As a further example the following statistics, taken from
a paper by S. H. J. W. Allin (Journal of the Institute of
Actuaries, xxxix., p. 350), and giving the values of annuities
to widows in pension funds according to the age of the member,
may be considered :—

Age.
Value

of
Annuity.

Modified
byFormula V.

p. 24.
a

Distance
from

middle of
range

multiplied
bv 2.
d

a*  x d a' x d® a’ x d3

27 21 -20 23-79 — / 166-53 1165-71 8159-97
32 1991 15-11 — & 75’55 377-75 1888'75
37 19-34 22-40 -3 6720 201-60 601-80
42 18-58 17-86 -1 17-86 17-86 17-86

-327*14 -10671-38

47 16-74 1609 + 1 1609 16 09 1609
Dw 15-69 1817 + 3 54’51 163-53 490-59
57 1470 11-15 + 5 278-75 1393-75
62 12-99 14-58 + 7 102-06 714-42 5000-94

13915 + 228-41 2935-71 + 6901-37

- 98-73 -3770*01

In calculating the above moments it has been assumed that
the figures to be graduated represent a system of ordinates;
if they had represented a system of areas the adjustment by
formula V. would have been unsuitable.

When there is an even number of terms the difficulty of
calculating the moments about the middle of the range is that
the terms have to be multiplied by *5,  1’5, 2*5,  &c., and
if the series to be graduated contains only a few terms, it is
best to deal with the distance d> in the way shown above, and
then divide the totals by 2, 4 and 8, in order to obtain the
first, second and third moments respectively. In this way,
we have

1= 4

???0= 139*15
= — 49*36

77u= 733*93

?n3= —471*25
D
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We will now fit the statistics with each of the three
curves, the formula? for which have been given, and compare
the resulting graduations.

(i.) ?/=17*394- l-157.r
(ii.) ?/ = 17*633  — 1-1 57«Tz—-0451<r2

(iii.) y = 17-633-l-190.>j--045Lr2 + -0035.r.3
The following table shows the graduations:—

Ungnuluated. (I.) (ii.) (iii.)

27 21-20 21-44 2113 21-13
32 19’91 20-29 20-24 20-28
37 19’34 1913 19-27 1931
42 18-58 17-97 18-20 18-22
47 16-74 16-82 1704 17-02
Ow 15-69 15'66 15-80 15-76
57 14-70 14-50 14-46 14-43
62 12-99 13-34 1303 13’05

Formulas (ii.) and (iii.) are practically identical, and both
are considerably closer to the original figures than (i,).
25. The results obtained so far may be summarized as
follows:—

(1) The method of moments is a general method
of finding the constants in a formula suitable
to a particular statistical example, and it consists
of equating the values of S/(n) x?i' (which
is called the Jth moment, and is summed for all
values of n that occur) to similar expressions
obtained from the graduation formula. These latter
expressions will be algebraic, and simultaneous
equations have to be solved in order to find the
arithmetical constants.

(2) The moments from the statistics can be calculated
by multiplying the frequencies by appropriate
values of nl, or by Mr. G. F. Hardy’s summation
method.

(3) If moments have been obtained about any one
vertical, they can be transferred to any other by
the formulae in Art. 6 of Chap. III.

(4) Since the moments from the graduation formula
must generally be found by means of the integral
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calculus, while those from the statistics are found
by summation, the latter have to be adjusted
before the equations for obtaining the constants
can be correctly formed. The adjustments depend
on whether the statistics are a system of ordinates
or a system of areas; in the former case adjust­
ment is made by equation V., and in the latter by
the form nice in Art. 19 (Sheppard's adjustments), if
there is high contact at both ends of the curve.CD

D 2
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CHAPTER IV.

Frequency-Curves.
1. When it becomes necessary in practical work to decide on a
system of curves for describing frequency distributions, we
have to bear in mind that

(1) Any expression used must be a graduation formula;
it must remove the roughness of the material.

(2) There must not be so many constants in the formula
that we require a great number of moments, for
this means that the accuracy is reduced. The
higher the moment the more liable it is to error
when deduced from ungraduated observations;
this is clear, when we remember that the ends of
the experiences are multiplied by the highest
numbers and their powers.

(3) There must be a systematic method of approaching
frequency distr ibutions.

2. Now, considering the more obvious characteristics of
frequency distributions, we find they generally start at zero,
rise to a maximum, and then fall sometimes at the same but
often at a different rate. At the ends of the distribution
there is often high contact. This means, mathematically, that
a series of equations y=f(x) •, y = cf)(x)> &c., must be chosen,

so that in each equation of the series “j~=0 certain cases;

at the maximum (for the test of a maximum is that the first
differential coefficient is zero and the second negative) and
when y = 0, for there is to be contact at one end, at least,
of the range of the distribution, or, in other words, the
angle formed by the tangent to the curve at this point
must be zero, in order that the tangent of the angle
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(I.e., differential coefficient) may be zero. In non-geometrical
language, the finite difference between two successive
ordinates must be zero, or there will not be contact.

The above suggests that may be put equal to
j/x(a>4-a) , .- n dy n . ... dy A .IV . , then, it y = 0, =0, and it x= — a. ~=0, andr(i») r/.» d.r
we have the maximum we require. So long as F(<r) is

general the form assumed for is extremely general and

includes cases when ~ may not be zero when y is zero.

is expanded by Maclaurin's theorem in ascending powers of
x} and we have

^// =__ + ________ T
dx 604- b2x2 + . . ...............................

We shall return to this equation and show how it can be put
in the form y = f (x), so as to express y as a direct function
of x; but as the matter has up to the present been approached
from an experimental point of view, it will be interesting
to see how equation 1. can be obtained up to the x2 term
in the denominator from elementary propositions in the
theory of probabilities.
3. If p be the probability of an event happening and q
the probability of its failing, then the probabilities of its
happening once, twice, and so on out of n trials are given by
the terms of the expansion (p 4- q)H; or if we have N cases,
the terms of N (p4-<?)n give the frequency distribution of the
N cases into groups. The binomial series does not represent
nearly all the probabilities that arise, and another series that
occurs is the hypergeometrical. Thus the chances of getting
r, r — 1, ... 0 black balls from a bag containing pn black and
qn white balls when r balls are drawn, are given by the
successive terms of the series
pn(pn—\) . . . {pn — 7*4-1) rqn

— . (77—7*4-1)  I pn — 7*4-1
r^-1 qn(qn-l) ]

2! (pn—7*4-  l)(pn—7*4-2)  *‘J

A numerical example may help to make the way the
series arises clear. A bag contains seven balls, of which four
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are black and three white; then if three balls are drawn the
probability that

all will be black is 4^2

two will be black is

7.6.5
4.3.2 ,,r- X 3C|

one will be black is

7.6.5
4.3.2 p
7.6.5 ’

none will be black is 3.2.1
7.6.5

The sum of these four expressions is unity. The terms can
he seen to agree with the series by putting n = 7, pH = 4,
g?i = 3, and r=3.

Other series may arise, but those given will be sufficient
for the present purpose, and we shall proceed to consider how
they can be put in the form of equation I. The inconvenience
of the expressions as they now stand becomes fairly obvious
when an attempt is made to calculate numerical values for a
large number of groups, and besides this, they are not
continuous, while the statistics of practical work often are.

Considering the hypergeometrical series, and remembering

that the function required for equation I. is and as

the series is discontinuous, finite differences must be used, we
have

= r(r-l) . . . (r—a?+2)
//(>—L) ... (a —/•+1) (,/• — .!)!

______ qn(qn — l) . . . (qn—x + 2)_______
(pn—r + 1)(pn~~-) • • • (pn—r 4-^—1)

. (r—x 4-1 qn—a; 4-1 )
^=yx+t-yx=ya(—------

f(r4-l)(gn4-1)—®(n4-2)| . 1= 1/xA --------t------ ——t- f for p 4- q = 1J I x(pn— r + x) ) 2 2
and

,, _ i (r+l)(gw+l)-a>[2(r + ]) + n(g-p)J + 2a>2)
+ ^pn-r+x) J

Ay*  _ _______2{ (r4- l)(gn4-1) —a?(n4-2)}_______
//x+i ~ (T4- ])(2?i4- 1) -«?{2(r+1) +n(g—p)} 4-2a* 2, 
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which may be put in the form of equation I.,
1 dy  a-\-x
y dx b0 4- btx 4- bjx2'

4. Returning to equation I., wo see that it can be written in
the form

(&o + bxx + b^c2 + . . .) = y(x 4- a) ;

multiplying each side by .vw, and integrating with respect to x,
we have

Integrate the left-hand side by parts treating :■ as oneO J L O (lc
part, and the right-hand side as the sum of two functions,
and then

<uM(60 4- bix + 6yu2 4- . . .)y — | (nbvc»~1 4- (n 4- 1) bxXn
4- (n 4- 2)b*z M + ’ 4- . . •) ydx

= fyicn+,d.»4- |ycta>Mda:,

or since y = 0 at the ends of the range of the curve the
expression xu(b0 + M +\^>24- . . .) y vanishes, and using the
notation we have already adopted, namely,

p'n = | yxndx,
we have

— nbop n_x — (?t4- l)bxp n — (n+2)b.2p j — . . .= p n+i 4- cip )t.

If we put n =0,1,2 ... s respectively, we get s4-1 equations
to enable us to find a, b0, bx ... &c., in terms of the moments
(pr) as shown by the following equations, which have been
obtained by writing the equation in the form

a/x,M4-?i^,u-i4-(n4-l)ti/z-z„4-(n 4-2)6o^zm+i+ • • • =— //- »+i,

and then putting n=0, 1, 2, &c.
up1o 4- 0 x b0 4- bxp!o 4- 26oya 14- .... = /x j
ap x 4- bop o 4- 2b}p x 4- 362/z.,24- . . . . = p 2 jj

ap'*  + 2b(lp'} 4-3Z/i/z.,24 4Zj2^/:14- • . • =— p -.x
ap 3 4- '^bop 2-f- AJjxp 3 4- 5b*p  4 4~ . • . = ~p l

&c., &c.
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Let us now make p,'} = 0f and alter the other moments in
the way indicated in Chap. II., for the result of making /t'i = 0
is to change the origin of the system to the mean of the
distribution. We can also treat /z/0 as 1, and these
simplications lead to the following results :—

(1) Keeping b0 only, we have
1 dy  x
ydx~

(2) Keeping 6(> and 6O the first three equations in the
system IL above give

a “f-1)\= 0
60 = — P'l

and u/zo 4- 36]/u= —

or 2/x-.
and a =

and the differential equation becomes

ldy = + 2fi.,
ydx~ '

2^
(3) Keeping 60, 6,, b2} the system gives

a 4- bi = 0

Z?o 4" 360/^2 = —P-2
ci/j-2 + 361/42 4- 46>/i3 = — /z3

(fp3 4" 3 60/42 4~ 4&J/Z3 4" 56.j/4| = — /t|.

The solution of these simultaneous equations is perfectly
straightforward, and leads to

17 -r + + 3/x/)
Idy _ ________________________________ iO/igAt< -18/1.,a-12/x.,-__________________________
y dec H... (•!■,“□ /*  X - 3/4, ■-) J43(u, + 3/1 . -) 2/x._./x., - 3/X , - - 6/X 2 3 x.

10/4,./4 . - 18/x/ - 12/4 3 - ‘ 10/X.7/X , - 18/4.? - 12/43 2 1O/4.J/4.1 -18/4/ - 12/4-3

In this last form put = and /32= and
/ki P'f

^^(ft + 3)

\dy =______________ 2(5&-6/3,-9)________________ .
y /a>(4/3-2—3/31) 4- ^/Xo v/31 (fe 4- 3> 4- 2—3ff, — 6>2

2 (5^0-6^-9)
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5. The reasoning by which equation I. was first obtained
showed that a is the distance between the origin and the
inode, or as the origin has now been transferred to the mean
by putting p.\ = 0} a is the distance between the mean and
the mode. This distance in terms of the moment is, therefore,

2(5A-6A“9)

where a is the standard deviation
Since the skewness is the distance between the mean and

mode divided by the standard deviation.

i _ +3)skewness- 2(5yg2_6i8i_9) •

6. It would be possible to obtain constants in the differential
equation I. by using a greater number of terms and retaining

, 6.1, &c., but there are strong practical objections to such
a course. Besides the large increase in arithmetical work, the
gain in introducing additional constants is not great because
the higher moments become untrustworthy, owing, as we have
already noticed, to their probable errors being very large.
Professor Pearson has shown*  that “we might easily on a
“ random sample reach a 7th or 8th moment having half or
“ double the value it actually has in the general population.
“ Constants based on these high moments will be practically
“ idle. They may enable us to describe closely an individual
“ random sample, but no safe argument can be drawn from this
“ individual sample as to the general population at large, at
“ any rate so far as the argument is based on the constants
“ depending on these high moments.” In some actuarial
statistics where there are as many as 100,000 cases, it might
be worth while to go as far as the next term of the series, but
even here the value of the work is discounted because any
other smaller body of statistics on the same subject could not
be compared satisfactorily with the result. For practical
purposes it is probable that the equation taken as far as b*
will be sufficient, and we shall confine our attention to the
forms thus obtained, merely remarking that in some extreme
cases in graduation another term might be required.

Skew Correlation and non-linear Regression,” Draper#’ Company Research
Memoir, 1905, p. 9.
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7. Turning to the particular form of equation I. given in
equation III. it will be seen that it is possible to obtain a
formula representing the statistics by inserting in that
equation the values of the moments found from the statistics,
but this would not give a graduation in the same form as that
in which the original data appeared, for in the latter we have
?/. while the former gives - (['- or • It would, therefore,

° ydx dx
be necessary to integrate the expression we obtain in order to
get terms comparable with the original data, and it is better
in practical work to deal with the equations in the forms in
which we require them for comparison, rather than by using
the differential equations and then integrating the result.
The latter method could only give proportional not actual
frequencies.
8. The next step is, therefore, to replace the equation

d log y  + a
dx 60 4- b\X 4~ b->x~

by one of the form y = /’(.%•), and to do this f —r, must
be integrated.

Let us consider equation III. as a general expression for
integration, then we notice that the form the integral takes
depends on the particular values of the coefficients of x in
the denominator. The problem is, in fact, merely a
consideration of the forms taken by the denominator for

/ a./ •• 7 r 'W-wibo + biX4" uyt'" — Oo x--------------2^-----------

£ —b\— \/\ b\~—4606o}

and the criterion for fixing the form in a particular case is,
obviously, the same as that for the nature of the roots of the

equation b0 4- btx 4- b*x 2 = 0, viz., {J
in formula III., gives—

which, by substituting

_____
4(2&-3£1-(5)(4&-3/31) ’

9. If this is negative the roots are real and of different sign
(Type I.), if positive and less than unity they are complex
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(Type IV.), and if positive and greater than unity they are
real and of the same sign (Type VI.). This really covers all
the cases, but just at the point where one type changes into
another we can use a slightly simpler transition curve. Thus
when the criterion is oo, one root is oo (Type TH.), when it is
unity the two roots are equal (Type V.), while when it is
zero the roots are equal in magnitude but of opposite sign
(Type II.). The only other transition curve arises when
61 = &2=0, and the criterion is again zero (Normal Curve of
Error, Type VII.).
10. The actual integration can now be considered.

Type I.—The factors in the denominator, when the roots
of bo + blx + b^x2=O are real and of different signs, take the
form

. p — 6j+ -/a positive quantity“1
-L,e_ * 2b., ' J

— &i— v a positive quantity"]
* 2 b, ' J

and the expression to be integrated is therefore of the form

x + a A]— a 1 Ao + a . *
(a;4-Aj)(cC—Ao) Ai + Ao iu+A] A1 + A2 «r — Ao

by partial fractions.
The integration is now simple, and gives

log 7 = <A‘, r log (ir + A,)+ log (a-AJ+a constant.
A] “T 21 o -£X] ~r 21 o

where y' results from the constant introduced by integration.
If the origin is now transferred to the mode (t.e., put x for

x 4- a), we have

the form given in Table VI.
Type II.—In this type ai = a.» in Type I., and it is, therefore,

unnecessary to give the working.
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Type ITT.—This type is reached when the criterion is co ,
which happens when 62=0,

°J Jk+6,»

-77, + (“ ~ fyb,log {bl'v+ ^+c

1 (<' - Mand y = y'cb* (bvc + b^bi' bJ
or, by changing the origin,

A* 1-/=^ (1+-J

where a lias a meaning different from that implied in
Equation I. This type can be seen to be a particular case
of Type I. when «2 becomes infinite.

Type IV.—If the roots of the equation 604- &Pi;4-b^e2=0
are complex, it is impossible- to throw the denominator into
real factors; and when this occurs, we have to integrate by
putting the expression on the right-hand side of the
fundamental differential equation in the form

X + c
62(X24-A2)

1 V 1 ^1 1 A •> ^0 b]~where A=.u-f- c = a— iT7-, and A-= , — ,,Z02 ZO2 0-2 4o2“
Then

=j b&?+A?) dX+jxX+A? dX

1 c X= 9 log (X- 4- A2) 4- £ tan "1 + constan t.
<-• x

i/=y'(X24-A2)2&=eA lan“’a

or y =---- ^-r,— e~v tuu *u

(*+$
where a has a meaning different from that implied in equation I.
The relation between this type and Type I. can be seen by
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factorising the denominator of the right-hand side of the
differential equation, &2(X—iA)(aj4-tA), and then obtaining an
expression for y having the same form as Type I., but
containing complex expressions.

Type V.—In this case, when the roots are real and equal,
, fl x 4- a ,log?/ = It ------ rv dx

= yQxPe y/x
Type VI.—The factorising is the same as Type I., but the

roots of the equation being of like sign, the factors of the
denominator take the form (x 4- At) (x 4- A2). The work is then
the same, but at the end the origin is put not at the mode but
so that one of the expressions a;4- Aj or «r4-A2 can be written
as x. The form is then

y = y^c—a).

Type VII.—Putting
5, = 52 = 0

. fa?4-a 7
i°gy= YJ °0

x2 , a x ,= — 4- — 4- constant26O b0
(x+a)2 , ,= ~<t 4-constant2bo

y = y'e^+ay-i2bo
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or, by changing the origin and remembering that the sign of
the expression in equation III. is negative,

!/=yoe"x’/c.

11. The table on p. 47 gives a list of the curves, a description
of their appearance and range, the position of the mode and
the criteria. The values of and /32 in the cases of Type II.
and Type VII. can be seen to be required by examining
equation III. The third moment about the mean must be
very small (theoretically, zero) if the curve is symmetrical,
and therefore /3i = 0, and it is only when fi2=3 and & =0 that
both the coefficients of x and x2 in equation III. vanish; this
being the condition for Type VII.
12. It is now necessary to recapitulate the method, and see
the steps that have to be taken to fit a frequency-curve to
statistics.

1. Arrange the statistics in sequence.
2. Calculate the moments about a convenient vertical.
3. Transfer the moments to the centroid vertical

(vertical through the mean).
4. If there is high contact at both ends of the curve,

apply Sheppard's adjustments to the moments
(t.e., deduct yV and Ji*, —-n-Jv from the second and
fourth moments respectively).

5. Calculate the criterion.
6. By means of Table VI. decide which curve should

be used.

Table VI. gives a reference to the page on which the
formula? for the constants of each curve ip terms ofj the
moments are to be found,
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CHAPTER V.

Calculation.
1. The next point to be considered is the calculation of the
constants for any particular distribution, when the moments
have been calculated and the type to be used has been
decided. The formulas required for the numerical work will
be given for each type, a numerical example, including the
calculation of the graduated figures, will follow, and finally
the proofs of the formula?.
2. Some general points relating to the calculation of the
curves when the constants have been found may be
conveniently considered here. When the constants are
known, we can calculate the ordinate for any value of a' by
substituting that value in the expression for the frequency­
curve; and if areas are required, some method of proceeding
from ordinates to areas must be found. The most simple is
probably to calculate mid-ordinates, and then by the
quadrature formula I. or II. find the areas. It is occasionally
more convenient to calculate the ordinates at the beginningof
each group, and then formula III. should be used. These
formula? can be best applied in the form of differences; thus,
from II. we have

fl 1 Ai/o}
from I.

ri 291 17
L/^^-5760 + 5760

from III.
fi 82 11yxc^=i{yi+y-i}4- 1440{Ay_1}-Ayl}-
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Formula IF. is generally sufficiently accurate, while the others
will be found to give a result true to five figures in ordinary
cases—exceptional cases will be referred to in the numerical
examples that follow.
3. It is sometimes a help to see the graduation expressed
graphically, and this has been done with some of the examples.
The best method is to insert a vertical height y/„ at the mode;
note the ends of the curve, and the heights of the ordinates
that have been calculated. These heights give points on the
curve, which can be drawn through them fairly easily. In
drawing the curve, as well as in calculating the constants, the
sign of the skewness must be borne in mind, for it is possible
to draw the curve with the skewness on the wrong side of the
mode, and if the distribution is nearly symmetrical, it is not
so easy to notice the mistake as it seems to be. The tangent
to the curve at the mode is parallel to the axis of <r.
4. Ft is best to draw on a rather large scale in order to gain
distinctness, and the curves given here were drawn larger
than their present size; the reduction being, of course, made
in the process of reproduction.

The base elements should also be fairly large in proportion
to the height, so that the curve may not ascend too steeply ;
otherwise small horizontal differences between the graduated
and ungraduated curves are apt to conceal large vertical
differences when the curve is rising or falling rapidly, but it
is the latter differences that are of importance. It is some­
times necessary to use more closely-ruled paper than that
generally favoured by actuaries, and it can be procured in very
convenient rulings from Messrs. W. G. Pye & Co., Granta
Works, Cambridge.
5. The reader should notice that all the cases considered in
the following pages assume complete distributions, and it is in
general only possible to find the curve from part of a
distribution by means of successive approximation which is
extremely laborious. Another point, to which reference will
again be made, is with regard to grouping statistics ; it is
sometimes impossible to obtain many groups, but for accuracy
in finding moments the greater the number of groups the
better, unless the total number of cases is small. A little
discretion is needed in this respect, but in actuarial statistics
which are sometimes based on as many as 200,000 cases, 

E
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seventy or eighty groups would not be excessive. In our
examples we have grouped merely to save work, space and
printing, and the grouping does not alter the method.
6. Another matter with which it seems advisable to deal here
is connected with the criterion, k. This may have any value
from —oo to 4-oo, and from the following diagram it will be
seen how the types cover all the possible values of the criterion
and do not overlap.

K = — X K = 0 K = 1 K = X

k negative ; x >0 and < 1 j k > 1

Type I. TJypc IV. Type VI.

ype 111. Type VII. Typo V. Type III.
when ^> = 3

Type 11.
when 3_- not =3

Just before k = 0 Type I. becomes nearly symmetrical,
and after that value is passed we have a skew curve of
unlimited range, and so on. At each critical point there is a
“ transition” curve, as it is sometimes called; so Types II.,
III., V. and VII., are the transition types. If by a mistake a
student should use the wrong type he will necessarily find his
mistake by reaching an imaginary in one of the square roots
which occur in the equations for the constants, but transition
types can be used when the values of the criterion approximate
to the theoretical values; they can, in fact, be viewed as
approximations which give an accurate result in a limiting
case. It is impossible to say within what limits one is justified
in using a transition type; theoretically the justification
depends on the size of the probable error of the function dealt
with, but in practice one can be guided to a great extent by
the size of the experience; if there are few cases a larger
deviation in the criterion will arise than if there are many. It
would probably be sufficiently accurate to use Type III.,
provided k was arithmetically greater than 4 ; individual cases
must be considered on their merits, but if the student finds
himself in doubt he should avoid using the transition type as
he will then be on the safe side in the matter of accuracy.
7. In the formulae that are given for the various types, the
choice of sign for a square root depends on the sign of . If
the frequency is concentrated more closely before the mean 
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than after it, the mode is on the left-hand side of the mean and
/4( is positive ; the signs of certain constants in each type must
therefore depend on the signs of in order that the mode and
mean may lie in their correct relative positions. Where,
however, no remark is made as to the sign of the expression in
which a square root is given the positive root is implied, and
the reader will find that these rules become easier to follow
when he has worked out two examples, one giving a positive
and the other a negative value for Thus, if we imagine
the frequencies in the example for Type I. to be written in
the opposite order 1, 3, 7, 13, &c., all the numerical work
would be the same, but would be 2'776978, *409833,
a, = 13*52728,  and cu =1*99638,  and the graduation would be
the same, but the numbers in the columns of the table on p. 56
would run in the opposite order.

e 2



FORMULAE FOR MOMENTS.

These Formulae apply TO ALL THE TYPES OF CURVES.

p'i = r7

//._»= — d2

vj = v'2 — 3dv2—d3

Vi=z/|—4d v2—6d‘2v2—d4

or S2=<Z

^=2S3-d(14-d)

v2 = 6S< - 3p./ 1 4- d) - d (1 4- d) (2 4- tZ)

Vl=24S5-2p3{2(1 + d) 4-1} — j/2{6(1 4- d) (2 + d) -1}
-d(14-d)(24-<Z)(34-<7)

^=^“7'2

_v Sheppard's adjustments when the
curve has high contact

^1=^—ij'e+rh .

□■(standard deviation) =-\/JT,

______ A(A + 3)2_ _
4(4^-3A)(2y92-3/31-6)
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TYPE I.

m, __ vi..

FORMULAE.

The values to be calculated in order are

6 + 3/3, -2&

/'=MWW’-+^+ !«('•+1)}
iib> and nii are given by

2 {’’ "1 'X'' + 2) VJg1(,- + 2)2+ 16(r+l)}

and a, + a2 = b, and a,-h itit = a.2-s- iii2

_ N r (?n, + m2 + 2)
b (??i,+m2)Mi’+"‘= r(mi+i)r(7?u+1)

21 table of r functions is required (d*ce  Appendix II.).

Skewness = 3 ;
Z T — Z

Mode = Mean — — -j!■ •2/^(r—ZJ
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NOTES.

difference is that in 'J
point, while in 'J a
case a little care is
for T(Z) is required where t<l; the tables give
i.e.> log Z +log F(2). If both ??i] and w?2 are
U-shaped curve is obtained.

m1 is taken with the negative root when /z.3 is positive, and
as the positive root when /^is negative.

Sometimes mi is negative, which means that the curve has
a similar shape to that given in the numerical example of
Type III.; it starts at infinity, and falls rapidly; so that
though the ordinate is infinite, the area is finite. The
difference is that in Type I. the curve ends at a fixed
point, while in Type III. it continues indefinitely. In this

needed in taking out the T function

negative, a

EXAMPLE.

in 'fable I.As an example of this type the figures given
(Example II.) may be used. The moments were first found by
Mr. Hardy’s Summation Method (see Chap. III., Art. 9) in the
following form:

Central
Age
of

Gioup.

Exposed
to Risk

Example II
of Table I.

17 84
145

27 156
32 145
37 123
42 103
•17 86
52 71
57 55
62 37
67 21
72 13
77 r?
82 3
87 1

Totals 1,000

First
Sum. Second

Sum.

l,0U0 5,175
966 4,175
821 3,209
665 2,388
520 1,723
397 1,203
294 806
208 512

304
167

45 8524 40
11 164 51 _______1

5,175 19,809

Third
Sum.

Fourth
Sum.

1

19,809 64,389
14,634 44,580
10,459 29,946
7,250 19,-187
4,862 12,237
3,139 7,375
1,936 4,236
1,130 2,300

618 1,170
314 552
147 238

62 91
22 29

6 y
1 1

64,389 186,638



56

'J’lie calculation of log//,, is as follows:—

log N=3’00000
colog 6=2’80901o

//tilog i/i i = 1 ■84123
vi •_.! og vi2 = 1 • 2317 9

colog (r-2)>—-'=2-39590
log T(r) = 1-50406

colog r (m, -f-1) = *052 19
colog F(w2+1 )= 1 '34037

logj/o 2-17455

where, of course, log F(?n2 + l) = log F(3’776978) = log 2*776978
4-log 1’7769784-log F(F776978), the last value being taken
from the table at the end of the book.

The work to this point gives as the curve for graduating
the statistics

?/= 149-47(1 + 1-99638' <. 13-52728)

where the origin is at age 26’75942 and the unit is live years.
The following table shows the calculation of ordinates*  of

the curve from the equation just given:—

Age
0)’

1 + ■'

(2)

1- x
CTo

(8)

log(2)

(•»)

log (3)

(5)

Hl , X col (4)

(6)

m2 x col (5)

(7)

col (6) + col (7)

(10)

+ log//o
= log^x

(8)

?/x

09

17 02228 1-14429 2-31792 005854 1-3229 0'1626 1'6601 45'7 44
2° •52319 107037 1'71866 '02955 1-8817 •0821 21404 138-2 137
27 1-02410 •99614 001034 1 99815 00012 1-9957 21745 149*5 149
32 1-52501 •92252 •18327 •96498 •0751 •9027 2-1525 142-1 142
37 202592 •8-1859 •30662 •92870 1257 •8020 2-1023 1266 -127
42 2-52683 •77466 •10257 •88911 •1650 •6921 20317 107’6 108
47 302771 •70074 •48111 •84556 •1972 •5711 1'9429 87-7 88
52 352865 •62681 •5 1760 •79714 •2241 •4367 1-8357 68’5 69
.77 4 02956 •55289 •60526 •74264 •2181 •2853 1-7080 510 51
62 4-53017 •47896 •65615 •68030 •2689 _1122 1-5557 360 36
67 5 03136 •40501 •70169 •60750 •2876 2-9100 1-3722 23’6 24
72 5-53229 •33111 •74291 •51997 •3045 •6670 11461 140 14
yy 6*03320 •25719 '78055 •41025 •3199 •3623 *8568 7'2 7
82 6-53411 •18326 •81519 •26307 •3341 3'9535 •4622 2-9 3
87 703502 •10934 •84726 03878 •3472 •3307 1-8525 1 -7 1
92 753593 03541 •87714 2'54913 •3595 5'9709 3’5050 ...
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Cols. (2) and (3) have a constant first difference, viz.,

~ or *500907,  and or *073925.  The value at any point

having been calculated and checked, the other items are
formed continuously. Cols. (4) to (9) explain themselves, but
we may remark that it is generally advisable to use a larger
number of figures than five in taking logarithms, especially if
nil or Tzu is large. A little care is necessary in multiplying
such numbers as 1*71866  by m}(*409833).  If an arithmometer
is used, mi is put on the plate, and is multiplied by —*28134,
and the result —*1153  must be put in the form 1*8847,  to
enable us to add it to other logarithms. Col. (10) gives the
area, and was formed by applying one of the formulae on p. 48.
The area of the first group must be treated separately, as the
curve starts at age 16*7775,  and the base of the group is
therefore 2*7225  in length, instead of 5 years as in the other
cases. A good way to find the area is to calculate the
ordinates for the middle and ends of the base, and apply
^impson’s rule, viz.:—

I //J,<7a =-«\{yo4-4y.+y,},Jo
2*7225remembering to multiply the result by to allow for theo

different length of the base.
The mid-ordinate is 92*1,  the ordinate at the end of the

base is 116*5,  and the ordinate at the start is of course zero ;
the area is approximately

2*7225  1——- x - {0 + 4x92*1+  116*5}  =44.o b1 J

PROOF OF FORML.F.

The equation to the curve
, m2where - = " •

, , , It} + M.Let ai + a-. = 6 and z—--------«i + a2

* The reader who has little acquaintance with formula; of reduction and the
T and B functions, should consult Appendix 11. before reading the proofs of the
formula; for this and the other types.
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Thu area from a = — a, to a = +«•_» is the total frequency N.

//o - (a 14- a) 1 (ct>—a*)  - (Lt

= I [2(ai + «2)]",,[(x-l)(«1 + a-2)]“‘<«1 + a-.)</z:
Jo«l *(<2  -

- zwi(z—l)’Mz0 a i lia2‘

?/o(™i4- ni..)w'+B,=(al 4- «2)=---- ------ -— ■------- B (mx 4-1, 4- 1) ;

„ _N mi'^vi^* 1- r(?n14-7/u4-2)
y°~ b'(m, + »i.2)“-+-"= ‘ rf»t, + l)T(m..+1) ■

Using the same method for the moments as that just given
for the area, we see that the -nth moment, about the line
parallel to the axis of y through x=— «I? is—

N/,t = j (a. 4-a)»(«, 4-A)m>(a-.-A)"'^A-

Io axm>O2"^ 

y0(mx + m2)‘a, + “l-bn+1 r(??h 4- n 4- l)r(?n24-1)
///]'"'m2“- 4- Wia4- -F -)

Now, since T(^)= (;j — l)r(2>—1), the moments about the
line parallel to the axis of y through «c= — ax are as follows:—

, _ h(??il4-l)
1 vix 4- 4- 2

, 62(7?i14-l)(?nI4-2)
/z 2= 7------ :------- Tow------ ;------- and so on.(??ij 4- 4- 2) (mi 4- m., 4- 3)

Changing the origin in order to get moments about the mean 
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and writing ??iZi = -?nj4-1 and in., = aijT 1 and + ni2)
we have

b-m
r’(r+T)

_ 263>/i,I?n,2(//tZo — m Z|)
r*(r+ij(r  + 2)

3b4nb}in'2\ niini'2(r — 6) — 2r2J
7-I(r+l)(r + 2)(r + 3)

We can simplify these expressions to obtain the equations on

p. 53 by writing fl = fl>= and e = ??t,17;zz2; then
/A* ‘ /^T

 4(r2-4e)(r + l) /3,(r + 2)2  r- .
<3'-—^7+2y- 01 -4(r + iy T-4’

and ^3(r+;)gy^r6)}
e(r + 2)(r + 3)

ft(r+2)(r+3)  2^
3(r + l) ~ e

Eliminating — we find° 6
fl(r + 2)2 _ fl(r + 2)(r_+ 3)
2(r + lj 3(r+l) 8—r+ 6.

Dividing out by r-J-2 we have
6(fl-fl-l)
36,-2/?.,+6 ‘

Using this value in the equation = \ “4

r2

and from the equation for p..
b2= ^(r+l)r2

e

The other equations follow at once from r = m'} + m'2 and
e = /nb\'ni 2. The distance between the mean and mode is
aA—p x-={ax — bvi 4- mwhich can be easily reduced
to the form given. A general value (regardless of type) for
the distance was given in Chap. IV., Art. 5.
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TYPE II

FORMULzE.

2/z-A

NxT(2?n + 2)
y°“a22’»+1{r(w + l)}2

_ 5/3.,-9



NOTES AND PROOF.

Put/3i=0 in Type I., for the curve is symmetrical, and
therefore ^.<=0. For the same reason it is clear that inx = in.2.

r may be approximated to if in is large.
If in is positive, the curve starts at zero, rises to a

maximum and falls again to zero; but if in is negative, it
starts at infinity, falls, and then rises to infinity again.

EXAMPLE.

In the discussion that followed the reading of Mr. Lidstone’s
paper on Endowment Assurances, Mr. G. F. Hardy said that
“the errors in the successive groups formed a curve very
similar to the normal curve of error” (Journal of the Institute
of Actuaries, xxxiv., p. 87), and the series in question is a
rather interesting example of a symmetrical distribution.

Unexpired Tenn in Years. Err<»r involved in using “ Mean Age ’’
Method.

0- 4 11
5- 9 116

10-14 274
15-19 451
20-24 432
25-29 267
30-34 116
35, &c. 16

1,683

Moments were calculated about the centre of the 15-19
group, and *4985146,  2*161022,  3*104576,  and 12*60666  were
found for the first four moments; transferring to the mean
(J7*54-2*492573  = 19*992573),  and using Sheppard’s adjust­
ments, the following values result:—

k.2= — *007492, which shows that

/^ = 1*829172
*120452

£.=
8*52636

*0023706
2*548313
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Type JI. can be used. The equations for the type give
?a= 4*141766
a= 4’543079

2/0=462-57
The mean and mode coincide, because the curve is symmetrical.

For calculating a series of values, the following
arrangement is convenient:—

a?
a h®(1+9 1 M1-;) (2) + (3)

log#r
= in x (4)

m (2) (3) (4) (6)

It is easier to work in this way than by calculating values of
1— In the particular example, ordinates were calculated
at the beginning, middle, and end of each group, and
Simpson’s quadrature formula was used for finding the areas,
viz., I (y/o + 4yl4-?/I}.

Jo

Grutip. Areas. 3Iid-or<linates.

0- 4 14 11
5- 9 109 101

10-14 286 287
15-19 433 440
20-24- 433 440
25-29 • 285 287
30-31- 109 104
35, &c. 14 11

1,683

A comparison of the mid-ordinates with the areas gives an
idea of the error involved in using the former for the latter;
the differences are largest at the “tails ” and near the mode.

The curve starts at 19’992573 —22’71540=—2’72283, and
ends at 42’70797.

It sometimes happens that /&»>3, and so a2 and in are
negative ; if a'2 = — a2 and in' = — m> in such a case the equation
to the curve becomes y = y0( 1 + f^2J and the value of ?/0 can
best be found by
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-2J.‘
then putting 1+ ^2=z~1 the reader will have no difficulty in

showing that N — I y0.az(l — z)~^zm,~^dz = ay0B(vi' — |, A) by
Jo

Appendix II., or y0= and r(i)=v/7r.

Tn a similar manner we could show that an alternative
value for ?/0 to that given on the previous page is

N IXm+lj)
« 4-1)
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TYPE III.

/ .T\r*y=w 41 + ~)

FORMULAE.

7 =
= 2^

a =- ?/^2 _

N p* ,+ 1 ,y°= ae¥(FTl)’Wliere2>=7rt

Mode = Mean —

Sk.=_ 1 _/^_
" 2^-

F
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NOTES.

If p is positive, the shape of the curve is like that shown
in the example of Type I.; but instead of ending at a
fixed point, it goes to infinity.

EXAMPLE.

The following statistics are taken from a paper in the
Transactions of the Actuarial Society of Edinburgh> vol. iv.,
p. 44, and give the numbers of wives tabulated for the ages
of mothers, and according to years since marriage. The
mothers’ ages for the particular series are 30 to 34.

Year after Marriage. Number of Wives. Graduated by Type III.
Curve.

1
44 59

135 111
3 45 45
4 12 20
5 8 9
G 3 4
7 1 Q
8 3 1

Total 251 251

The mean is -3346612 after the middle of the second
group, and the moments about the centroid vertical are
1-441787, 3-606622, and 18’93221; so that «=-8-44.

As this value was large, Type III. was used, and «
7= -7995221
p= — '0783584
a=- -098007

7/0=214-8
This example is given because it is one which shows a

difficulty rather clearly. At first sight, a curve starting at zero,
rising to a maximum, and then falling, might be expected.
In reality, we find the curve starting at duration -68192 , *

° The mode in ordinary cases of Type III. is given by mean — j-2-. In this

case> 22a. =1’25075; so the mode would be at ’58391, and the curve would start

at mode ” —a} = '58391 + ’09801 = '08192. 
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so that the first group is made up of a strip on a base
•31808 in length, and lias a smaller value than the next
group, though, of course, any ordinate read off within the
first group would be larger than any ordinate in the second
group. No adjustment was made to the rough moments.

Type III.

180

160 -

140 -

120

100 -

80 -

60

40 -

20

Ourat/on 8

F 2



PROOF.

T • / X \In the equation for the type, viz., y = y„^l + -J e~yx) put

ya=p, and substitute z for 7(a-f-.v); then, if N be the total
frequency,

z^e~:dz
o

This gives

r« dz
= I y0zPa“pe~-+^7~(^+1) dz for - ' =7

Jo' aa;

eP
~y"vpp.

=^>?+l)

Np* ’+1
y"~ aeiT(p+iy

The ?ith moment about the start of the curve is

n£. y«(x+NjSy-

— + + 1)
~ y'Ptp+i)

by using the value of N found above.

Since F(/))= (79—1)F(29 —1), the first moment is , the
7

■j (p +1)\P d- 2) j n X1 . i (79+ 1)(p4-2)(p + 3) Tsecond —----- ---------, and the third -- ----- ——-——----- - . In
T T3

order to apply these formulas to statistical work, it is necessary
to have moments about the centroid vertical, the position of
which (the mean) can be found; and as, by definition, the
first moment about it is zero, we get

p 4-1 t 2(p+l)^= '7~> and ^= -'—- .

2u.» 4u->3These results give 7 and p as and —-2 —1 respectively.P'S P'S
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TYPE IV.

FORMULAE.

2&-3&-G
m = 4-(?e 4- 2)

a= \/fyC1GFrT7^’AF-'2)5}

Ne* 1'"’
y°- aG(r,v)

Sk’=W^^2

The origin is not at the mode, but is from the mean, i.e.,
vaorigin = mean H----O r

mode = mean — !^(r-2)
2^(r + 2)

N J -4>vr e *r 12r
2tf (cos</>)r+l

is a close approximation where tan <£ = v
r‘
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NOTES.

/2-j and v have opposite signs, i.e., when is positive
v is negative.

A simple way to calculate the curve is to put it in the form
x=a tan 0
y=yocosr+20e-'0

Then 3 is taken as 10°, 20°, 30°, &c., and x and y found ; this
gives corresponding values of x and y. but the values of y will
not be for equidistant values of <r. In calculating er0 the value
of 0 must be taken in circular measure. If equidistant
ordinates are required to be calculated accurately, little is
gained by the double form, and if we had good tables of
log(l + x2) and tan_,.r, the calculation of a particular ordinate
would be a very simple matter.

The calculation and meaning of G (r, p) are dealt with in
the proof.

EXAMPLES.

The numbers in the following nearly symmetrical
distribution represent the exposed to risk of sickness by
Sutton’s Sickness Tables (males—all durations) when the
number of weeks’ sickness is represented by the normal
curve of error (Type VII.).

* This group has been taken as the area of the rest of the curve.

1
Central Ago. No.

Exposed.
Graduated by

Type IV.

5 10 6*
10 13 16
15 41 49
20 115 135
25 326 321
30 675 653
3o 1,113 1,108
•10 1,528 1,535
45 1,692 1,712
50 1,530 1,522
55 1,122 1,074
60 610 601
65 255 274-
7o 86 102
75 26 32
80 8 8
85 o o
90 1 1
95 1

9,154 9,154
-------------------------------- 1
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The following values were obtained :—

Mean = 44’5772339
/A>= 4’527608
/x-j= — ‘705687

64-98048
£> = ’0053656
&= 3-169897
k= -0125

Type IV. was used because, as there is a large number of
cases, the probable error of k will be small (see Chapter VIII.).

r= 40’12143
v = 4’450399 (positive because /a, is negative)
a = 13’39152
w = 21’06072

Sk. = - -03313

When the 5-years unit with which we have been working
is changed to one year, a becomes 66’9576, and a2 = 4483’325.

mi • • . vaI he origin = mean 4-

= 52-504394
The mode which is wanted if the curve is drawn, is at

44-92989.
As r is large the approximate form for y0 was used,

4’450398 . . co in, 8925 .tan <p = .1 oa, or, log tan <p = log tan 19  ; henceilQo/
log cos <£=1'9973446, and from this y0 is found to be
273’3649.

The value was checked by Dr. Alice Lee's tables (sec
Appendix V).

The calculation of ordinates by the double process is as
follows :—

0 in years 4'450398 0 log nje
of age.

42'1243log cos 0 log,y y

0" 0 2'43675 273'37
1“ 1'1687 1'96637 . . . 1-99721 2-10033 251'38
2° 2'3382 1*93253  . • . 1'98885 2'35813 228'10



The second column is formed directly from the tables of
tan 3 by multiplying by a, and as <r is required in years,
13’39152 x 5=66’9576 should be used for a. The fourth
column is formed by multiplying L cos 3, and the third
continuously by addition. When 3 is negative, the fourth
column has to be subtracted from the fifth: i.e., it ceases
to be negative and becomes positive. In each case the sixth
is formed from the fourth 4-the fifth + log y0-

If the calculation is made directly, the following columns
would be required :—

col (I)
1,1circular

measure

G)

col (5)
x (-plog10e)

(0)

>n x col (3) z?.1? antilog
K'+(b)*(')  (8)'-

(7) (8) (0)

Col. (2) can be formed best by differences since

A(1 4-X2) = 2X+1, tan-1^ has to be found by using a table

of the tangents of angles inversely. A table helpful for
obtaining col. (5) from col. (4) will be found on pp. 251 to 2G2
of Chambers’ Mathematical Tables (1897 edition).

When drawing a curve of this type the position and
height of the mode can be noted and then corresponding
points inserted, e.t?., «e= + l’1687 and y=251’38. Care must
be taken to give the curve its maximum at the right
point.
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Type IV.



74

PROOF.

In y=y0|l 4- ^2| e~l't:‘n"‘« put tan0 =

X0 = tan“1- andci
(i (") ) = {1 + ^an'^}~,u=(sec2"m=cos2w

y=yo cos'2”'6 e~v0.

Now N =| ?/o {1 + \ j e-,,tnn'1 i’. dx

yQ CQ^-"tOe~vO a„Ad6. by substitutinJ cos-0 J

/> X , ■) , UX .i Cttan0= so that /Z1 = a sec -U=a d0 cos ‘U

=yoa[ cosr0e~l'ecl6 where r = 2m

= y9cie“i,rrl sjn substituting
J o

sin </> for cos 0 so that (/>+.\tt = ^ and the limits are changed,
=yoae"“,nrG-('r, say.

~)l1 <■.. e-^-\ailV
a-J

The ?zth moment about the origin is

^'»=41 ^"dx

i f” f-,=n.LM1+
//o<Pi+1 cos-w* 20 \.'awn0e~v0d0 by substituting as above

cos’ " & siiL"0e~lftfd0

y_ou,l+iF_cosr+w+l0 sin”"1 fle-*
N L r—7i<+l

r / has. )4- •' - j (sin ,4“20 cos — 1)— ve'‘l° sin n~10) :cW



by integrating by parts and treating sin Oe~vQ as one part
and cos’—"0 sin 0 as the other, and remembering that

COS r-n+1 f)
\cos>-»0 *inOdO=- , •J r— n+1

Now, since cos r-n+,0 sin M”,0e”H’=O when 6 becomes or

— wc have
TT

/x'„= I
'r ’ k -J -pcos’-”+,0sin“-10e->’W

= r—'u+l K” —

Further,
IF

cos r6 tan Oe~vOdO

= j — | v cos rOe~v9d01 by putting n=-1 in the

above equation for p!n
TT

= — (U , because N = i/oa I cos rOc~'^d0
r J  Z

Using the hist result with the formula for the nth in
terms of the two previous moments, and remembering that
p q is unity,

, «3P /.» o . .»x(3--2 + P-)

,.(i-l)(^2X7-3) 13<r-2)+^(6r-8)+^}

Referring these moments to the centroid vertical, we

have, by putting d=ja,i=— -yin the formulae on p. 19,
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_ a2
^=,1)

_ _ 4a3v(?-2 + i/2)
2)

_ 3((l(?-2 + //-J ; (r4-6)(>•’--!- z/-’) —Sr2}
TJ(r-T)(7-2)(7-3)

If now, we put z for /•‘-4-p2, and write as before,

we have,

and

A = and

/3.2(>-2)(>-3)_ 8r
3(r-l) -,+° =■

Adding and dividing out by r —2, we have

2&-30.-O’

and
16(r—1)

Finally, since v2=z—r2, the other formulas on p. 69 follow
at once.

Since the tangent at the top of the maximum ordinate is
parallel to the axis of <r, the position of the mode is such that

is zero at that point, i.e.,

^°l a2) L «2 a J

is zero. There are three cases, <c = — co , <c= 4- co, and a value

of <v such that 4- - is zero, or .u= — . The distance ofa- a

the mean from the origin is fj!x qy — , and, therefore, the
*2vcl

distance between the mean and mode is---- whichr(r+2)'



reduces to the expression given on p. 69, when the values for
// and a, on the same page, are inserted.

It will be useful to give another example of the calculation
of ?/o for curves of this type, and may take a curve in which
•r=29’590, v = 19'886, a = 13-650, N=2162. tan (£ = ’67205,

Q
<£ = 33° 54z cos <£ =’82998, log cos <£ = 1’91907, and cb in

circular measure is ’59172.

colog (cos <£)'+1 = 2’47564

1’90367

log N = 3-33486
colog a = 2’86486
4 log’- = ’73557

-00776or

= 1*60091

- 4- = - -00282
12r

— cf)jj= — 11’76700

-11’762 x log10e = 6’89183

y0= -80107

The form just considered is sufficiently accurate for all
practical purposes provided v is not very small. If, however,
v is less than 2, G(r,i>) should be calculated by

2v7re ^’r‘T(r+l)
«=co 7 r- -L n-

Product 11 +----------- —- i- I



TYPE V

P

y

yo

Sk.=

Origin;

Mode:

y=y^~‘,e y,x

FOBMUL/E.

A S + H + ffi !
A ■

(p-2)\//z.,(p-3)

N7?’-1
r(p-i)

-Vp-1
p

Mean-----p-2

°7Mean— T 5
P(.P-^

The sign of 7 is the same as that of
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EXAMPLE.

The following series of deaths is taken from Mr. King’s
paper “ On the rate of Mortality amongst Female Nominees,
&c.” (Journal of the Institute of Actuaries, xxxiii., pp. 262-8):

Deaths. Graduated by
Type V.

30-31 1 1
35-39 3
40-1-1- 8 6
45-19 12 14
50-5-1- 28 32
55-59 82 68
60-64 128 137
65-69 253 217
70-74 342 381
75-79 525 480
80-84 438 441
85-89 265 261
90-94 53 80
95-99 18 10

100, &c. 4 1

1_________ " 2’162 2,162

The mean is at age 75’9782605, and the moments (adjusted),
&c., are

p^= 3’573346
yU3=— 4’752613

= 51’02583
/?,= -4950399
02= 3’996134

-85

Strictly speaking, Type IV. should be used, but the value is
not very far from unity, and the following Type V. constants
were found :

p= 37’29145
7= —390’6609 (negative, because is)

log ?/0= 56’930518

The approximation to the value of log F(p— 1) was used. The
origin is at age 131’32606, and the mode at 78’9467.
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The columns used for calculating the ordinates were :

—JjlogT -(-Vlogioe) log.'/
= logyo + (3) + (4) y = antilog (3)

Col. (4) is best formed by putting 71ogi0e on the plate of

he arithmometer, and multiplying it by obtained, of course,
from a table of reciprocals.

The point to be borne in mind in drawing a curve of this
type is that as the mode and origin are not at the same place,
care must be taken to give the maximum ordinate its right
position and magnitude (cf. Type IV.).

The graduated figures agree fairly closely with the
original statistics below the 90-94 group, but are unsuitable
for that and the two later groups. The reason is that Type IV.
should be used, and curves of Type V. have a range limited
in one direction, while Type IV. curves have an unlimited
range. The particular case was chosen partly because an
example in which is negative is rather more awkward than
when is positive. In such cases it is a good check to
imagine the statistics written in inverse order (in this case
4, 18, 53, &c.), and so avoid the negative signs.
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Type V.
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PROOF.

ry
Putting ' =■:: in y=yoe“>',xaj”7’J and integrating from

0 t o co, we have
N = 2/07I"^T(p-l)

NyP“*
Or '/o—F(p —1)

Using the same substitution, the nth moment about the
origin is

r w
pfn = 7«“P+ * |

This gives u,i = — -ab p—2
which is the distance between the mean and origin,

' _ T3
/i3-(p-2)(p-3)(p-4).

Transferring the moments to the centroid vertical,
o

T

* (p-'2)3(p-3)(p-4)
_p/_16(p—3)_ 16 16

Pl (p-4/ p-4+ (p—4/ 

(l’-4/-^(p-4)-^=0.

p—4 will have to be taken as rhe positive root of the
equation, or 7, which from the above equations is given by
(p—2X//x.»(p-—3), will be imaginary.

Since the tangent to the curve at the top of the maximum
ordinate is parallel to the axis of .r, the position of the mode is
such that is zero there, i.e., yox~^~xe~ylx[ -p-\- -X is zero.

dx I x j
x=0 and .r=co give the cases in which the curve touches the
axis of x> and the other case, the one required, is when
n— =0, or x= i.e., the inode is 1 from the origin.
L x p p 0
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TYPE VI.

EOiniUL/E.

_=0()8,.-/3,-1)
0 + 3/3,-2/3.

r r6-+2) r ~ft~
1 - 2 Y/31(r+2)3+16(r+l)

 r  r(r + 2) / ft
- 2 V/3,(r+2)3+16(r+l)

1 _
a— 2^ pzx/Pi (’"+2)-’+ 16(r+ I)

Na’>-3--1r(2i)

1 r + 2Sk.= gv7?,^

Origin = Mean —(,^x-
.^-72-2

Mode = Menn —

g 2



NOTES.

The range is from a to co , and the method is like that of
Typo I. r and e arc found exactly as in Type I., and 1— qx
and l+</2 are the roots of z2—rz-f-€ = 0, just as 1+miand
1 were in Type I. The origin is before the beginning of
the curve. 1— is taken with the negative root and l+g2
with the positive root when /x3 is negative, and vice versa.

EXAMPLE.

The number of entrants in the recent limited payment
policies experience were summed in groups of ten years of
age and divided by 100, and the following series was
obtained—

Xo. of Entrants Graduated by Type VI. 1
curve.

X
56

167
98
34

9
2
1

I I

1 i
50

168
100
36
10
2

’5

368 368

The moments, &c., were—
mean at ’402174 after the centre of 167 group—

•928835
^3 = •893096

4-088800
£1= *9953605

4-739349
k2 = 1*895
r = — 33-42129

1 —<?i= — 41-03080
l+?2= 7’60950

7i = 42-03080
£2= 6-60950
a= 10-37947
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The origin is 12’74270 before the mean or 12’34053
before the centre of the 167 group, and the curve starts at
12’34053 —10’37947 = 1’96106 before the centre of the largest
group. This makes the start of the curve at about age 10,
which is reasonable.

The curve was calculated as follows—

X

(1)

log® log(®-«)

(3)

-71 log®

(4)

7 !og(®-«)

0)

logy

(6)

y

(7)

There is no difficulty in writing down the values for
columns (2) and (3) without using column (1), as only the
whole numbers in ;c and a —a change, the decimal remaining
constant so long as equidistant ordinates are required.
Columns (4) and (5) are obtained directly, and column (6) by
adding columns (4) and (5) to log y(l.

The mode which is useful for drawing the curve is ’02429
before the centre of the largest group.

The skewness is ’443.

PROOF.

N = ijQ(x — ayi-x ’hdx

‘'dx

r o /lx

by substituting for •-J ° z a

= y0a7»-^+1(l-z>^-7=“%
Jo

N
a-/«-o«+1B(g.+ l; 21-g2-l)

NTC/zOa'o-’’-1
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The ?ith moment about the origin is

, 1 Cv'
M n = \r y^n (•* ’ — a)'i-x~'lulx

y* r(f/i—f/2—n—i>r(c/.2+1)
Na'/.-'/7-H-1 ■ r(7,-?i)

by the same substitution as that used above.
From tliis last result we obtain, by inserting the value of y0,

and remembering the relationship between r(</j) and F(//1 —1),
&c.,

■ _ «('/!- 1)
Mi — ~ .>'Zi-5-2-2

(5i-'7---2)(vi-5-..-3)
&c.

It will be noticed that these equations are the same as
those already obtained for Type I. if 7/zj= — and //<2=/y2.
Thus, we cun use the whole of the Type 1. solution, provided
we bear in mind that the range is from x — a to .z = cc .

Type VI.
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TYPE VII.

“ NORMAL CURVE OF ERROR.”

y=y^-r-

FORMULAE.

c = 2/m

N
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EXAMPLES.

The following table gives, in column (2), the sums assured
and bonuses, and in column (4) the reserves resulting from
grouping a number of Endowment Assurances according to
then*  office years of birth :—

Central Age for
5 groups of

years of birth.

<’>

Sum Assured and Bonuses-?-1,000. Reserves-rl,00U.

Ungradualed.

<•-’>

Graduated.
(3)

Ungraduated.

(4)

Graduated.

(6)

17 11 13 •6 •6
•>•» 48 40 2-8 2-7

124 101 11-5 10-9
32 213 202 £ / • / 30-1
37 281 282 591 58-4
42 295 288 84*7 80-1
47 185 214 74-1 76-9
52 104 116 505 522
57 40 ■11 23*2 250
62 15 13 122 8’4
67 3 3 1-3 2-4

! Total 1,319 1,319 347’7 347-7

The following table shows the moments and constants:—

Constant. Sum Assured and Bonus. Reserves.

Menu age 39-202426 43-967213
M_> 3066840 2*769635
Ma •650127 •029805
M4 2702516 22-40663
31 •014653 •0000418
3.- 2'873346 2-920997
K -•005 -•0002

<r(= a/Mj) 1-751237 1-664222
<r-> •5710248 •6008813
* 300-4760 83-34959

The criteria for the normal curve are k = 0, ft = O, and
ft = 3. The values given above do not differ very greatly
from these, but a comparison of the graduated and
ungraduated figures shows that the reserve curve agrees
better than the sum assured curve; partly because the
value of ft is closer to 3, and ft has a larger value in
the case of the sum assured.



89

For the calculation of y0 the value of

log 1 =1*6009100657
\/2tf

is required.
In finding the areas for the comparison between the

graduated and ungraduated figures it is unnecessary to
calculate the ordinates, as one of the calculated tables of the
probability integral can be used. The best table was recently
given by Mr. W. F. Sheppard (Bionielrilca, vol. ii., pp. 174, &c.),
and the columns in the following table show how it was used
to calculate the areas in one of the cases (the reserves).
Mr. Sheppard’s tables give the areas and ordinates of the
normal curve in terms of the standard deviation; that is, he
assumes the standard deviation to be unity, and his tables
must be entered by using intervals of a-1.

* Remainders of areas beyond 19*5 and 69*5.
+ (70432— *50000)+ ('52553 —*50000) because we pass across the origin,

and a piece of the group is on each side of it.

Age
Distance from

origin in
calculation
units, i.c.,

5 years of age.

Previous
column
x<r~*.

Values of a
from Sheppard’s

Tables using
differences (area
from origin toz).

Difference of
previous column
= area for age

group .< to x+5.

Area multi­
plied by 317*7

(total
frequency)

14*5 5*893443 3*541258 •ooi-i r •6
19*5 4-8931-13 2*940377 •99836 •00785 2’7
245 3*893443 2*339496 •990-19 •03152 10-9
29*5 2-893443 1-738615 •95897 •08659 301
34’5 1-893443 1137734 •87238 •16806 58*4
39*5 •893113 '536853 •70132 •229851 80-1
44*5 •106557 •06-1028 '52553 •22141 769
49*5 1 106557 •664909 •7-169-1 •15018 52’2
54*5 2’106557 1-265790 •89712 •07190 250
59’5 3106557 1-866671 •96902 •02418 8*4
64'5 4-106557 2*467552 •99320 *00572 2-0
69*5 5*106557 3068143 •99892 •00108* *4

The second column can be left out when the method has
been grasped. The ages in the first column were taken
consistently with, the assumptions that 17, 22, etc., were the
central ages of the groups.

If ordinates are required, the z column in Mr. Sheppard’s
tables must be used. It was with its help that the curves in
the figure were drawn. The statistics and curve for the
reserves are shown by the dotted lines.
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Type VII.

An average reserve for any group can be obtained by
means of the graduated figures, and it could be used to test
the reserves obtained at any future valuation. This is by no
means the only rough check that can be applied, but it is
interesting because it shows a use to which frequency-curves
might be put in practical office routine.
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PROOF.

To show that
[ }~^dx=
Jo 2

let
r
| e~x'dx=/c

then, substituting ax for x. we havez O z

Hence,

Hence,

rVJ
e~a'x'adx = K

Jo

1 e-a-(i +x=)adx = tce~aS.
Jo

But

1 e~a'^l+x^adadx = K 1 e~a'da = /c-
J o Jo J

pso ] |
G-a-(i+^ada= ' -

Jo - 1

If” dx _ .»
2j0

K~^ or«='/,r.
4 2

c w
e~x'dx=^/ tt

J — so

The other constant is obtained as follows :—

or

c cZ.T=y0^.re f2.r _i= "T<-• 4- J — c « <L'daJ by parts

C J-«
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ADD1TI0NA1, EXAMPLES.

8. Up to the present we have merely considered examples
with a view to illustrating the various types of frequency­
curves, but it seems advisable to consider one or two practical
examples which may help to show the range of applicability
of the curves in actuarial work, and give an opportunity of
noticing a few difficulties which may arise in applying them.

The function with which actuaries generally wish to deal
in practical work is not an exposed to risk or series of deaths
or withdrawals, but the ratio between the deaths and the
exposed; that is, with the rates of mortality, sickness,
marriage, and withdrawal. An actuary studying frequency­
curves may therefore naturally ask whether any of these
rates can be graduated by means of the curves we have
examined, and, if they fail, must they be put aside for some
other method ? Now the first point to be considered is
whether these rates are frequency distributions ; if they arc
not, the use of the frequency-curve is empirical. A rate of
mortality gives the proportion of people at each age who die,
and if we imagine 1,000 persons exposed to risk at each
integral age, the number of deaths would be 1,000 times the
rate of mortality, and this seems to show that it is possible to
consider the rate of mortality as a distribution, though it is
one that could hardly arise in actual experience. It is
impossible to describe the rates of mortality or sickness by a
single frequency-curve. On the other hand, the rates of
marriage are certainly much like frequency-curves, and the
rates of withdrawal, whether regarded according to age or
duration, might take a form like our example in Type Ill.
There are, however, practical objections to the direct operation
on rates, even apart from the very exaggerated idea of
frequency distributions in which it is necessary to indulge.
'The numbers exposed to risk at the end of any table become
small, and a single death or marriage there gives a very large
rate, while at several ages near there may be a zero rate
shown by the ungraduated data. This is extremely awkward,
as it tends to make the ratios dealt with far rougher in
application than the actual observations are in fact, and we are
forced to group the material before using it, which introduces
an arbitrary practice which it is well to avoid as far as 
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possible. It must not, of course, be inferred that a small
number of say fifty or one hundred deaths must necessarily
be grouped according to each year of age, but that
even if there are two or three thousand the roughnesses
introduced by the use of rates influence the result
considerably. The reason is that an equal weight is given to
each rate of mortality which is very far from the weight
indicated by the exposed to risk.
9. It will be useful to consider a case bearing out these
objections and then deal with a practical method of over­
coming them. The statistics to be considered have been
taken from a paper by Mr. M. Mackenzie Lees “ On Rates of
Mortality and Marriage among daughters of Peers and Heirs
Apparent, &c.” (Transactions of the Faculty of Actuaries,
vol. i., p. 276), and may be summarized as on page 94.

The moments were calculated by Mr. G. F. Hardy’s
Summation Method, and were found, about the mean
28’77191, to be

63’2092
yu3= 627’101
^=19,103-3
/3i= 1’557153
/32= 4-781321

The criterion was k—— 1’5, but as I had neglected the
rate ’00089 at 71 in calculating the moments, I used Type III.
The inclusion of the rate at that age would have lengthened
the curve and considerably increased the arithmetical value
of the criterion.

The constants for Type III. were
7= ’201592
p= 1’56881
a= 7’78189

Mode = 23’8U28
The curve starts, therefore, at age 16’02939.

y0=890’05.

The rates resulting from this graduation are given in the
table, and while they tend to show that the distribution
of rates of marriage is closely allied to a frequency-curve,
they do not give a satisfactory graduation, and the
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Marriage Rates of Spinsters,

Exposed
tn Bisk

E

15
16
17
IS
19 '
20
21
22
23
24
<>■-. I
26

28
29
30
31
32
33
31-
35
36
37
38
39
40

11
42
■13
11

45
46
47
48
49
50 -
51 ,
59
53 |
54

56

58
59 |
GO

Vi •

63'
64
G5
6G
67
68
69
70
71
73 I
74
75

3,658
3,603
3,528-5
3,393-5
3,187
2,915
2,688-5
2,413
2,187
1,956
1.758
1,583-5
1,417
1,270-5
1,148-5
1,068

934
901-5
848-5
802
752
711
672-5
638
612-5
586-5
568’5
541*5
515
491’5
476
451
440-5
416
395
378-5
363-5
3185
335-5
317-5
304
291
278-5
261
248*5
234-5
219-5
209-5
201-5
191
177
165’5
154
117-5
135*5
124-5
112-5
105-5

95
84-5
79

No. of
Marriages

1
Rate of

Marriage

Rate of
Marriage

Graduated
by

Frequency-
Curve.

Hypothetical
Exposed

l.yz
No. of

Marriages
Rate of

Marriage
Graduated.

3 •0008 ... 3,695 3
8 •0022 •0027 3,433 7 •0018

49 •0139 •0132 3,187 44. •0157
114 •0336 •0332 2,957 99 0350
176 •0552 •0517 2,742 151 0541
219 ■0714 0667 2,541 189 •0695
192 •0714 0776 2,354 16S •0809
211 •0861- 0816 2,179 188 ■osso
212 •0969 ■OSSI 2,016 196 0917
194 0992 •OS89 1,861 185 0920
146 •0831 0875 1,723 143 ■0901
137 •0865 0845 1,591 138 •0861
121 0854 0803 1,469 126 •0812
105 •0826 ’0753 1,355 112 ■0754
75 •0653 •0698 1,249 82 •0693
60 •0562 0610 1,151 65 •0631
64 0650 0583 1,061 69 •0569
41 •0153 0528 976 43 •0508
30 •0354 0175 897 32 •0452
39 •0186 •0125 825 40 •0400
20 0266 •0378 758 20 0352
25 0352 0335 696 25 0309
18 •0268 •0295 639 17 •0270
11 ■0172 •0260 586 10 •0235
14 •0229 0228 537 12 •0205
15 •0256 •0199 492 12 ■0176

9 •0158 0173 451 y •0151
6 •0111 ■0151 412 5 0130

•0155 •0131 376 6 •0112
Q •0011 •0113 345 1 •0096
ft ■0105 •0097 315 3 •0082

0110 •0084 288 3 •0070
•0015 •0072 262 1 •0060

5 •0120 0062 239 3 •0051
2 •0051 0051 218 1 •0044

1 •0016 199 •0037
•0039 181 •0031

1 •0029 •0034 165 0026
2 0089 •0029 150 1 •0022

•0024 139 •0019
■0020 124 •0016

3 ■0103 •0018 J
1 •0036 •0015

•0013
•0011
•0009 75’7 •0007

1 •0016 •0007 ... ...
•0006 ...

... •0005 ...
•0004
•0004 45-7 •0003
•0003
•0002
•0002
•<‘X>01
•0001 27’2 ... •ocoi

1
...

•0089 ;;;
...
...
...

...

...

...
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failure is due almost entirely to the objections referred
to above. Of course, if we were examining the algebraic
form taken by rates of marriage, we should begin by work on
population data where the roughness of material is avoided
by the large numbers of individuals dealt with ; as, however,
we are seeking for a graduation, we must see how these
objections, which of course apply to some extent to any
method of graduation, can be overcome. It has been remarked
that the cause of the difficulty is that incorrect weights
arc given to the items used, and the most obvious suggestion
is that the actual exposed and marriages should be graduated
separately. This, however, entails a large amount of
additional work, and a shorter method can be used which
avoids the double graduation. This method consists of using
a series allied to the exposed, and treating it as a hypothetical
exposed to risk from which a new series of marriages can be
calculated. The advantages are that we have only to make
one graduation, and the weights of the various parts of
the table are given approximately. In a similar way g.r can
be graduated, and in this connection it may be remarked that
as the exposed to risk is generally capable of being
represented by a frequency-curve, it is natural to suggest that
the hypothetical exposed might be taken as the simplest form
assumed by such curves (viz., Type VII.); this is also
convenient because the ordinates for such curves have been
tabulated.
10. The hypothetical exposed can be fixed by trial or
from the values of the exposed. The column E\ in the
table given above is taken from Sheppard’s Tables of the
Probability Integral, <v being taken as 3*06,  3’084, 3’108,
3’132, &c., and the entries were multiplied by 10G.
M,x=E,a.X7»x was then formed and graduated. The
following values were obtained for the M'.r series :—

Mean= 24’85779
/i2= 29’5006
^3= 190-112
^=4,361’12
£,= 1-40775
&= 5’01114
k= - 7’102
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As this is large, Type ITT. was used, and
7 = -310350
p= 1-841405
a= 5-933325

?/o=192-625
Mode= 21-63562

The curve was then worked out and the rates of marriage
in the final column were obtained by dividing- Mz by Ez. They
agree closely with the ungraduated figures.
11. A numerical example of the application of the method to
the Table may now be given. The normal curve with
<r = 10 and origin at age 52-J was used, and the values wore
multiplied by qx with the help of Crelle's tables.

A part of the work was

q x E x 10* ’ Age.
Ordinate from

Sheppard’s Tables
= E

Age. q x E x 10'

810 52 •3984439 53 801
597 51 •3941793 54 850
614 50 •3866681 55 875

OCC.

Summing these entries (9 x Ex 105) in fives, I formed the
following:—

Age. q x E x 10"’

20 13
25 70
30 218
35 594
40 1,394
45 2,460
50 3,702
55 4,519
60 4,385
65 3,602
70 2,249
75 1,197
SO 461
85 133
90 31
95 5

100 1

25,034

The abbreviations (use of Crelle’s tables and grouping)
were adopted to save labour, and as the figures were required
for an example they are sufficiently accurate.
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The following values were then found : —
Mean Age = 59-439762

4-584327
^3=- -4999871
^=61*17014

Type of curve.—No. I.
= 32-81166

7?b_. = 26’57123
aj = 18*78553
a2= 15-21272
yo=46O9-884

Mode age = 59-730789
(The unit is 5 years of age.)
The ordinates were then calculated for every fifth age, and

finding that the curve is not very far removed from the normal
curve of error, I interpolated in the second differences of the
logarithms of the ordinates for those at the other ages.*  A
quadrature formula was used for finding areas, and qx was
found by dividing by the hypothetical figure already used for
the exposed.

The expected deaths were as follows :—

Group.

Graduated

for
Central Age

of group.

Actual. Expected.

1
Deviation.

15-19 1’5 1-5
20- •00613 9 89 •1
25- ■00731 69 61 0 8-0
30- •00850 205 201-6 •4
35- •00991 369 380-7 117
40- •01179 588 575*6 12-4
15- 01452 801 811-4 16-4
50- •01866 1,064 1063-8 ’2
55- •02505 1,399 13866 12-4
60- •03516 1,752 1773-2 21-2
65- •05118 2,164 2136-7 273
70- ■07682 2,216 2261 2 45-2
75- •11648 1,965 1925-8 39-2
80- *17462 1,237 1241-9 49
85- •24S70 494 514-4 20-4

, 90- •33286 129 126’0 30
95- •43289 18 173 •7

! 100- 1 1-5 '5

14,480 14492-1 115-8 103-7

219-5
__________ ___________

° i\.se~u~h^l'-<:r‘a is the equation to normal curve, the logarithm is Ax2 + Bx + C,
say. The criterion of course shows if the curve is nearly normal.

H
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12. Jt will ho interesting to examine a particular case of the
method just described, as it is often required by actuaries.

Defining Alakeham’s hypothesis as colog A4-Bcr, we
take a normal curve to represent the exposed
and multiply by the values of colog This means that
we assume that the products can be represented by

?/ = (zV+BcA’)yoe-^-7‘)V2^

= 4- By0c“(jS_2/" +/,:-^o^)
= AyoC-^-7'^20-1 4- HBy0e“^5"2,*+<r’,O8'r,-+,*+ff:|O|’,f,,^<r’

where 11 — c^,7< * -^7/iogrc+

y/ = Ayoe“^-*) s/2<r: 4-HBy/oe_(z“nt 2a:..........................I.

i.c., the sum of two normal curves both having the same
standard deviation as rhe exposed curve and one having the
same origin.

The difference between the two origins gives cr-’log^c,
sol og I0r = 1 og 10c.

The whole solution is made very simple by taking moments
about the known origin (age/i), for | xyd<v and | .t,2yd<r (the

first two moments) give (Z— 7i)N2* and N|O'24-N2(a2 4- (Z — A)2)t
whore N, = A//0 and N2=HBy0-

Dividing the values just given by Nj4-N2 (the total
frequency), we obtain, as the first moment, about the known

. . (Z-7i) N2origin .. and. as the second.N)4-N._»
N j a2 4- N2a2 4- N2(Z — 7i)2

N/+N.7
= <r24- (Z— hj/i't

, a2or t — h= -——
7*  i

and N..= //|ftr,~tN3)
t — h,

where p is written for moments about h

' Remember that the normal curve is symmetrical, so that the odd moments
about the mean of such a curve are zero.

t Can be seen at once as the sum of two integrals; N,<ra gives the second
moment of the first normal curve in I, and N..(<r-+ (t — 7/)-) gives the second
moment of the second normal curve.



as stated above, and if y ——as is, of course, generally
convenient, then,

A = N1-h10z'

and B = N2-5-(10*  x IF)
_ N., 1
“ 10*  eAlQg«c+£(log.c)-

N.»—------- — (se? equation II.)lOV'eT^

N2
= t+h

WcT

13. If we assume, as M r. Hardy does in his recent graduations
of the new experience, that log10c is known, we only require
to calculate one moment which gives us ~—--^y-2, and this,

with the help of equation FI., enables ns to complete
the solution. Ff c were obtained for the aggregate table we
should use this result for the select tables.
14. A numerical example with the Table may be of
interest. A normal curve with standard duration 10 and
origin 551 was taken, and the terms multiplied by colog px.
These were then grouped in lives, and the first two moments
calculated about age 551. One little point should be borne in
mind in connection with the grouping; though the centre of
the base on which the product (jTx exposed stands is <r+l,
the result cologpxx exposed is an ordinate at «r; the centre
point of five ages 20 to 24 is 221 when qx is used and 22 when
colog px is used.

The figures were
Ni +No=136387.

1st moment about 551 in 5-years group = 1*416184.
2nd „ „ „ =4*1929354

Deducting (AV. F. Sheppard’s adjustment) from the
second moment and multiplying the first moment and the
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adjusted second moment by 5 and 25 respectively to make
the unit one year instead of 5 years, we have

p! i= 7’080920
/2=164-384085

then log(/ — h) =
t—h=

log ioc=
A =
B =

log 10B =

•9586889
9 092617

•03948873
•00301749
•00004518782

5*6550214
qx was then calculated from the graduated cologpx obtained

from the values of A, 15 and c, and the following table of
expected deaths was worked out. The values of qx are given
in the table showing the frequency-curve graduation :—

Age
Group.

Graduated

fur Central
Age of Group.

Expected
Deaths.

Actual
Deaths.

Deviation.

+ -

Under 25 13-0 9 40
25- 00812 670 69 20
30- 00882 211-6 205 6-6
35— •00991 380-8 369 11-8
40- •01162 566’9 588 211
45- •01431 799-7 801 1-3
50- 01854 1057-5 1,064 6’5
55- 02517 1392-7 1,399 6-3
GO- •03551 17902 1,752 38-2
G5- 051G0 21530 2,164 110
70- •U7639 2249-3 2,216 33-3
75- 11415 1888-7 1,965 76-3
80- 17053 1213 G 1,237 23 4
85- •23352 519 1 494 251
90- •36481 136-6 129 7-6
95- 20-6 19 10

1 14160-3 14,480 128-2

27

147-9

61

This result, which would have been improved by using all
the terms instead of grouping, is very like that given by
Mr. G. F. Hardy, but avoids having to obtain c by trial.
Mr. Hardy’s expected and actual deaths balance better than
the above, but I do not think the rates have been understated
systematically, as the 75-79 group accounts for the
disagreement. The total deviation is less than Mr. Hardy’s.
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15. When dealing with the adjustments for moments it was
remarked that it is best to use unadjusted moments except
when there is high contact at each end of the curve. In some
cases the unadjusted moments are rather far from the truth,
and consequently the curve obtained is by no means the best
that can be found. This most frequently happens when the
curve rises very abruptly, as in our example for Type I., or
when it takes the form of the example for Type III., the reason
being that, in such cases, the assumption that an area is
concentrated at the middle of a base of unit length involves
a considerable error. In the Type I. example, for instance,
the first group was assumed to be an ordinate at 17, whereas
the curve starts at age 16'76, and the central point ought,
therefore, to be later. The results can sometimes be improved
considerably by basing a second graduation on the first and,
in the particular case just referred to, since the first group is
too large, we might assume that the curve should start at 17'5.
It is unnecessary to find as many as four moments, for by
assuming that the start of the curve and the range (6) are
known, the equations on p. 59, giving the moments about the
start of the curve, afford a very simple solution. We have

/  6(?ni + 1) -1 /  4-1) (w-i 4- 2)
1 — vix 4- m2 4- 2 d 1K - (/n, 4- m2 4- 2) (mi 4- m2 4- 3)’

and writing yi= and 7..= ,0 /l b ' p^b’

we have .  71 (72 — 1)m 1 -f- ± —--------- -
71-72

and m. 4-1 = 1)(1 ~y--
71-72

where p,' is written for a moment about the start of the curve.
16. If the range of a curve can be fixed by general
considerations, a good deal of labour can thus be saved, while,
if the start of the curve is known, the following solution
depending on three moments is of use.

Writing X.»= and X3= -r-^rp r P' -iP' \
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the values of the constants in the equation to the curve are
given by

„ll+i=
2X.j—X.-X.A,

2 X.-X.HX.-lnl-X.
2 (2\t-\,-X.,X3)(l +Xj-2X.,)

. , ?/i1+?/l3 + 2O — U> \ 1I + I

and (t\ : a2=: ni2

17. Returning to the example of Type 1., and considering the
line for age 22 in the table on p. 54, we sec that 4*175  and
14*634  give S2 and »S3, excluding the first group, and the
moments about age 17 are then found to be 4*175  and 29*268;
transferring to 17*5,  we have 4*075  and 24*268;  adding*  the
moments for the first group, *034  x 1- and *034  x (4)’- respectively,
yx\ = 4*0818  and //._.= 24*26936.  Assuming a range of 15*5,  and
using the formula) given above,

wii = *3498
///,.= 2*7758
Ui= 1*735
a2= 13*765
y0= 154*2

and the mode is 17*5  + 1*735x5  = 26*175.
From these values the graduated figures for the first four

groups are 37, 140, 152, 143, which is an improvement on the
figures obtained previously. This example is used for
convenience, but with regard to adjustments in the particular
case the remarks in the footnote on p. 55 should be borne in
mind.
18. As a second case, the example for Type III. may be
considered. Assuming that the value of p(—*0783584)  is not
to be altered, then the first moment about the start of the

, ™ P+1 *9216416 . .curve (see p. 68) = L-----=------------. Assuming the curve to 
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start at *8  the first moment about the point is calculated
as follows :—

41x *1* = 4*4
135x *7 = 94*5
45 x 1*7 = 76*5
12x2*7 = 32*4
8 x 3*7 = 29*6
3 x 4*7 = 14*1
1 x 5*7 = 5*7
3 x 6*7 = 20*1

251 277*3

The first moment is therefore = 1’0875. and hence• 1’0 1
7 = •84752. The value of y0 is 205*0,  and the graduation is
47, 123, 48, 19, 8, 3, 2, 1. The equation to the curve is
// = 205*0«r “’°',8Ce~ 8,'5U’ with the origin at the start of the
curve, so that in this case the was calculated by the formula

N7/,+1
y,= r(p+i) which the reader will have no difficulty in

reproducing for himself. When moments are calculated about
the start of the curve and the form taken is that of the present
curve, it is convenient to use the equation in this form rather
than in that given on p. 65. It may be mentioned that as the
value of 2^ is nearly zero in the particular example, a good
result would be obtained by assuming that value, or, which
is the same thing, by putting i/ = yQe~y ; y now becomes
1*0875 ”’= *91958,  and y0 = 251 x *91958  = 230*8,  and the
graduation is 43, 125, 50, 20, 8, 3, 1, 1.
19. It sometimes happens that the error involved in the
calculations of the moment tends to balance that resulting
from the curve not starting at the beginning of the unit base
assumed for the first group. An instance of this is the first
example of Table I. for which the mean is at duration 5*182,
and the moments and constants are—

^,= 17*63688
p^= 135*5361
^4 = 1923*565

£,= 3*34846
&= 6*18392
k=- 1*307

* Strictly should be rather earlier, because the ordinates arc decreasing very
rapidly.



104

so that the curve will be of Type I. and equation to it is

y = -89082.C- ^(25*49729 -.r)1'6212'5

where the origin is at 1*02897  where the curve starts.
The graduation by this curve is shown in the following

table—

Duration. Withdrawals. Graduated by
Type 1. curve.

1 308 312
z 200 198
3 118 101
4 69 76

5 59 58
6 41 15
7 29 37
8 28 30
9 26 Zu

10 21 21
11 18 IS
12 18 15
13 12 13
14 11 11

15 5 9
16 11
17 7 6
18 6 5
19 1 4

20 3 3
21 1 2

23 2 I
24 1

1,000 1,000

20. The calculation of the graduated area of the first group
may present a difficulty, as a quadrature formula cannot be
applied, and the following method gives the best way of
obtaining a correct value—

— da = | y^"1 1 ( 61,1 - — mJ}~hr4- ,H2—- b"'- 2x2—. . .

-7° Ui + 1 6(^ + 2) + * *

which is a rapidly convergent series when x is small. In the
last example where x is 1*5  —1*02897  = *47103  the second term 
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barely affects the result. y0 must, of course, be calculated by
the formula

N l’(r) 
6»+7" -+1 ’ T (m, 4-1) I’\m2 4-1)

which is an analogous form to that given for similar Type III.
curves in Art. 18.
21. The expression for finding the area of the first group in
Type III. curves is

+• • •)
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PART II.

CHAPTER VI.

Correlation.

1. Two measurable characteristics, A and B, are said to be
correlated, when, with different values, x of A, we do not find
the same value, y of B, equally likely to be associated. In
other words, certain values of B arc relatively more likely to
occur with the value «r than others.
2. In practice, as one characteristic increases, the other
generally either steadily increases or decreases, and it is
exceptional to find that while one increases steadily the
other increases lor a time and then decreases. Put in
a rough-and-ready way, the definition can in particular cases,
with which actuaries are familiar, be stated : “The mean
ages at maturity in Endowment Assurances increase with the
unexpired term when the policies are grouped according to
the unexpired term ”; or, “ the older a bachelor, the less
likely is he to marry and have children.” There is correlation
between ages at maturity and unexpired term, and between
the age of a bachelor and the number of children, and it is
required to find a method of measuring the amount of
correlation statistically. The easiest way to appreciate the
nature of the problem is with the help of a table of double
entry, such as the following, which gives particulars of 2,870
endowment assurances grouped according to their unexpired
term. A little examination of the table shows that there is a
connection between the two functions, but does not give
any measure of the correlation suitable for comparison with
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the experiences of other offices or with that of the same office
at a later date :—

Un expired
term of

Endowment
Assurances.

Centrat. Age at Maturity.

Total.
Mean

Maturity
Age

for the iow.,
1

30 35 40 •15 50 55 60 65 70 75

0-1

5-9

10-14

15-19

20-24

25-29

30-34

35-39

40-44

•15-49

•>
i
1

18

3
u

0

20
1

15
2

lb

1
0

10
2

12
9
8
6
i

0

12
6

17
6

24

3
0
9
3
1
0

26
8

62
<J

117
4

115

133
0

90
ii

4

6
i

36
3

99

155
1

167
0

123
I

■19

6
2
4

1 J
0

10
o

127
0

237
0

271
0

231
0

127
0

•19
0

0

0

6
1

78
0

71
i

49

22
3
3
4
1

8 1
l t’.

1 1 ...
2 3

20 1
0 0

11 3
2 3
8 2
4 0

1
8 12

56

172

132

665

674

538

247

77

8

1

53’75

55’03

55*85

56*59

57*58

57*88

59*91

61*04

62*50

6500
1

Total 6 4 17 62 584 613 1,098 388 60 8 2,870

Note.- I-’o explanation of >niall numbers, see Art. 16.

The above table is called a correlation or frequency table,
and a column or row in it is called an array. 'The middle
value of the variable with which the row is associated is
called its type, so that the third column (i.e., that headed 40)
would be called the y-array of type 40, and the fourth row
would be called the .%-array of type 1 7’5, because 17*5  is the
middle of the 15-J9 group.
3. Now, returning to our definition of correlation, and
examining the last column of the table, which gives the mean
age in each row, we see that the numbers in it tend to
increase as we go down the column, and the age at maturity
is therefore correlated with the unexpired term. The figure
on p. 108 shows the series of mean values clearly.
4. A little consideration will lead to further information, for
if we imagine a case in which there is no correlation, the
series of the means of the rows will be independent of the
other function; that is, they will run horizontally when
plotted out as a diagram. Another point to be noted is that
there are two kinds of correlation (positive and negative),
for the functions may increase together, or one may increase
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and the other decrease; in the case of the endowment
assurances the correlation is positive, because as the term
increases the mean maturity age also increases.
5. These introductory remarks will give an indication of the
nature of the problem to be solved, and may help to render the
following proof easier to follow. It should be remembered that
the proof deals with a function of n variables.*  The table given
above has only two variables, but it is easy to see how more
variables may be introduced in similar tables; for instance,
endowment assurances by limited payments give three
variables (term of premium, term of assurance and age of
life), while an increase in the number of lives—say, joint­
life endowment assurances by limited payments—gives four
variables. We may now consider what equation will represent
the numbers in the body of the correlation table and how this
equation can be utilized to express the relationship between
the two functions with which the correlation table is concerned.
[6.] Let 7/i, t/o, 7j3 .. . 77,t be deviations from their respective
means of a complex of measurable characteristics. The sizes
of the functions measured, or organs, are determined by a
large number of independent, contributory causes. Let there
be ni of these causes, and let their deviations from their means
be €1, e2, e3 . . . ew, then 771, 772, 773 ... 77,t will be functions of
e,, €2, €3 . . . em. Further, if m>n certain of the e’s will
appear only in certain of the 77’s, and the c’s will not be fully
determined for a given 77 complex. We also assume that the
variations in intensity of the contributory causes are small
as compared with their absolute intensity, and that these
variations follow the normal law of distribution; that is, we
assume that the deviations from the mean value can be
graduated by the normal curve of error (Type VII.). The
mean complex being reached with the mean intensities of
contributory causes, we have, by the principle of the super
position of small quantities,

771 = 661161 4“ fl 1260 4-ai3^3 + • ■ •
772 = Ctoi^l + «±>^4- 0-23^4- • • • j

Vn — ®?n€i 4- «»2^2 4- «m36:1 4-... 4- anmemJ

° A student reading the subject for the first time would do well to omit the
paragraphs indicated by brackets. After the statistical idea underlying correlation
has been understood, it will be found easier to follow the theoretical work.
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The a’s are coefficients whose values have to be determined,
and any of the system of a's may be zero, for a particular
contributory cause may have no effect on a particular result.
Further, the chance that we have a conjunction of contributory
causes lying between ei and 6)4-8ei, e_» and e24-8e2 . . . and
between ein and e,„ 4- 8e,z/ will be given by

P = + "* + 2«»«=) x 8€)8e2 ... 8e», . . . (ii.)

where the standard deviations of rhe distributions are
. /ctll and C is constant.*

Now, by (i.) let 7? of the variables e, say the first n, be
replaced by the variables y, then the probability that we have
a complex with organs lying between and
y., and 77j4-8?72 • • • Vn and 77»4-8t7,i, together with a series of
contributory causes lying between eM + I and e„+1 4- + i,
ett+t and 8ert+2 . . . e/?, and e„, 4-8€,„, will be

P' = C'e~^'8yi8y2 . • • 877n8en+i8en+2 • • •
where C' is a constant, a function of C and the a’s, and </>-
consists of the following parts :—

(i.) A quadratic function of the 77’s from 77] to 77,,.
(ii.) A quadratic function of the e’s from e,i+I to ejH.

(iii.) A series of functions of the type

w + P/14^2, n + l17s4“ • • • 4" . n + iVn')
en+2^l, m+2771 + ^2, n+lT/’d- ... 4-^,0 n+l77n)

€,„(&), i^l + ^2, H/T72+. • . +^rt.»»77„)
where some of the b’s may be zero.

Now, if P' be integrated for all values from — 00 to + 00 of
all the contributory causes eM+i, en+2 . . . €m, we shall have the
whole chance of a complex with organs falling between 77, and
77)4-877), 772 and 7724-8772 . . . 77,, and yn + ^yn- But every time
we integrate with regard to an e> say ew+i, we alter the
constants of each contributory part of </r, but do not alter the

* Consider any particular case of the normal curves, the chance of getting a
result between and «i + 0€) when the distribution is Type VII. is
where is the standard deviation ; similarly with each of the other causes. As
the causes are independent, the product of the various chances gives the required
chance.
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triple constitution of </>*- ’ except to cause one e to disappear
from its (ii.) and (iii.) constituents. At the same time we
alter C' without introducing into it any terms in 77. 'Phus,
finally, after m — 11 integrations, <f>2 is reduced to its first
constituent, or we conclude that the chance of a complex of
organs between ip and i)2> and ?/24-. . . ?;,t and

+ occurring is given by

I * = Ce—ix‘3?7j, 8773, • • • ....................... (iii.)

where X2 is a quadratic function of the 77’s. This is the law of
frequency for the complex.

Consider the expression (iii.) but replace X2 by a quadratic
function, then

P— C<3“- 1 c»»1hS+cs.3’h5+ • • • + 2ci5’h7:+2<’1n’h1J.; + ... I
= Ce " -1 s»(riv,J»,s)+2S=(rM^ii,i) 1.

Here C, cPP) cpf/ are constants, and Si denotes a summation for
every value of 2^ and S2 for every pair of value of p and q in
the series.

Taking the simplest case, when there arc two variables,
this becomes

P = (J c ~ J('‘«'+c=’»=‘+2c«- * • ’’s > .*
Integrate P for all values of ip from — co to 4-00, and we

must have the normal curve of ij2 variation.

Similarly integrating for all values of

2 a..- k cxeJ

Integrating for all values of ip and ?/2 to obtain the total
frequency, we have—

* Tn Appendix III., some integrals connected with the normal curve of error
are dealt with. The result .,—5 =c1 — * can be reached at once by

rearranging the index in the expression for P as a perfect square
— \c. I — * -^7..- as is done in No. (v.) of Appendix 111.
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Now put r= — 12 and write x and y for and t;2, and
we have—

N _ i / *3_____ '^/r , ?/8 I
;i= --------- /T=—^e <rI<r.(l-r«) + <rs’(l-r=)> . . . (iv.)ZTTO-^oV 1 — /-

The equation just given is a graduation formula capable of
representing tables like that on p. 107. It has been obtained
on certain assumptions which may not all be realised in
practice, but it has a far larger scope in practical work than
the analogous normal curve of error has in frequency-curve
operations.

_ __ _ "[7.] Since a represents one series of variations and e
the other, it follows that if there were no correlation at all the
frequency of any particular result, .r, y would be the product
of the two chances, f.e., proportional to e C’^i-+ w), which

2xurleans that the size of the term — -—... , or r. is a measureC-jO-gfl—T2)
the correlation, r is called the coefficient of correlation.

J.] Perhaps the easiest way tosee how its value can be
obtained from an actual experience is by looking- at the
matter from the curve-fitting point of view, and dealing with
the expression for z by moments.

It will be remembered that the moments were obtained by
summing for all values of the frequencies multiplied by the
powers of the independent variable, but as we now have two
variables we can take n powers of the one and m of the other.
Thus, if we take the second powers of the x distances and
the zero power of the y distances (i.e., neglect ?/), we obtain
the ordinary second moment of the frequencies reckoned only
in the x direction. Similarly, with the second powers of the
?/ distances and the zero power of the x distances. These
calculations give two of the unknown constants for a = \/
{see Type VII.). There is, however, another second-order
term to be considered, namely, that obtained by taking the
first powers of both the x distances and the y distances, ?.e.,
multiplying the frequencies by xy. This may be written :—

r co |*  co

z xy dx dy, where z has the value given above.
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This double integral reduces to Nro^oo (see Appendix HE.)
or the (xy) moment of the total distribution = N?-a-1o-2, or

(xy) moment
NgTjCTo

To calculate the coefficient of correlation we have,
therefore, to find the .r2 moment, the y2 moment and the
xy moment about the centroid vertical.
[9.] Now we have seen that equation (iv.) gives an expression
for describing a correlation table such as the table of
endowment assurances on p. 107, and from that equation it is
clear that the distribution of an array of any type t is

where gx, h and g2 are written for the longer expressions
in tri, a2, and r. If we make the index into a perfect square,
we have

z = zoe {*-  ' e

This last expression is a normal distribution having the same
standard deviation as that of the whole surface; but its mean

differs from that of the whole surface by and it follows
that

(1) The deviation of the mean of the array is directly
proportional to the type; or the means of the
arrays increase or decrease in arithmetical
progression or lie on a straight line (called the
regression line).

(2) The standard deviations of all parallel arrays are
equal and independent of their types.

10. Before returning to the statistical example it will be well
to consider the following proof,*  which proceeds on the
principle that we require to fit a straight line (y = a2 + b.<c) to
the correlation table.

* This proof is a modification of one given by Mr. G. U. Yule, in the
J.S.S., vol. lx., pp. 812, &c., and Proc. Roy. Soc., 1S97, vol. lx., pp. 177, &c. It has
been altered to avoid the introduction of the method of least squares.

I
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Let .r! yH .r2y2, &c., be associated deviations, and let j/ = a.2+b2x
be the straight line used in the graduation ; then the graduated
figure corresponding to aq is fl24-Z»2aq.

Now, if we proceed as we did in fitting frequency-curves by the
method of moments, we make the graduated and ungraduated areas,
means, &c., equal, or

(<zo+ ^2^’1) + (^2+ + • • • —^1+^2+ • • • ;

or

And (tf2 4- + (^2 + ^2)^2 + xx.rjy1-l-.T0y24- • • •;

or fl2S' (.t) + Z>oS' (.t2) = S' (.ry),

where S'(.t) gives the first moment of the .t’s, S'(y) the first moment
of the y’s, S'(.t2) the second moment for the .t’s, and S'(.Ty) a
moment in which any frequency is multiplied by the product of the
distances in the x and y directions.

If these moments are now transferred to the mean, as was done
in fitting the frequency-curves, we have

or

and

or

Na2=0,

o2=0;

Z>2Sz(.T2) = S'(.Ty),

, S'(^)
s“ S'Gr») •
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But we have already seen that the second moment of the whole
frequency (N) is Noy5;

b _ s'(*y ).
2 No-/ ’

If we now write S(.-ry) =N<r1<r2r, we have

O'!
o-i.r—r - y
o-o

where r will represent the statistical measure of correlation (coefficient
of correlation) between the x's and y’s.

11. At first sight it may appear that the two equations just
given, showing the relationship between x and y> are not
consistent. It must, however, be remembered that the first,
// = r^J<c, gives the mean values of y corresponding to
particular values of .r, while the second gives the mean values
of x corresponding to particular values of ?/. To take a simple
case as an example, assume that o-j = o-._>=l and that r = -l,
then if ru=O the mean of the y's corresponding to this value
of x is 0, and if <t = 20 the mean of the y’s will be 2. When
we turn the matter round, however, we cannot, of course,
assert that the mean of the a?s corresponding to y=2 is 20 ;
it -will be ’2.
12. After this preliminary remark we may return to the
two equations and consider how it is that r is a measure of
correlation and whether it can always be treated as a
satisfactory measure. We can best see that r is a measure of
correlation by rewriting the equation j/ = r—in the form
'// ® -XT -V- 1 .1 • i J. ••• =r or x =Ar, and we can then interpret it as givingOo CT)
one characteristic in terms of the other where the mean is the
origin (this is due to referring moments to the mean in the
proof) and the unit of measurement is the standard deviation
in each case. In this form we see at once that as one
characteristic (X) increases the mean (Y) of the corresponding

i 2



116

series of the other characteristic increases to an extent
which depends on the value of r> while if r is negative
Y decreases. It is only if r is unity that the increments
of X and Y become equal and absolute correlation is
reached. If Y remains constant as the value of X increases
the definition at the beginning of this chapter tells us that
there is no correlation, and r in this case is zero as can easily
be seen from the equation Y=Xr. The value of r lies between
— 1 and 4-1 (see Chap. X., Art. 4), and its sign has no influence
on its numerical value. In other words a large negative value
does not mean that the two characteristics do not vary
together but only that increases in the one correspond with
decreases in the other; the numerical value of r indicates the
extent to which variations in the two characteristics correspond.
This indication is satisfactory provided the means, when
plotted in a diagram such as that onp. 108, fall approximately
in a straight line (?.e., “regression”* is linear). Distinct
deviations from linearity are not so common as might be
supposed, but if they are very marked in any case, r ceases
to be an entirely satisfactory measure of the correlation.
13. We may take this opportunity of removing another
difficulty that is sometimes met. Some students have a
loubt which is best shown by the question, “ How can there
)e perfect correlation when one thing is always smaller than
another ” ? As an example we may take the correlation
between the lengths of a man’s right arm and his left arm;
here the coefficient of correlation would be practically unity,
and since each characteristic is measured from it own mean,
and in terms of its own standard deviation, the coefficient
would not be decreased if every left arm was a certain number
of inches shorter than the right or if it bore a fixed relation

99in length, say 1(-x, to the right arm.

14. When dealing with moments on p. 17, we noticed that
though we required to find them about the mean, it was best
in practice to take them about some point fixed arbitrarily so
as to avoid fractions and then adjust the results afterwards.
The values of the and cr.> can, of course, be found with
the help of the formula on p. 19, viz., v2=v'2—d~. The

* The term “ regression” was invented by Mr. Francis Galton in connection
with the study of heredity ; it indicates the way the children of particular
parents tend to' “ step back ” to the ordinary population mean. 
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deduction of TV from the second moment should be made
for the same reason and in the same cases as in frequency­
curve fitting.

With regard to the product moment we have—

S(«-r'y') = S (a? + dj (y 4- d2)

= S(ay) 4- (y) 4- d2S (a) + 'Ndld2;

or since S(zr)=S(y)=O

S(.ry) = S (x'y) — N^«Z2

where S^r'y') is calculated about a point distant dx from the
mean of the x’s and d2 from the mean of the y’s.
15. The statistical example on p. 107 can now be worked
through. It will be found to make the proofs and methods
given above much easier to grasp.

A point about which moments are to be calculated is first
fixed, say, the middle of the group corresponding to maturity
age 60 and unexpired terms 20-24 years, and for the present
the calculations are made about this point. The following
table shows the calculation of the mean and second moment 
of the totals of the y-arrays, i.e., the totals at the bottom of
the table, because columns are y-arrays and rows a-arrays:—

dl = -2^ = -533659

Frequency. x' Frequency x x' Frequency x (x')‘-

6
4

17
62

584
643

1,098
388
60

8

-6
— 5
-4
-3
-2
-1

0
1
2
3

36
20
68

186
1,168

643
-2,121

388
120
24

216
100
272
558

2,336
643

388
240
72

2,870=N + 532
-1,589

4,825
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Hence, the mean age = 60 — 2’76830 = 57’23170, because
the unit of grouping is 5 years.

4825<rl2 = — <G2 —-fV (Sheppard’s adjustment)
= 1’37465 — -083
= 1-29132

a, =1-13637
Treating the rows in the same way, the following table

was formed:—

Mean unexpired term =22—1’68815 = 20’31185
.,_7209 ?o ,
“ 2870 d- 1 -
= 2-31453

and <r2 = r 52135
16. The value of S(.r//) is formed with the help of the numbers
in very small type appearing under the frequencies in the
correlation table. The frequency 62 in the 50 column, for
instance, is distanced three spaces upwards and two sideways
from the arbitrary origin, so the value of x'y' by which it has
to be multiplied is 3 x2 = 6, as shown in the small type. 'The
other figures are obtained in like manner, but the sign must
be borne in mind. Any value from the left-hand upper
division of the table, or in the lower right-hand division, will
be positive, because the frequency will be multiplied by a
product of an and y having like signs; while any value
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from the other divisions will be negative, because the x and y
by which the frequencies are multiplied are of opposite signs.

The calculation of the product moment is as follows :—

Frequencies.
Total of

frequencies
(/)

155 + 71-84—123 .... 1 + 19 + 19
145 +99 + 11+ 49-11-52-49-90 . 9 102 201
21 + 36 + 3 + 22-22-6-9. 3 48 114
6 + 6 + 8 + 3—6—8 — 11—2 + 117. 4 113 452
1........................................................ 5 1 0
3 + 17 + 62 + 2-1-1-2 . 6 80 4S0
9 + 26........................................................ 8 35 280
6 ... 9 6 54
2 10 o 20
2 + 2+1 12 5 60
1........................................................ 15 1 15
1........................................................ IS 1 18
-......................................................... 24 - 48

1,799

S(iry) = S(a//) —Ndjdo
= 1799-NdId.,
= 1262-51

_ S(.w/)  1262-51
“ No-jo-., 2870 x 1-13637 x 1-52135
= •25445.

The coefficient of correlation between age at maturity and
the unexpired term of endowment assurances is *25445.

The equation representing the one function in terms of the
other is

= •19007//
where all measurements are made from the mean and the unit
is 5 years. The line drawn in the figure gives this result.
17. An alternative method similar to the summation method
given in Art. 9, Chap. III. for moments can be conveniently
used in connection with correlation tables.

Taking the same example, we obtain from the given table
another in the same form, giving the y sum of it by summing
each column continuously, and then form a third table by
summing the second table across continuously.
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Table of the y-sum of Correlation Table.
U

ne
xp

ire
d

te
rm

 of
1 E

nd
ow

m
en

t
1 As

su
ra

nc
es

.
Central Age at Maturity.

30 35 40 45 50 55 GO 65 70 75 Totals.

0-4 6 4 17 62 584 643 1,098 388 60 8 2,870
5-9 4 4 17 60 55S 637 1,081 382 60 8 2,814 :

i 10-14 3 3 15 54 49G 601 1,014 360 58 8 2,642 :
15-19 3 1 6 37 379 502 917 308 50 y 2,210
20-24 0 1 0 13 234 347 680 221 39 y 1,545 I
25-29 0 0 0 10 101 180 409 146 19 6 871
30-34 0 0 0 1 11 57 178 75 8 3 333
35-39 0 0 0 0 0 8 51 26 0 1 86
40-11- 0 0 0 0 0 2 2 4 0 J 9
-15-49 0 0 0 0 0 0 0 1 0 0 1

Totals 1G 13 55 237 2,363 2,977 5,463 1,914 294 49 13,381

The totals in the right-hand column of the second table
give the first sum of the total in the right-hand column of the
correlation table, and are the same as the column a = 30 in
the third table. The total of the y sum, or of the first column
in the xy table, gives the mean of the y’s (13,381-4-2,870),
and similarly the sum of the first row gives the mean of the
a’s (18,501-4-2,870).

Table of x-sum of above Table, i.eTable giving all cases for
xy group and over in Correlation Table.

Central Age at Maturity.
X E s
o “ ° —~ IS. 30 35 40 45 50 55 60 65 70 75 Totals.

0-4 2,870 2,861 2,860 2,843 2,781 2,197 1,554 456 68 8 18,501
5-9 2,814 2,810 2,806 2,789 2,729

2*567
2.171 1,534 450 68 8 18,179

10-14 2,642 2,639 2,636 2,621 2,071 1,470 426 6G 8 17,146
15-19 2,210 2,207 2,206 2,200 2,163 1,781 1,282 365 57 7 14,481
20-24 1,515 1,515 1,544 1,514 1.531 1.297 950 270 46 7 10,279
25-29 871 871 871 871 861 760 580 171 25 6 5,887
30-3 1 333 333 333 333 332 321 261 86 11 3 2,349
35-39 86 86 86 86 86 86 78 27 1 1 623
40-44 9 9 9 9 9 9 7 5 1 1 68
15-19 1 1 1 1 1 1 1 1 0 0 8

Totals 13,381 13,365 13,352 13,297 13,060 10,697 7,720 2,257 343 49 87,521

The total of the last table gives the xy moment (87,521),
and the x standard deviation is found by forming from the
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first row the series 18501, 15631, 12767, 9907, 7064, 4283,
2086, 532, 76, 8, and summing it, i.e.. 70,855. The second
moment about the mean can then be found, the numerical
work being as follows :—

x — mean = 18501
2870 = 6-4463

z/2=2S3—d(l+d)

2 —6'4463 x 7-4463
Zo/U

= 1-3747

2870
2’2312

(13381 + 10511 + 7697 + 5055 + 2845 +1300 + 429 + 96 + 10 +1) .  t---- —-----—----------- -------------------— 4 0624 x 5 x

Similarly with the y moments
13381 .?/ mean = =4’6624J 2870

The xy moment

= •4399

87521 p ...o t_n(= —6’4463x4’66242870

Remembering that v2— j-r (Sheppard’s adjustment) = a2
and that the means are in the above work measured from the
centre of the group a’=25, y=— 5 to —1 years, the values
just given will be found to agree with those previously
obtained by the direct method. The xy moment (’4399) is

1262’5the same as , i-e-> S(#y)-i-N.
Zo/U

18. Before dealing with other examples and methods, it may
be well to point out a use to which the particular example
might be put. The result in the equation form gives the
average age corresponding to each unexpired term. Now,
we might weight each entry with Mr. Lidstone’s Z’s,*  or with
the temporary annuities, then work out an equation in each
case, and get new series of average ages. The results used in
a valuation would give the relative accuracy of the three
methods. I have worked out the formula with the Z weights
(HM Table), and found that

Age at maturity =57’595 +’1200 x (unexpired term).
* The method used by me was approximate and can probably be improved, the

result is merely given as an indication of a possible line for research.
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The results could also be used as a rough check on the
average ages at valuations, and there certainly seems a
possibility of doing something towards making a simple
“model office” for endowment assurances with the help of
the method we have been using.
19. When constructing  correlation tables a little care is*
necessary, because in certain arrangements of statistical
material it is possible to obtain a significant value for a
coefficient of correlation when in reality the two functions are
absolutely uncorrelated. Such a result is called “ spurious
correlation,” and as the manner in which it arises is by the
use of indices, it is defined as the correlation which will be
found between indices, when the absolute values of the
functions dealt with have been selected purely at random.
As an example of the way spurious correlation might be
introduced in actuarial statistics, we may refer to endowment
assurances by limited payments on the books of a company
doing a large quantity of such business, and consider the
term of the original assurance (^), the number of premiums
to be paid in future (Z2), and the number of years for which
the policy has been in force (f3). If we formed the ratios
/■aud p
fl <•]

and worked out the coefficients of correlation, we

should not obtain a measure of the correlation between
number of premiums payable in future and the number of
years in force, because the result of using fractions with the
same denominator in each would be to exaggerate correlation
—that is, to introduce spurious correlation.

The general propositions of spurious correlation, of which
the result just mentioned is a particular case, are as
follows:—

I. To find the mean of an index in terms of the means,
standard deviations and coefficients of correlation of the two
absolute measurements.

Let a’i, .r-2, a* 3, a*i,  be the absolute sizes of any four correlated
subjects, mi, m3, m4, their mean values; cri, <r2, <r3, cr.i, their
standard deviations; r12, r.^, r-M, r4ii r2i, rl3, the six coefficients of
correlation; q, «2, c3, q, the deviations of the four subjects from
their means, i.e., xi = nii 4- «i &c.; £J3 the mean value of the index 11 and

a-3
i2i the mean value of ' Si and S2 the standard deviations of the 
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indices -* 1 and “ respectively, and N the total number of groups.
a’3

We shall suppose the ratios of the deviations of the mean values
of the organs are so small that their cubes may be neglected.

Then il3= J s(-')= 3 . . S I fl + el V1 + £' Y’ I.
jN \#3/ N m3 | \ niff |

1. '"i J x .I.S(c,; _ SQ3) _ s(€«c«) + ?(<i ,J'
N m3 w/j ?n3 mim3 mr3 j

But S(€j) = S(€3) =0 and S(e1e3) = N<ricror13 and S(€3)2=Ncr32

and

w32 o-i

nii • **!3m*

mff‘ <rjr cr->*21 = —( 1 H--------- —
m.i\ m.r in 2

11. To find the standard deviation of an index in terms of the
standard deviations and coefficient of correlation of the tico
absolute measurements.

1 I o"i" , <>3" o <H
13= *13 V i ~7» 4-----“

' | mi- w3- niior nv>

111. To find the coefficient of correlation of two indices in terms
of the coefficients of correlation of four absolute measurements and
their standard deviations.

Let and *<2 be the two indices.
.1’3 Xa
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Then, if p be the coefficient of correlation of the two indices,

NPS13S.21-Sg

9Hi9))2 f , €j €3 €)€3 €32 <r32 O-) <r3
------Slid------------------ —1— d~ * — * r)3
9)l39)li \ 9)11 9)13 9)l\9)l3 9)13- 9)1 f

H _ Il _ C-C| +ui -i- sZ
?;?2 9)14 9)l29)l4 9)l.r 9)1?

- -)(- - -)

\W1 9)l3J\9)l2 ))).{/

9))3

(To (T.j
- - -------  • 7’oj
9)lo 9)l.i

x (1 +

as we neglect the terms of cubic order.

p-13-21 —
(To CT] a.i (To
— ria---------- -- — /’1 j--

))l2 ))11 9)1.1 9)l2

°3 (To <r i \
*’23 d------- • — r2i)

9)l3 9))2 9H.t J

Hence,
O'] (To <T| <T| (To <r3 (To CT|

• ----7’12----------- -- ---- >’14—-------->23 d--------- * ------>21
/III })l2 1)111 /,/-2 lll3 1)i2 >)l |

/ ( <H® . Or32 CT j (To ) I ( (To2 CT? (To CT.j |
a/ *;  —« d- —2 — • — >* I3 a / - —- d---- — 2 — • — r21 [
V 7)13~ Mj 9)l2 > V ^)))2~ 9)1.1- 9)l2 7)14 '

Proposition 1. shows that the mean of an index is not the ratio of
the means of the corresponding absolute measurements, and
Proposition III. shows that the p will vanish when the four subjects
forming the indices are quite uncorrelated, while, if two, say, the

third and fourth, are identical, so that r3J=l and '= 1, we have
9)l3 9)l4

P

O’! (To Oj a3 (To <r3 . cr32
- ------ ;’12----------- -------- T]3----------- -- - ^23 d-
7/il 7)12 nil 9)13 ))l2 9)13 9)13-

f u r’ , cr? cr i cr3 ) / f o"22 <r32 (r2 a3
’) —o “1--------o ~ 2 — • — rJ3 | a/ } —7, d- - — 2 - - • — • 7*23
tWl? 9H3- 9)li 9)l3 9 V <7)l2- 9)13- 9)12 9)l3

This would become applicable in the endowment assurances by limited
payments to which we referred.

An interesting special case arises when the subjects aq, a2, a3 are
not correlated and — and l- are formed, then

.r3 x3

____________________W32_____________

P~ . Ifm 4. °1\A lf^£ + Si2].
V Im? 9n3-S V Vnh2 9)i32J
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CHAPTER VII.

Correlation of Characters not Quantitatively
Measurable.

1. Before the theory in this section is dealt with, we will give a
table showing the class of problem with which it deals, drawn
from vaccination statistics. This subject was brought before
the Institute of Actuaries recently by the late A. F. Burridge,
but his figures are not in a form convenient for the present
purpose, and the table is taken from a paper on the subject
by Dr. W. R. Macdonell,*  and relates to the Sheffield
smallpox outbreak of 1887-1888:—

Strength to resist Smallpox when incurred.

£.2
Cicatrix. Recoveries. Deaths. Total.

° a
o •-
p a
Q

Present.......
Absent .......

3,951
278

200 4,151
552

Total...... 4,229 471 4,703

The functions between which we want to find the
correlation are “Strength to resist smallpox when incurred”
and “ Degree of effective vaccination,” and the statistics we
have cannot be arranged in a more detailed manner than the
above. The characters cannot be measured quantitatively;
but as the absence of such measurement does not mean that
there is no correlation, we must see how the coefficient can
be obtained in such a case.

♦ Bwmelrika, vol. i., pp. 375, el scq. This paper and a supplementary one
deal with the subject in a way that shows clearly the strength of the evidence on
the side of vaccination. The question of class is investigated, a practical point
frequently neglected.
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2. Using the same notation as that of the previous chapter,
imagine the frequency surface

N -1 (-L + 21 _ -"'AZ— — ---- e -1 — r^ycr,- tr-~- tTiV.)
‘Ittv 1 — r2<T]Cr2

to be divided into four parts by two planes at right angles to
the axes of x and y at distances h' and k' from the origin; as
suggested by the figures above.
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Then
_ N rw -1 J ( '5 + 2? 7a= — I | e -’i-',’\<n3 <r.- v^.jdxdy

2ttv 1'“^o’lCoJft' J/.J

N .-»(•» 11
n /_----  I e-'^^^-^dxdy
2tt\/1 — r-K Jfc

by substituting

and •writing

Further,

.x’2 for and y- for --
Cj“ Co"

7? = ^ and &== —.
C ] Co

b + d=
\/ 2t7CiJa'

i_x-
2<rr dx

and

N i' _L

^d<j

and, remembering that N the total frequency = a + b + e + d,
we have —

N-2(Z. + fl!) = N-N^|

(g 4- c) — (b + rf)
N -^i\"oe^d:c

and, similarly,

(<2 + Z>)-(c4-6?) -2 r*
■n----------^'J-dy

Since a, 6, c, and d are known, h and k can be found from
Sheppard's Tables, and the problem becomes

“To find a value for r from the equation

'•^xt+yz-2r^da:dy = d

where d, N, h, and k are known.
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The solution given by Professor Pearson (see Appendix III.)
leads to the following equation.

Sk =r+ rl'lk+ £ (,i2~ W2-1)*  £a(^-3)I-(A-=-3)

+ 1$o^‘-6A2+3)(A'-6^ + 3)
rQ+ 790A(/?-107?+ 15)7C(Z:'-1O^+15)

+ -X'«(An— l-57t4 4- 457i2— 15)(/c°— 15fc*5040
4- 457c2 — 15) 4- etc.

where 11= } - e~k-h’, and I< = e”^’.
\/2tt \/2tt

The numerical solution has to be obtained by approximating to
the roots, and Newton’s method*  is convenient.for the purpose.
3. The numerical work of our example is as follows :—

J*.  Ce-^dx-
V7rjo N “4703

= •7984265
h= 1*27716

by interpolation in Sheppard’s Tables. In using these tables
for this purpose remember that the value *7984265  corresponds
to a in his notation, so i of (1 4-*7984265)  = *8992132  must be
looked up inversely in his Table I. If his Table III. bo used
it must be entered with *7984265.

Similarly,
| e-Wdy = *765256 1

k= 1*18833

We next require an^ we oe^ fr°m Sheppard’s
Tables

H= *1764870  .*.  log H= 1*2467127
K = *1969111  .*.  log K = 1*2942702

*.Veu7on’« method of approximating to the root of an equation. Let /(x) = 0
be nn equation from which the value of x is to be found and let b be a value
near to x so that x = b+h where h is small, then f(x)~f(b+ h) = f(b) + hf'(b) +
terms involving higher powers of h by Taylor’s Theorem, and since /(x) = 0, we
have h = — orx=b— The chief objection to the method is that

J'(b) f(b) J
there may be more than one root near the value b, but this does not hold in the
application to correlation. (Cf. Approximations to rate of interest from an
annuity, Tcxt-Booh, Part I., p. 110, formula 8.)
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Hence log, r-n.=*1258260° N-T1K

and = 1-336062N -HK
Dr. Macdonell gives 56 instead of 02 as the last two

figures; the difference is probably due to interpolation.
Turning to the expression for r, we notice that hk is a

product in the coefficients of r2, rl, r'\ tec., so it is well to work
out its value and keep a note of it while the coefficients are
being found. It is also advisable to begin the work by
writing down the first six or seven powers of h and k.

Dr. Macdonell gives the following series :— 

•097083r"+*008l70r 6 + T19614r5 + *137450r ‘
+ *043352r 3 + *758844r 2+ r = 1*336050

In order to obtain r we must find a value near the true
one as a first approximation.
Taking *758844?* 2+ r -1*336056  = 0

, -1 + 1 + 4 x 1*336  x *7588}we have r=-------  ~ ---------1*017/
= *79

K

Now, this value will be in excess of the truth, owing to
our only using two terms of the series on the left-hand side
of the equation for finding r, and we may take *77  as a trial
rate. Applying Newton’s Rule, we have :—

-1*336056+ (*77)  + *7588(*77) 2+*0434(*77) 3
+ *1375(*77) ‘ + *1190(*77) 5 + *0082(*77) 6+*0971(*77)"

1 ~ i + 2(-77)(*7588)  + 3(*77) 2(*0434)  +4(*77) 3(*1375)
+ 5(*77)  ‘(*1190)  + 6(*77) 5 (*0082)  + 7(*77) 6(*0971)

’0022
”’7/ 2*861
= *7692

In work such as this, a table giving the first seven powers
of the natural numbers is a help. There is one in the first
edition of Barlow’s Tables, but this edition is now difficult to
get, though a copy of it "will be found in the Library of the
Institute. A table of the same powers has been given in
Biometrika, vol. ii., pp. 474, et seq.
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4. The value we have found for r can be checked in the
following way:—

We had
d= - -A -P |\-'H-V3<I’+!'’-2ra!')rf.ra'2/

2tT\/1 — TV J/.:
N f” ( f75 _2—L-^-yr)9 » ) ,= —1 e 21-/-^ dx\dy

2tf\/1 —r2J* IJ h J
NT f p  )

9—e’!XVl-rrfX </?
277\/l— 7-Ja )

= JPe-”’!
-7TJA- (J/! J

i / h—yrwhere c= ■ >-- .\/ 1 — r2
To approximate to the double integral we can find

I" e-ix’dX
J t

for a few equidistant values of t and apply a quadrature
formula. The following table shows the work:—

Values of
y

Values of
Z- - //,-
✓l-r«

1
. I, rW* 27rJ‘

Product of
two previous

cots.

Application
of

Simpson’s Rule.

(Z*)1 ’18833 •5682 •2849 •1968 0561 xl= 0561
,X*  + ’.)1*68833 - -0342 •5133 •0960 •0-191 X 4 =-1964

2-18833 — -6367 •7370 •0363 •0265 X 2 = 0330
2-68833 -1-2392 •8923 •0107 •0096 X 4 =-0384
3-18833 -1-8417 •9672 •0025 •0024 X 2 = -0018
3-68833 — 2-4441 •9795 •0004 •0004 X 4 =0016

•35034-6
= *584

The final column shows the application of Simpson's first
quadrature rule, viz.:—

and gives *584  as the value of the double integral; multiplying
this by N(4703), we have, 274*6  as the value of the group
called d, which agrees with the figure given in the correlation
table.



131

CHAPTER VIIT.

Probable Errors.

1. In the previous chapters we have assumed that the means,
standard deviations, moments, constants, and coefficients of
correlation obtained from a body of statistics give an exact
measure of the constants or of the correlation between two
functions. This is not really the case. If it were possible to
make an infinite number of trials bearing on a given subject,
we could obtain constants or measure correlation accurately,
but in practice it is only possible to take a sample from this
total “ population.” The variation that results from using a
random sample, instead of the whole “ population,” to find
the value of any particular constant, could be reasonably
measured by the standard deviation of that constant, for, as
we have already remarked, the standard deviation measures
the way statistics arc collected round their mean or their
“ scatter ” from it. Custom lias, however, led to the use of
another function known as the Probable Error, which is
•67449 times the Standard Deviation. The connection
between these two functions is due to the theory having been
developed from the normal curve of error, and arises in the
following way. The probable error gives that value of x
(say p) which divides the part of the normal curve
representing positive errors into two equal portions; it is

r p 1
therefore given by —e~^dx=’2.b, where the whole area

J o v 2-tt
of the curve (positive plus negative deviations) is unity. In
order to find 2? in terms of the standard deviation, we have,

k 2
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therefore, to obtain the value of rr, corresponding to
--(14-a) =’75 in Sheppard’s Tables, where a is f -7^— e_1-'V7.r.

Jo\/27r
This can be done by interpolating inversely by Lagrange’s
formula, and p is thus found to be •67449 approximately.
Probably the best way of viewing the use of the probable
error is to regard it as a conventional reduction of the
standard deviation.
2. The general rule followed by statisticians when considering
probable errors is that unless a result exceeds the expected
by two or three times the probable error, it is not safe to
assume that the particular case differs from the expected
result.
3. We will first consider the most simple case, and find the
probable error of an event happening vip times when vi trials
are made and p is the probability of the event happening,
and q of its failing. The whole series is given by
(?7 + 7)”,=2)”, + ?n2)H‘-1(7+ • • • +?’"• Taking moments about
the centre of the group represented by pm the first moment
is vipin~lq + (vi— l)p’"“2^4- . . . + viqm=viq(p + q)m~x = viq.

The second moment about the same point is

+ l)pw“2g2+|-7n(?7i—l)(?n—2)pw’“3//3+ . . . + vi-qm

= mpm~}q + vi(m — 1 )pm~2q2 + —//? - ~~Pm”3#3 + • . • + viq

4-771(7?!— l)p,M-2g2 + 7?i(??i —l)(?n—2)2?m,-3</3+ . . . + vi(vi—Y)qm

= viq 4- 7?i(7/i — 1) q2

The second moment about the mean is, therefore,

mq 4- vi (772. — 1) q2—vi2^ = mpq

The standard deviation=\/^=\/mpq

and the probable error is ‘ffi4A$\/vypq.
4. This value is of considerable use in statistical work, and it
will, therefore, be advisable to see its application to a few
examples.

It has been remarked that the number of male children
born is to the number of female children born as 1,050 : 1,000; 
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in other words, the probability of a child being male is
9 05Q- 51,350 out of 100,000 children proved to be males
in a certain community, would it be safe to base any theory
connected with the variation from the usual probability on
the statistics ? The expected result is 51,220, and the
probable error is '67449J 100,000 = + 103'9. The

> 20o0 2050 —
difference between the actual case and the expected result was
130, and as this is only one and a quarter times the probable
error, no definite conclusion can be based on the divergence
from the result.

If the number of cases had been 10,000,000, and the
actual number 5,135,000, then the probable error being 1,039,
and the actual difference 13,000, it would have been sufficient
evidence for the conclusion that the ratio 1,050:1,000 did not
fit the particular case.
5. If the probability of death within a year is 007,  the*
probable error in 200 cases is '67449\/200 x'007 x *993  = ’80,
and it would, therefore, be possible to approximate to a
loading- for emergencies if 2'2 was taken instead of 1'4 as the
number of deaths expected in a year out of 200 cases on risk
for a year. That is, it would not be unreasonable to treat
'0110 as the rate of mortality instead of '007, in order to
obtain some idea of an emergency loading for term assurances
on the assumption that the number of cases is about 200 and
the average age is such that '007 might bo taken as the
probability of death in a year. It has also been assumed that
it is correct to treat each class as if it were subject to its own
rate of mortality, and had to be treated independently of the
rest of the business; this is, however, a debatable point.
6. It will be noticed that if m remains constant, then \/mpq
has its largest numerical value when p = q = A, which shows
that an office will generally find that if it has two classes of
equal size, and one is subject to a higher rate of mortality
than the other, the former will have the larger actual
deviations from the expected number of claims, because the
probability of dying in a year only reaches the value A at the
end of the mortality table.
7. If we now consider a frequency distribution instead of an
individual experiment, it is clear that if ys is the theoretical
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frequency in the sth group that would occur in N cases, the
probability of a particular one of the N cases falling in the
sth group is g =jp, and the probability of its falling elsewhere

is 1— =7- Then in trials the distribution of frequency

of this group will be given by (p+g)w and its standard
deviation

where and is accordingly the proportion of ys

which we should expect in the typical group of m out of
N individuals. In actual practice we have, however, only the
sample, but since the sample is only likely to deviate from
the theoretical value to a proportionally small extent, we can
replace the theoretical value by the observed frequency,
and write

where ys is now taken as the frequency of the sth group in
the sample.
8. If one frequency in any distribution is too large, then the
others must on the average be too small, and this shows that
the errors between groups are correlated. The next point to
be investigated is the amount of the correlation between
deviation ys and ys>, or between deviations in the frequencies of
the sth and sth groups.

Let 8yg=deviation from ys the most probable value in the sth
group, then, since

yi+y-’+yad- • • • +y«+ • • • y.v+ ... +yM=w

8y! + fy/3 + • • • • • • 4-Sys'4- • • • 4"Syn=0
Now, if the sample has given too large a value in the sth group, it is
proper to suppose that this error will be distributed among the other
groups in the proportion of their relative frequencies. This assumes
that deviations are only due to random sampling, not to defective
measurement or classification; if the deviations were due to these
latter causes, it might be reasonable to assume that the excess was
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drawn from adjacent groups, but it is necessary to confine our
attention to errors due to random sampling, and we then have

$Ws^-ayt*  -m—yg

and 8y5,8ys= - - -in 1 —ys/m
This gives the effect of the error in the sth group on that in the
s'th group on the assumption that the error in the sth group is the
cause of all deviations; to give effect to the fact that all groups
contribute we must sum the expression for all samplings, and obtain

_ /A' _ _ ysys- i /• xy^- ~ )n W

lienee ^y^y^ytye^ m (*'•)

The only step likely to cause difficulty in the above is in summing
3y*-8y Sj but if it is borne in mind that the (.ry)-moment of a
correlation table gives r<ri<r2, the difficulty should immediately
disappear.

9. To find the standard deviation a/t of the mean h of a system of
observations.

Measured from a fixed point we have
Zz_ s(<//_) _ s(<y)

S(y) m
where y is the frequency of size .r.

Squaring each side, we have
wi-’(M)2=S(A'Jf23y,2) -r 2S'(.rd-.rA»8yd8y,s.)

where S' is the sum for all values of s and s', for which s is not
equal to s'.

By dividing by the number of samplings after summing for all
such samples, this gives

wt-oy/2=S (.*. ’A-2<ry,2) — 2S (-^s^'s'triifU'; 3r

or, using (i.) and (ii.),
m-tru-=S(.vry) — “ 2S'(.T5a-5,- )

, sG*WA)  v S(a>yx.)= m/j.2—m x---------m m

where mf2 is the second moment of the whole distribution about the
fixed point. But p.'2—h-=(fl=square of standard deviation of
sample. Hence

<rh=<rl^m...................................(iii.)
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10. This last result is of considerable use in statistical work.
A large number of cases is recorded and the mean used to
compare the particular experiment with another of a like kind.
Is an actual difference between the means due to some cause
other than random sampling ? A practical application would
be the comparison of the average profit from various classes
of business for a number of years. The standard deviation
of the profits in the various years would be obtained by
taking the square root of the second moment about the mean
and dividing it by the square root of the number of years;
the quotient would give <T/t of (iii). It is only by using the
standard deviations or probable errors deduced from them
that it would be possible to say definitely whether a lower
average profit in a certain part of the business was due to
chance or to some cause requiring removal.
11. In a similar way it is possible to find the probable errors
of the moments and constants, but this leads to the more
theoretical parts of the subject, with which it is unadvisablc
to deal in a book of this character. It is, however, necessary
to call attention to the probable error of the coefficient of
correlation owing to the importance of that function in
statistical work.

flIts value has been shown*  to be *67449  — • We have
V n

already found in Chapter VI. that the coefficient of correlation
between the age at maturity and the unexpired term of
endowment assurances is *2544-5,  but it is not right to assert
definitely, on the strength of this information, that this
coefficient represents any real relationship, until we have seen
how large a deviation in the value of such a coefficient might
arise purely from our having taken a random sample. The
probable error of r is found by inserting 2870 for n in
the formula given above, and we have +*00118  as the
probable error. It is customary to show this by writing
r=*25445+  *00118.  In this case, therefore, the probable
error is so small that the result is reliable, but it sometimes
happens, especially when only a few cases have been

* The proof is given in Phil. Trans. /!., vol. exei, pp. 231-2-11. It is,
however, of a complicated nature and unsuitable for insertion in the present work.
This last remark also applies to the proof for the probable error when the
fourfold table is used.
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considered, that the probable error is large enough io
make it impossible to base any definite conclusion on the
result produced. If, for instance, it had been found that
r = •08274;’0621, it would have been impossible to say
definitely that the correlation had not arisen merely from
chance.
12. In using the fourfold table the probable errors arc larger,
as would bo expected, because the grouping is rougher, and
the formula by which they should strictly be calculated
becomes complicated. The formula referred to, gives as the
probable error of r,

•67449 f (a4-</)(<?+J) (a4-c)(<Z-|-6) (fl-rZ>)(tZ4-c)
xM’ ------

ad—be ab—cd ac—bd\ i
4-2^j —------- —■>------------ ’Ai rT T n- n1 n- J

where v=-----e-W+k'-2Mys(l-r’)
Sir'll—;* 2

1 f
*,=

i r k~rh^2= z_
^277 J 0

and it is assumed that the fourfold table is so arranged that
a + c>b + d and a + b> c-\-d> where fl, b, c> and d, have the
meanings indicated on p. 126. The numerical work for finding
the probable error of r for the example in Chapter VII. is
as follows—

. h - rjc_ i p .56S21
i/q = | /y-| e~^dx=-*21505

by Sheppard’s Tables.

i r ,iZ.rn. 1 f-32230
e~^x''dx= —7=^ e~^dx= ‘12639

^/27r Jo

x c-(/f-+7.J+27*ir),-2(i-i-4 — e-,S671‘ = T0462X 277 277 x 63900
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log1 = 1'98039, log^,=1'38254, and log^=l'10171 ;

the probable error of r is—

•67449
•10462 ^4703

•02283 4- ’00145 4- 00479 -1- 00252 - 00408 - -01015 = ±0124.

13. It is often sufficient to assume that the probable error by
the above formula will be three times that by the formula

*67449 -—7- • The latter gives + *0040  in the above case,
V n

which is a good approximation to J of -0124.
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CHAPTER IX.

The Test of Goodness of Fit.
1. When the values of ordinates and areas were calculated in
the examples of the various types of frequency-curves, no
systematic attempt was made to test the graduations, in order
to ascertain whether the results obtained were reasonable.
Actuaries have generally been in the habit of imposing on the
graduated values of any table on which they may have been
working rough checks which have amounted to a comparison
of the totals in various groups and an inspection of the
changes of sign in the differences between the graduated and
ungraduated figures. The problem of the goodness of fit
needs, however, more accurate treatment, for inspection, even
when aided by the calculation of a mean error for each
group,*  can only tell that certain differences are large; and
if the mean error be exceeded in two or three cases, it is
impossible to say whether the excesses are in any way
balanced by equalities in the rest of the graduation. A test
is required which will give some measure of the disagreement
as judged by the whole graduation.
2. Now, if there be N observations distributed in n +1
groups, the numbers in the group being m'2 . . .
we have to find a criterion to enable us to decide when the
series ?7h, vi2 . . . mn+i will be a legitimate graduation. We
may clearly take a legitimate graduation to be one in which
the observed values do not differ from the theoretical
(m) by more than the deviations that would be expected in
random sampling. What we require to know is not the

* Generally calculated as £ y'npqt which gives approximately the average
magnitude of the deviations irrespective of sign from the mean result.
G. F. Hardy, Journal of the Institute of Actuaries, xxvii., pp. 214, et seq. 



140

probability that the particular series of will occur if the
m’s represent the theory, but the probability that the or
an equally likely or less likely series, will arise. To appreciate
the difficulties of the problem we may consider the simplest
case, that of a coin-tossing experiment, and suppose that a
coin has been tossed six times and come down 4 heads and
2 tails. The “ graduation” we make is 3 heads and 3 tails,
and to test it we require to find the probability of obtaining a
result as unlikely, or more unlikely, than the observed one.
This probability is the same as that of getting any one of the
following results :—

6 heads and 0 tails
5 „ „ 1 „
4 2x 33 33 33
2 433 33 1 33
f 33 33 33
0 33 33 b „

It is obviously impossible to calculate such probabilities
directly, oven when the simple probabilities leading to the
deviations are known, in any but the easiest cases ; but when
we do not know the simple probabilities, or the case is a
complicated one, a further difficulty is introduced, owing to
our inability to tell from a priori reasoning which of the
possible cases are more or less likely than that which has
actually arisen. It would, for instance, be impossible to say,
without a large amount of arithmetical work, when 20 dice
were being thrown, whether the probability of getting ten
“sixes” or more was greater than that of getting two “sixes”
or fewer; but this is an extremely simple case compared with
the general proposition in which deviations over a series of
numbers have to be considered.
3. If it is assumed in any measurement on one subject that
the deviations from the mean take the form of the normal
curve of error (Type VII.), and it is required to estimate the
chance of obtaining deviations greater than a certain value
(/, say), it will be necessary to sum all values of the normal
curve beyond t on each side of the mean, t.e., take

/' — t CM r V3
e~x*dx  + e~x*dx=2  | e~x*dx

and divide the result by the area of the whole curve, i.e., by 
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tlie total deviations. Assuming that there are two measure­
ments instead of one (the exposed to risk, for instance, at two
ages), the deviations are, as it were, in two directions instead
of one; and it is necessary to take an expression with two
variables instead of one. The expression analogous to the
normal curve is the correlation surface

= J '■<’1 <Ta >
with which we have already dealt. The integrations must be
performed for both variables from t and C onwards, and
compared with the total. If there arc n measurements, it
becomes necessary to deal with a function of n variables, and
this will give the reader a slight idea of the problem from the
mathematical point of view, and suggest that he will expect
the quotient of two n-fold integrals to give the probability.
The next step is to reduce these n-fold integrals to the form
of ordinary integrals, and it has been shown*  that the result

r w
e“-z’ xn~1dx

p=u----------- t
I e“-xS xn *dx

is reached. In this expression stands for a complex
function depending on the n variables from which the
expression was evolved, and measures the position that is
indicated by the probability of the particular distribution, the
tost for the graduation of which is required.
4. Before a measure of the probability P can be obtained, a
value for must be found from the statistics of the particular
graduation, and in the paper to which reference has already
been made its value is shown to be such that

* " I mr )
It is almost obviously necessary to use the square of the

difference in order that negative differences may, equally with 

* Professor Karl Pearson: “ On the criterion that a given system of
deviations from the probable in the case of a correlated system of variables
is such that it can be reasonably supposed to have arisen from Random
Sampling.”—Phil. Nag., July, 1900.

t A fairly extensive table of P will be found in Biomctriha, vol. i.,
p. 155, Ac. It gives values of P for all values of n +1 from 3 to 30,
corresponding to x2 from I to 30, with a few additional values and auxiliary
tables for the calculation of further values.
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positive differences, increase the improbability of the system,
while a ratio is required to bring into account the size of the
group; for an error of 15 in a group of 20 would be very
large, but in a group of 1,000 would be negligible.
5. The practical aspects of the test of fit. and its application
may now be dealt with.

(1) If the facts representing the graduated and
ungraduated figures are only available in groups, then the value
of the probability by the test will, as a rule, be lower as the
number of groups is increased. This practical point should be
borne in mind, as it sometimes happens that graduations arc
tested in groups of, say, 5 years of age; but the graduated
figures for individual ages are then used unreservedly, though,
strictly speaking, they maybe no better than interpolated values.

(2) The test assumes a distribution, and would not be
applicable if the numbers wore a series of ordinates, though
the application of the test would probably give a fair idea of
he goodness of fit if a large number of ordinates had been
iven in the series.

(3) The tails of the experience will be very small and
never fit exactly. “We ought to take our final theoretical
“ groups to cover as much of the tail area as amounts to at
“ least a unit of frequency iu such cases.” (P/i?7. Mag.,
footnote, p. 164.)

(4) If the number of observations be multiplied by /, say,
and the deviations are also multiplied by /, then the
value of %2 will be multiplied by the same figure, and
the test will show that the fit is worse. This may seem
strange at first, but a little consideration will show that it is
reasonable, since a large number of cases will give smoother
series than a small number; then, if the results are propor­
tionally the same in two examples having the same theoretical
distribution but different total frequencies, it follows that
the one with greater frequency is less probable than the
one with less frequency. The probability of a result as bad,
or worse, than three heads and one tail in coin tossing (two
heads and two tails being the theoretical result) is *625;  but
the probability of a result as bad, or worse, than 3x2 = 6
heads and 1 x 2 = 2 tails is '289.

(5) I have found, in applying the test, that when the
numbers dealt with are very large, the probability is often
small, even though the curve appears to fit the statistics very 
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closely. The explanation is that the statistics with which we
deal in practice nearly always contain a certain amount of
extraneous matter, and the heterogeneity is concealed in a
small experience by the roughness of the data. The increase
in the number of cases observed removes the roughness, but
the heterogeneity remains. The meaning, from the curve­
fitting point of view, is that the experience is really made
up of more than one frequency-curve; but a certain curve,
approximating to the one calculated, predominates.

(G) It is sometimes thought that the introduction of
additional constants must necessarily improve the fit of a
curve. It may do so in some cases, but it is quite possible to
take a curve with ten constants and find it gives a worse
result than another having only three.

(7) It may sometimes be advisable to use a curve giving a
slightly worse agreement than another for simplicity, or for
reasons such as those which prompt actuaries to employ
Makeham's hypothesis; but, as a rule, it is well to use the
best-fitting curve iu any case, that is, the curve giving the
highest value of P.
6. In a recent paper “ On the Comparative Reserves of Life
Assurance Companies, &.c” (Journal of the Institute of
Actuaries, xxxvii., pp. 458-9), Mr. King remarked that it
is permissible to use the HM Model Office for the 0M; and it
will be interesting to apply the formulae given above to see
what is the probability of the 0M distribution if the HM be
taken as the theoretical distribution :—

Central Ago
in

Group.

Policies issued arranged
is AgE-G ROUPS. O'1 —IP1 Square of

-T-IPIHM OM

20 6-97 7'30 •33 •02
25 17'75 20'45 2'70 •41
30 2104 23'11 307 •45
35 18'41 18'40 •01 •00
40 13'82 13'05 ; '77 •04
45 9'45 8'4-1 1-01 •11
50 6'23 5'07 1-16 •22
55 3*51 2-58 1-93 1'60
GO 1'97 1'20 •77 ■30
G5 •85 •40 •45 •24

10000 100'00 G'10 6-10 X2=3'39
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There arc ten groups, and ^2 = 3*39,  and the table in
Biometrika gives P = *964295  and *911413  when %2=3 and 4
respectively. There is, however, a further point, for it has to
be decided if it is sufficient to test for 100 new policies. 500
would reduce the probability to about *05,  which means that
in only one case out of twenty would a random sampling
lead to a system of deviations from the HM as great as that
shown by the OM. This result will remind the student of the
great danger of dealing with percentages without considering
the actual number of cases investigated. Mr. King’s other
table, which is of greater importance in his work (policies
according to attained age), shows a much closer agreement,
as P is *831051  for 10,000 cases.

In a paper on Makeham’s formula (Journal of the Institute
of Actuaries, xxxv.) Mr. Calderon gave some graduations of
the IP mortality table, and on pp. 188 and 189 his results
re summarized in a form which is convenient for applying
e test. His methods A, B and C, give 35*11,  34*02  and
*77 as the values of for 20 groups. The probability if
= 30 is *051798,  and if ^2=40 is *003272.  The odds

against the best of the three graduations must be 30 to 1,
which shows that Makeham’s formula is unsuitable or the
methods of application unsatisfactory.

In the numerical examples of Chapter V., the value of
P for Type I. is about *98.  Type II. gives *7,  Typo IV.
and the sums assured in Type VII. *2,  aud the reserves give
a probability greater than *9.
7. The only other point to which reference is necessary is the
actual value of P at which a good fit ends and a bad one
begins. It is impossible to fix such a value. We have merely
a measure of probability for the whole table, and if the odds
against the graduation are twenty or thirty to one the result
is unsatisfactory; if they are ten to one the graduation is not
unreasonable, but the exact value when a result must
be discarded cannot be given. As, however, it is clearly
impossible to imagine any test which can fix an absolutely
definite standard, there is no reason for objecting to the
particular method because it fails to do so.
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CHAPTER X.

The Theory of Contingency.

1. A table showing no correlation can be formed from the
totals of any ordinary correlation table, such as that
on p. 107, by dividing the total of each column in
proportion to the totals of the rows. Thus, the first
column would be—

Unexpired Term ... 0 — 4 5 — 9 ...

Frequency with no 1 p J56 172
correlation ... } 2870 x2870

and the remaining part of the table would be formed
in a similar way. A moment’s consideration of the
definition given at the beginning of Chapter VI. will
show that such a method of formation must necessarily
give the required table, because, since each column is formed
in proportion to the total, the means of the columns must
all be the same as the mean of the total, which shows at
once from the definition that no correlation can exist in
such a table.
2. The following table shows the figures exhibiting no
correlation in ordinary type,and those exhibiting correlation in
small type. Now, if these two sets of figures coincide exactly
in any particular case there is clearly no correlation in the
table; if they differ slightly there is a slight amount, and if
they differ greatly there is a considerable amount of correlation,

L
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and we come therefore to the conclusion that an alternative
method of finding the correlation between two things is by
measuring the difference between the figures in the actual
correlation table and those that would have arisen if there
had not been any correlation. Tn the last chapter we
discussed a method of measuring the goodness of fit (or
amount of agreement) between two sets of figures, and this
suggests that we might calculate by squaring the difference
between each pair of figures in the table and dividing the
result by the frequency when there is no correlation. The
reason for choosing the figure from the table with no
correlation as the divisor is that it always has a value, while
the correlation table may give a frequency of zero, which
renders it impossible to use the latter as a divisor.

Unexpiredterm ofEndowmentAssurances.

Central Age at Maturity.
Total.

30 35 •10 45 50 55 60 65 70 75

0-4 •1 •1 •3 1-2 11-4
26

125 21- 4
14

7-6
6

1-2 •2 5G

5-9 • 1
1 1

1-0 3'7
6

350
62

386
30

65-8
40

23-2
22

3-6 a 172

10-14 ■9 •6o 2 0
9

9-3
17

87-8
117

96-8
99

165-1
127

58-4 90
S

1-2
1

-132

15-19 I-4
3

■9 39
6

14'4
21

1.35*3
145

149 0
155

254-1
237

89 9
S4

13-9
11

1-9 665

20-24 11 •9
1

1-0 1 PG
3

1372
133

151-0
167

257-8
271

91-1 14-1
20

1-9
1

674

25-29 11 •8 3-2 . 1G
•i

109-5
90

120-G
123

205 9
231 71

112
’ l

1-4
3

538

.30-31 o •4 15 5-3
1

50-3
11

55 3
49

946
127

331
49

5’2
s

•7o 217 .

35-39 •i •5 1-7 15-7 172
6

29-1
49

10-4 1-6 '2 / /

40-41 •o o 0 ■2 1-6 1-82
31 i-i •o

1
8

15-19 •b •o •o 0 - '2 •4
1

•0 •o 1

Total 6 4 17 62 584 613 1.098 388 60 8 2,870

3. As it is clear that will give a measure of the correlation,
it will be interesting to see the connection between it and the
coefficient of correlation r; and the following proof shows that

’■=Vr+^ where </>-•=£

and the correlation table can bo approximately represented
by the normal correlation surface.
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Using the same notation as that of Chapter VI., the frequency
with no correlation is given by

while that with correlation is—

Then </>-=! I v (My
J — CO J —CO A ~0

where a?'= and y'=
(Fl ^2

by No. (vi.) of Appendix III.

or r=± J
VI+</>•’

L 2



148

4. The result just obtained may be considered a little more
closely, as it leads to some valuable conclusions:—

(1) It shows clearly that r must lie between —1 and
+ 1.

(2) Since the value of </>2 will not be affected by the
order of the columns (or rows), it will be seen that
it is permissible to interchange them, provided, of
course, the whole column (or row) be moved at
once.

(3) The proof shows that r will not necessarily be
obtained exactly if a very small number of groups
is used, because by using the integral calculus an
infinite number of groups was assumed.

(4) We also assumed, however, that we were dealing
with perfectly smooth series; but since is a
measure of the goodness of fit between the
correlation and no-correlation figures, a very
large number of groups gives undue prominence
to the chance deviation, due to the use of a
random sample, and the value of r found from
that of </>'- may differ considerably from the value
reached by the a-y-moment. Too fine a grouping­
may give a less accurate result than a less fine
one.

5. These conclusions arc borne out bj' practical work, and
any student who cares to go into the subject can find the
value of r by the two methods from a large table, using­
various groupings, and he will see that the best agreements
are obtained when the grouping is neither very fine nor very
rough. It should, however, be borne in mind that unless the
correlation table takes the form assumed in the proof, an
exact agreement between the two methods cannot be expected;
it is, for this reason, well to distinguish the value a/t~v

' 1 + 9“
from the value r by calling the former the coefficient of
contingency. It seems to me that if the difficulty about
grouping could be overcome, the coefficient of contingency
would be more useful than the coefficient of correlation (r).
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6. The following table shows the table given above grouped
so as to enable us to obtain the coefficient of contingency
more conveniently :—

Unexpired
term of

Endowment
Asm trances.

Central Age at Maturity

Total.
30,35, 10 & 15 50 55 60 65 70 &75

0-9 7'0
14

46'4
ss

51'1
42

87'2
54

308
28

228
10-14 13'4

28
878
117

96'8
99

165'4
127

58'4 102
9

432

15-19 20'6
33

135'3
145

149 0
155

254'4 899
st

15'8
11

665
20-24 20'9

•i
137'2

133
151'0

167
120'6

123
co 91'1

78
160
21

674

25-29 16'7
9

109'5
90

205'9
231

72'7
71

12-6
14

538 .

30-34
1

50'3
11

55'3
49

94'6
127

33'4
49

5'9
10

2-17 1

35-1-9 17'5 19'2
8

32'9
51

11'7
26

2'0
1

86

Total 89 584 643 1,098 388 68 2,870

Working out from this table, the value is found to be

257’9,*  which gives </r= =’0899, and the coefficient of

contingency is ’2872. This differs from the value of r found
by the other method by about ’03; but an inspection of the
table on p. 107 leads to the conclusion that the totals cannot
be considered to be curves of Type VII., and the condition
for r=\l, is not therefore satisfied.

' J 4- </>"
7. The probable error of the coefficient of contingency may
be taken as approximately one and a third times that of r.
8. Though we have dealt with the theory of contingency
from the point of view of its particular application to ordinary
correlation tables, the reader should bear in mind that in
statistical practice its chief use is when characters not capable
of quantitative measurement are being examined, such, for
instance, as colours, shapes, diseases, &c. The method of
application is, of course, exactly the same.

° In case any student may not follow the method easily, we may mention that
the contributions to X" from the first column are 7’0, 15’9, 7'5, 13’7, 3'6, 5’8,
and 2'7.
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9. We may now, in conclusion, refer briefly to some of the
practical applications to which the theories of correlation and
contingency can be put. Some actuarial applications have
already been made, such as the investigation by Professor
Pearson and Miss Beeton into the inheritance of duration of
life (see Journal of the Institute of Actuaries, vol. xxxv.,
pp. 11*2,  et sec/., and 458, et sec/.; and Biometrika, vol. i.,
part 1.); while the correlations between ages of husband and
wife and age at death of a man and the number of his
children under age 21 are obvious applications. The last-
mentioned case seems to suggest that it might be possible to
apply the method in connection with the valuation of pension
funds, while we have already noticed that it is possible that
it might be of use for checking average ages, &c., in
endowment assurance valuations.



APPENDIX I.

U S E F U L CONST A NTS.

6=2*71828  18285

c~l = *36787  94417

77=3*  I 1159 26536

log10e = -43429 44820

lugt. 10 = 2-30258 509

log (lugjOe) = 1*63778  43114

logi077= -49714 98728

logio\/tt= -24857 49364

l°gio = 1*60091  00657
\/ 2tt

logI0e-«’~ 1-96380 87932



APPENDIX II.

B AND r FUNCTIONS.

‘e Xdx=—e x?~2e XdxI.

xp 2e Xdx

r(p)=(p-i)r(p-i).or

If 79 be an integer, I\p) = 79—1.

xP~ie"xdx
0

e~xxp Xdx
0

by integration by parts.
When 79 — ] is positive, e~xx»~x vanishes when a = 0, and

xl,~xwhen a.’=co it can be written . , and the rule fore **
evaluation of undetermined forms (Edwards' Diff- Calc.,
ch. xiv.) can be applied.

B(m, n) = I xm 1 (1 — x)n~xdx
Jo

it rn -0/ \ r(ni)r(n)II. Io prove B(m. n) = / .1 k J r(m + n)

Putting zx for x in the equation for we have

and

Jo

JV3
e~zxzmxm~xdx

0

1 = | e“-<«+x)zm+n-

r(m) J* I* e“s(1+a?)zwt+M“lda?^A-wt+,d^
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But if z(l 4-A') =y, we get

j e-z(1«)2.»+..-ld2=__l_ii j^yr+»-.dy
__ r^Di+v)
~ (1 +a-)"‘+“w

r(r,l)r(n)=r(m+») joz

But putting 14-a,’= . - in this integral, we obtain 

1

which reduces at once to n), and

o, . r(m)r(?oB(?n, n) = -p\x z ' If rrn 41 1

II1.—To prove T(l) = \/ tt.

We have already shown in the proof for Type VI1. that

2 e'~x'dx=\/77, and by putting x-=z, we have
Jo

2I V*V7;r  = = F( i) = v/tt .
Jo Jo

For statistical work a table of F(.r) or logr(.r) is required,
and Legendre has given a table of the latter to twelve figures
for values of between 1 and 2, from which logP(A') can be
found easily, provided x is small.

When x is large, logF(a’) can be approximated to. The
best known approximation is

i
r(.T 4-1) = 'v^irxafe~ra *

or
log JO r (a- 4-1) = log JO \/277 4- (x 4-|) log 10 X — Qr 4- p9 log j0 e

and it can be used when x is not less than 8. To show how
the table of logT(.c) is used, and also how the approximation 

* A proof of this well-known approximation will be found in ChryalaVa
Algebra, vol. ii.» pp. 36S, &c., or in Boole's Finite Differences, chapter VI.
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approaches the true value, the following table lias been
prepared :—

Table comparing True and Approximate Values of logl\x).

X

Lug r(a’)

True. Approximate. A

1’372 1’948975
2-372 086329 086743 •000114
3-372 •461444. ■161532 •000088
4-372 •989332 •989369 •000037
5-372 1-630012 1-630025 •000013
6’372 2-360148 2-360156 •000008
7-372 3-161124 3164 130 000006
8’372 4-032009 4 032010 •oooooi
9-372 1*954838 4-954837 --oooooi

10’372 5-926670 5-926669 -•OOOOOI

A six-figure table of log L'(jp)> obtained by abridging
Legendre’s, is given on pp. 166 and 167.
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APPENDIX III.

The Integration of some Expressions connected with
the Normal Curve of Error.

1. On page 91 we showed that

| e-rZdx= sAr............................. (i.)

| c~x’lh'dx=h Jir........................ (ii.)

Since the curve is symmetrical, we have

f + °»
ar2H+1e“*3//a.’=zero........................ (iii.)

It' we integrate :dx by parts, we have

i* i’ a,’-w+l\x-,le-'dx= 2.i- _.e~"dxJ 2m 4-1 J 2m 4-1

and inserting the limits —s. and 4-co we have

‘ • (iv'>

This last formula shows the connection between tbc successive
even moments.
2. Referring to p. 112, let

_ 1 / -* 3 _ 2x</r </- |
* = •-a,- cr^tr- ‘ <r;-)

Then z can be put in the form

1 / ± 1s _ J_ • //Xi-r8)
Z<x 2(1-/’) a J c 2(l-r’) <r8’
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3. Using the same method as that just given, it can be shown that
if ac> b2

+ CO |*  + » 2?r
i c-^axZ--^cy^dxdy=. —7-----. (vi.)

J-co J-co J Vac—b2
for the index can be written

a r b 'i2 if1 . --2r~a4 +2«(aC-i')

and if we then integrate with respect to or, we have

l2ir -!!i(tlc-b-)

and if ac—b2 is positive, we can integrate this last expression with
respect to y and have

4. We will now find zxydxdy.
J - CO J — CO

Proceeding as in (v.), we have
f+co r+co _ 1 —

zxydx=\ xyw-'J'&rJe ,, f dx

=zityc~ f f X+1 \ 2( 1 - 3 dX

J —co \ V'i J
where X=ar--------

o-.j
. f+coyr(ri _ __x= 7—zvye~y W ■ c ^-r'-^c-dx
J -co

f+«>
because by (iii.) e”xs//t:X<ZX is zero

J — co

CFi2 _
=-0^ r

But, by putting n=0 in (iv.) and using (ii.), we have

I y^-e-yz‘2<r'-zdy=<r23
J —co

+ «> -
zxydxdy—Zii(ri2(r ?2Trr v j—?•-’

— x>

=Ncrior2r...............................(vii.)
because by (v.)

_ _____ N____
27r<rio-2'v/l — i'2
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5. We may now deal with the problem referred to in Chap. VII—
“ To find a value of r from the equation

2-Vl — Ji-

where <7, N, 7z, and k are known.”

Consider the expression — <?-(«’+’r-2»-xz/)/3(i->•’)= U say . . (a)

and expand it in terms of r by Alaclaurin’s theorem, then

where Wu=,.(x+Jz-)^_J ......................................................(y)

Now take the logarithmic differential coefficient of U with
respect to r, and we have

= — (ar24-y2—2r.ry) (1—r2) “24- (1 — r2) -‘ay/ 4- r(l—r2) ->

Differentiate n times by Leibnitz’s theorem and put r=0 and we
have

un+1 = n ( 2 n — 1—x-—y2) u }l _ i—n (« — 1) ( n—2)-un _ 3

Hence ?/o= 1
«i=a*y

*2=(.^-l)(y2-l)
w3=ar(a'2—3) (y2—3)y
uA = (ar*  — G.v24- 3) (y*  — 6y2 4- 3),

The laws indicated by (8) are

4-.ry (un 4- n (n —-2)

(*)

Un — ^'n
Vn — ^n—i l)k*» —2 -....
Wn = l/Wn_i— (ll— 1)W?M_2.

aud we can, therefore, re-write (/?) as
2^U=ie-vx-+i,’Xi+iil!f.‘,.+ ^,.2+...) . . . (t) 
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integrating this from k to co with respect to .r, and remembering that
wn does not involve .r, we have

J I 1^7.1-= J-H*  I + . .
2ttJ i, 2tt I J h 1J /,

+ >■"^1 e-i''v„cl.r+. .
aiJa J

1 , , rN\wi rn'Vnwn |
v 2-n 1- fl' I

where V>*  is written lor - I vne~^'"(lx.

Now integrate this with respect to // from k to co , remembering
that V„ does not involve y/, and writing WM for I iv„(ly,

v 2tt J A1 “tn
we see that — | | IJWavZy can be expressed as a series of which the

general term is VuWn, and we must now evaluate VM and Ww.n\
From (e) it can be shown by induction*  that the general form

of vn is
flO-1) .I’”-2 7/(«-1)(;z-2)(«-3) a’»-‘

1! ’ 2. 2! 22 ’ ' v ])

Now we notice that
d^=nv,.^..............................................(0)

(IX

• ■ by (e) vn=xvn-\------y— .dx
Multiply by and integrate

* The proof is ns follows: —

n(ii— 1) .ru - it(n — 1)(a — 2)(h — 3). .t" ’



and integrating the latter integral by parts we have

| e “ ’rZ on dx = — : _ i

1 fy' 1or V„= /7^. vne~^dx=

Now, writing II for  e~'d'', and K for zl_ we have from (a)

s=MTWr*

= -'d±^±5+SgHK(„.,

or remembering that N=a 4- b 4- c 4- d, we write

ad—be *fr*  x

= r+ ?’2 //X:4- ;‘J (7/2- W-’-l) 4- 7/(7/^3)X-(7r2-3)
2 b 21

+ 120(/‘'_G/'2 + 3)(/-’‘_CX'"J+3)

+ -L_A(^-107/24-15)ifc(^‘-10^24-15)

+ (A°- 15A-'+457^-15)(XJ!— 15Z-' + 45X:-'-15)
Ov’tU
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APPENDIX IV.

Alternative Systems of Frequency-Curves.
Tn is Appendix deals with some of the systems of frequency-curves
which have been suggested instead of those of Chapter IV. Objection
to Pearson’s system has not been generally directed against its
practical sufficiency, but has rather been founded on the contention
that the theoretical basis of the system is insufficient. It is
interesting to note in this connection that in a paper read before
the Statistical Society this year, Professor F. Y. Edgeworth, who
has himself suggested other methods, points out that Pearson’s
Generalized Probability Curve appears more justifiable in the matter
of a priori justification the longer its philosophic basis is subjected
to criticism. With these prefatory remarks, we may turn to the
suggested methods.

I. Method of Translation.—As the normal curve has an approved
theoretical basis, graduation might be effected by using y=e~VW.
This merely conceals the use of an absolutely general expression, and
one still requires to know what forms are best for jf(.r). It is hard
to see why the normal curve should be held to be anything more than
a first approximation to a general result. For a fuller account of
this method, the reader may refer to F. Y. Edgeworth, Journal of
Statistical Society, vol. Ixi., pp. 675-689, or J. C. Kapteyn, “ Skew
Frequency-Curves in Biology and Statistics,” Groningen, 1903.

II. The use of half one normal curve for positive and half
another normal curve for negative f requencies.— Obviously, there is
no theoretical basis, for each separate normal curve has its meaning
based on certain assumptions, but the two parts become meaningless.
The use of a part of a normal curve for a complete series is empirical;
our own use of part of one on p. 95 is so too, but we did not adopt
it for actual curve fitting, but as a hypothetical series of numbers.
The method cannot give suitable curves for graduating the examples
of Type II. or Type III., nor a curve rising abruptly from the
axis of x.

III. The use of the series 4-A4</>lv(.r) 4- • • •

where <f>(x) =—— —The curve has been given by
<T V 2~

Edgeworth, Camb. Phil. Trans., vol. xx., pp. 36-65, 113-141,
C. V. L. Charlier, “Researches into the Theory of Probability,” 
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]\Ieddelanden fran Lunds Astronomiska Observatorium, Lund, 1906,
and T. N. Thiele, “Theory of Observations,” London, 1903, either in
this form, or as

y —</>(.?•) {1 +a3[(.r-&)3— 3c(.r — £)]
4-ai[(A*~  Z»)‘ — 6r(.r—&)-’4-3c2] + • • •}*

which might be developed as y=</>(.r) {</04-6r1.r4-r/2.v-. . . Charlier
uses the method of moments for fitting the curve and, using our

notation, L=p\ . N/z3 . _ N/zt—3Np-;-
<r =M2j A3—----—,Aj— j, &c. he gives

tables of <r<£(.r), <r‘<£'"(«r) and <r°^>iv(-r), and writes his formula as
H = N r<r*(.r) - ^<7'0"'(.T) + -3)^'W + . • .1.

O’ L_ CT'.j I 1 . \<7‘ / J

An example will be of help. Taking our example of Type IV.,
Nwe find the mean is 14'5772339, <t=2'1278L8, —=4302’0,a

— = 012208 and \ —3>) = ’OO7O79. and using Charlier’s
<r33 ! 4! \ cr.j J

tables, we obtain the following:—

Central
Ago
a’

.r- 41’577231
5<r

First
Term.

Second
Term.

Third
Tero j

Stun of three
previous cols.
multiplied by

4302 0.

5 -3’7200 0004 + -0002 + 0003
I

4
10 - 3’2500 0020 + 0006 + 0007 14
15 -2’7800 •0034 + 0013 + 0010 46
20 -2’3100 •0277 + •0018 -•0001 126
•?n - 1*8401 0731 + •0006 - 0030 306
30 - 1’3701 •1561 - 0030 - 0052 637
35 - -9002 •2661 - 0061 - 0023 1,108
•10. - ’4302 3637 - ’0051 + -0050 1,563
45 + ’0397 •3986 + -0006 + ’008-1 1,753
50 •5097 •3503 + -0060 + -0037 1,548
55 •9797 •2168 + -0060 -’0032 1,075
60 1-1496 •1394 + -0022 -’0017 589
65 1-919G •0632 -•0O10 — ’0025 256
70 2’3895 0229 -•0018 + -0002 92
75 2’8595 0067 -0012 + ’C0i0 29
80 3’3295 0015 - -0005 + ’0007
85 3’7981. •0003 -•0001 + •0003 -
90 4’3693 •eooo -•0000 + -0001 1

...
— ---------- 1

9,15G !
1

0 Thiele obtains the equation by writing e“^' -~b) •<T’ =e”i' -<r
and then expands the last term by Madaurin’s theorem. Charlier in “ Ueber das
Fehlergesetz,” Arkiv for Matematik, vol ii., Stockholm, 1905, adopts a method
which follows that of Laplace. Edgeworth gives more than one method of
reaching the formula.

M
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This graduation, which shows the method in a suitable application,
gives a result which is less probable than the Type IV. graduation as
judged by the test in Chapter IX., though the difference is entirely
due to the bad agreement in the age 5 group. With the Type II.
example the equation is

y = 1214,4{cr</>(.v)—OOSlcr’^'C.r) —•01882<r5</>iv(.i’)}

which gives a fair result that is improved into an excellent one by
omitting the middle term, but negative frequencies arise (see below).
The formula fails to graduate distributions such as our example for
Type I. or Example I. of Table I., and for these cases Charlier
suggests the use of the series

X2 oI! (.V—1) 2! (.v—2)

IV. ;/= l’’(.r/r4-c) = B.^Gr) 4- BlAx/c(.r) 4- B2A-x/r(.r) 4- . . .
where

e-^sin-a-rl
^(•v) = _ " 

when x is a positive integer (cf. Thiele, Theory of Observations,
p. 21). Charlier’s fitting of this curve is arbitrary as he gives four
methods of solution according as we assume certain values for
w, c, Bo, &c. Thus one solution is based on w=l and c=0, while
another, by assuming Bi = B2=B3=0 finds /\, w, and c. He only
gives two examples because two points in connection with its
application have still to be cleared up ; a third point to which he
'oes not refer is that a statistical criterion depending on the moments

required to show which series is to be used and which solution
f IV. is to be taken.

Apart, however, from these points the use of a series seems open
to many objections for if one of the later coefficients should have
a large value the neglect of later terms may involve considerable error
while the higher moments which are necessary to find these coefficients
are untrustworthy owing to their large probable errors. The use of
a limited number of terms of such series as those suggested, may
lead to negative frequency which is objectionable from the practical
point of view and hard to reconcile with sound theoretical treatment.
Edgeworth’s well-known curve 

is merely the first two terms of the series III., and its inability
to graduate distributions having considerable skewness is rather
accentuated by Charlier’s recent work in which he often finds the
next term of the series significant.
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APPENDIX V.

BOOKS, REFERENCES, Ac.

The following list covers the principal papers to which reference has
been made, though it is by no means a complete bibliography. It
will, however, be found to cover those papers most likely to prove of
value or interest to actuarial students.

THEORETICAL PAPERS, Ac.
Biometrika (Editorials) :—

“ On the Probable Errors of Frequency Constants.” Biom.,
vol. ii., pp. 273, cl scq.

“ Elementary Proof of Sheppard’s Formula.', Ac.” 13 io m.,
vol. iii., pp. 308, et scq.

Blakeman, J.:—
“ On Tests for Linearity of Regression in Frequency

Distributions.” Biom., vol. iv., pp. 332, ct scq.
Blakeman, J., and Pearson, K.:—
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TABLES.

Professor Pearson informs us that he hopes to publish very shortly a
volume of copyright tables for the use of statisticians. and it has
therefore been decided not to include any tables in this volume
except that of log

Barlow’s Tables of Squares, Cubes, &c. E. & F. N. Spoil.

Elderton, W. Palin:—
Tables for Testing the Goodness of Fit of Theory to

Observation. Biom., vol. i., pp. 155, et seg.
'fables of Powers of Natural Numbers and of the Sums of

the Powers of the Natural Numbers, from 1 to 100.
Biom , vol. ii., pp. -174, et seg.

G i bson, W. :—
Tables for Facilitating the Computation of Probable

Errors. Biom., vol. iv., pp. 385, et seg.

Lee, A.:—
Tables of F(r, v) and H(r, v) Functions, r— 1 to r=50,

and </>°=0° to 45°. Brit. Assocn. for Advancement
of Science, 1899.

Sheppard, VV. F.:—
New Tables of the Probability Integral. Biom, vol. ii.,

pp. 174, et seg.

There are also tables of the following functions in Davenport’s
“ Statistical Methods ” :—

Smaller tables than Sheppard’s of the Normal Curve of Error.
Table of log F(p).
Table of first six powers of Natural Numbers from 1 to 30.
Small table of Probable Errors of r.
Squares, Cubes, Square Poots, Cube Roots and Reciprocals

of numbers from 1 to 1,054.
Table to six decimal places of Lsin(9, L tan 6, Leos#,

L cot 3.
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Table of log T'fjf).

p 0 1 2 3 4 6 6 7 8 9
100 9750 9500 9251 9003 8755 8509 8263 8017 7773
1(H 199 7529 i 285 7013 6501 6560 6320 6050 5841 5602 5365
1*02 T-99 5128 1892 4656 4121 4187 3953 3721 3189 3257 3026
1 -03 1-99 2796 2567 2338 2110 1883 1656 1430 1205 0981 0757
roi I 99 0533 031 1 0089 9868 9617 0127 9205 8989 b / / Z 8554
1 -05 1-98 8338 8122 7907 7692 7178 7265 7053 6841 6629 6119
l-0<> [•98 6209 6000 5791 5583 5376 5169 4963 4758 4553 4349
1-07 1-98 41 15 39 13 3711 3539 3338 3138 2939 2710 2541 23 14
1'08 1-98 2117 1951 1755 1560 1365 1172 ,0978 0786 0591 ,0103
1-09 1-98 0212 0022 9833 9644 0156 0269 9082 8896 8710 8525
110 1-97 8341 8157 7974 7791 7610 7428 7218 7068 6888 6709
111 1-97 6531 6351 6177 6000 5825 5650 5475 5301 5128 1955
112 1-97 4783 1612 4141 4271 1101 3932 3761 3596 3429 3262
1-13 1-97 3096 2931 2766 2602 2438 2275 2113 1951 1790 1629
111 1-97 1469 1309 1150 0992 0835 0677 0521 0365 0210 0055
115 1-96 9901 9747 9594 9112 9290 9139 8988 8838 8688 8539
116 1-96 8390 8213 8096 7949 7803 7658 7513 7369 7225 7082
117 1 -96 6939 6797 6655 6511 6371 6234 6095 5957 5818 5681
118 1-96 5541 5108 5272 5137 5002 1868 4734 1601 4169 1337
119 1-96 4205 4075 3944 3815 3686 3557 3429 3302 3175 3018

1 1-20 1-96 2922 2797 2672 2518 2125 2302 2179 2057 1936 1815
121 1-96 1695 1575 1456 1337 1219 1101 0934 0867 0751 0636
122 I-9G 0521 0107 0293 0180 0067 0955 9813 9732 0621 0511
123 1-95 9401 9292 9181 9076 8968 8861 8755 8619 8541 8139
1-24 1-95 8335 8231 8128 8025 7923 7821 7720 7620 7520 7120
1-25 1-95 7321 7223 7125 7027 6930 6831 6738 6642 6547 6 153

i 126 1*95 6359 6267 6173 6081 5989 5898 5S07 5716 5627 5537
1*27 1'95 5449 5360 5273 5185 5099 5013 4927 •1842 4757 1673
1*28 L‘95 1589 4506 4423 4341 1259 4178 1097 ■1017 3938 3858
129 1-95 3780 3702 3621 3547 3170 3394 3318 3213 3168 3094
1-3U 195 3020 2947 287 l 2802 2730 2659 2588 2518 24 18 2379
1*31 1’95 2310 22 12 2174 2106 2010 1973 1907 1812 1777 1712

i 132 1 ‘95 1648 1585 1522 1459 1397 1336 1275 1214 1151 1094
133 1-95 1035 0977 0918 0S61 0803 0747 0690 0631 0579 0524
1’31 1 '95 0470 0116 0362 0309 0257 0205 0153 0102 0051 0001
1*35 1-91 9951 9902 9853 9805 9757 9710 9663 9617 9571 9525
1-36 1-94

’1-91
9180 9135 9391 9318 9304 9262 9219 9178 9136 9095

137 9054 9015 8975 8936 8898 8859 8822 8785 8748 8711
138 1-94 8676 8610 8605 8571 8537 8503 8170 S137 8 105 8373

, 1-39 1 94 8342 8311 8280 8250 8221 8192 8163 8135 8107 8080
1.10 1-91-

191
8053 8026 8C00 7975 7950 7925 7901 7877 7854 7831

i 1-11 7808 7786 7765 774 1 7723 7703 7683 7661 7615 7626
1-42 1-94 7608 7590 7573 7556 7510 7521 7509 7494 7479 7165
143 1-9 1 7451 7438 7425 7413 7101 7389 7378 7368 7358 7348
1-41 1-94 7338 7329 7321 7312 7305 7298 7291 7284 7278 7273
1-45 1-94 7268 7263 7259 7255 7251 7218 7216 7241 7242 7211

1 1-46 1-94 7210 7239 7239 7210 7211 7242 7243 7215 72-18 7251
1-17 191 7251 7258 7262 7266 7271 7277 7282 7289 7295 7302
1-18 T-94 7310 7317 7326 7334 7313 7353 7363 7373 7381 7395
149 T-94 7107 7119 7431 7411 7457 7471 7485 7499 7514 7529LZ 0 1 2 3 4 5 6 7 8 9
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Table, of log l\p)—continued.

p 0 1 2 3 4 5 6 7 8 9

1-50 I 94 75 15 7561 /o71 7594 7612 7629 7617 7666 7685 7701
lol 1-91 7721- 7711 7761 7785 7806 7828 7850 7873 7896 7919

| 1*52 1-94 7913 7967 7991 8016 80 >1 8067 8093 8120 814G 817-1 1
1 1-53 T-91 8201 8229 825S 8287 831G 8316 837G S4O6 8437 8468 |
; 151 1-94 8500 8532 8564 8597 8630 866 1 8698 8732 87G7 8802
| 1’55 (•94 8837 8873 8910 891G 8983 9021 9059 9097 9135 9174

1-56 T-91 92 I1 9254 9291 9331 9375 9117 9458 9500 9543 9586
157 1-91 9G29 9672 9716 9761 980G 9851 9896 9912 9989 0035
1*58 1 1'5 0082 0130 0177 0225 0274 0323 0372 0122 0172 0522
1-59 1-95 0573 0G2 1 0G7G 0728 0780 0833 0886 0939 0993 1017
1-60 l'9o 1102 1157 1212 1268 1321 1380 1437 1491 1552 1610
1-61 1-95 1GG8 1727 1786 1815 1905 1965 2025 2086 2117 2209
1-62 1-95 2271 2333 239G 2159 2522 2586 2G5O 2715 2780 2815
163 1-95 2911 2977 3013 3110 3177 3241 3312 3380 3119 3517
1’61 I 95 3587 365G 3726 3797 3867 3938 1010 4081 4 151 4226
1-65 1-95 1299 1372 •1416 4519 4594. •1668 4743 4819 4894 4970

| 1’GG I-95 5017 5121 5201 52 / S 5356 5 131 5513 5592 5G71 5740
; 1G7 T-95 5830 5911 5991 6072 6151 6235 6317 6400 6182 6566

1-68 I 95 GG19 G733 6817 6901 6986 7072 7157 7243 7322 7416
' 169 L-95 7503 7590 7678 7766 7854 7943 8032 8122 8211 8301
1 1-70 195 8391 8-182 8573 8664- 8756 8848 8911 9031 9127 9220

1-71 f-95 9314 9 109 9502 9598 9693 9884 9980 0077 0171
1-72 1-96 0271 0369 0167 0565 0661 0763 0862 0961 1061 1162
1-73 (•96 1262 1363 14G 1 1566 1668 1770 1873 1976 2079 2183

i i-7-i- i -96 2391 2496 2601 2706 2812 2918 3021 3131 3238
1*75 1-96 3315 3153 3561 3G69 3778 3887 3996 4105 4215 4326 ,

1 176 196 4436 4517 1659 4770 4882 4994 5107 5220 5333 5447
1-77 196 5561 5675 5789 5901 6019 G135 6251 6367 6184 6600
1-78 i «96 G718 6835 6953 7071 7189 7308 7127 / o 1 / 7666 7787
J 79 1*96 7907 8028 8149 8270 8392 8514 8636 8759 8882 9005
l.-8<» [•96 9129 9253 9377 9501 9626 9751 9877 6003 0129 0255
1-8 L 1’97 0383 0509 0637 0765 0893 1021 1150 1279 1408 1538 ,
1-82 I 97 1668 1798 1929 2060 2191 2322 2154 2586 2719 2852
1-83 1-97 2985 3118 3252 3386 3520 3655 3790 3925 4061 ■1197
1-81- 1-97 4333 4170 •1606 474 1- 4881 5019 5157 5295 5434 5573
1-85 L-97 5712 5852 5992 6132 6273 Gill 6555 6697 G838 6980
1*86 1-97 7123 726G 7408 7552 7696 7810 7981 8128 8273 8419
1-87 1-97 8561 8710 8856 9002 9149 9296 9113 9591 9739 9887
1-88 L-98 0036 01S1 0333 0183 0633 0783 0933 1081 1231 1386
1-89 T98 1537 16S9 1841 1994 2147 2299 2153 2607 2761 2915
1-90 1-98 3069 3224 3379 3535 3690 3846 4003 4159 •1316 •1474
1-91 T-98 4631 4789 49 17 5105 5261 5123 5582 5742 5902 6062
1-92 T-98 6223 6383 654 1 G70G 6867 7029 7192 7354 7517 7680
1-93 1-98 7814 8007 8171 8336 8500 8GG5 8830 8996 91G1 9327
191 1-98 9491 9660 9827 9995 0162 0330 0198 0666 0835 1001
1-95 T-99 1173 1313 1512 1683 1853 2021 2195 2366 2537 2709
1 96 1-99 2881 3054 3227 3399 3573 3746 3920 4091 4269 •1443
197 T-99 4618 -1794 4969 5145 5321 5498 5674 5851 6029 6206
1-98 T99 6381 6562 6740 6919 7098 7277 7457 7637 7817 7997 |
1*99 T-99 8178 S359 8510 8722 S903 9085 9268 9450 9633 9816

P 0 1 2 3 4 5 6 7 8 9
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DIAGRAMS—
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reproduction of, 6, 7, 11, 12, 57, 64, 67, 73, 81, 86, 90, 108, 114.

EDGEWORTH, F. Y., App. IV.
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MARRIAGE STATISTICS, 66, 67, 93-96.
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129.
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PARABOLA, fitting of, 13-15, 30-34.
PEARSON, K., v., vi., ix., x., 14, 128, ch. IX.

system of curves, ch. IV., App. IV.
PENSION FUND STATISTICS, 33, 34, 150.
PROBABILITY, connection with curve fitting, ch. I., 37-39.

Integral (see also “ Normal curve of error ”).
PROBABLE ERRORS, 41, ch. VIII., 149.
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SEX-RATIO, 132, 133.
SHEPPARD, W. F., 29, 89, 95.
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FREQUENCY CURVES AND CORRELATION.
ADDENDUM (WITH DIAGRAM) AND ERRATA.

OINCE 1906, when “ Frequency Curves and Correlation ” was
published, further work has been done on the subject, and the
following pages arc put forward with the idea of bringing the
book more up to date.

There is a warning in connection with probable errors dealt
with in Chapter VIII which should be borne in mind in all
statistical work. It is that we are not justified in assuming
that the normal curve of error describes the distribution of
errors in all cases. When the number of cases is large it is
generally sufficiently accurate, but in many cases it is unsuitable
and in some cases may lead to wrong conclusions. This may
be inferred from the many peculiar shapes of frequency
distributions found in general curve fitting and from the fact
that actual samples of correlated material give all these extreme
forms and show that the criticism is a practical one which must
be borne in mind in practical work.

The study of deviations in these cases is still being developed ;
it is of some importance in actuarial work where the deviations
with which we are concerned arise from a distribution which
is by no means normal, e.g. (p + q)n where q the probability of
dying in a year is a very small quantity.

A list of mistakes in “ Frequency Curves and Con-elation ”
is also given. I apologize for these mistakes and thank the many
friends who have helped me by calling my attention to them.
I am afraid a few mistakes may still lurk undetected in the book ;
if so, I can only hope that they will cause little inconvenience to
readers.

I.—Uncommon Frequency Types.

In the course of statistical work a distribution is sometimes
found which appears different in its algebraic form from the 



2

usual types, but can nevertheless be described accurately by those
types. An example which will give an indication of the kind of
case we have in mind is a distribution arising from recording
the number of sequences in coin-tossing or dice-throwing
experiments : the distribution is a geometric progression and
this, although a well-known result in probability, is not at first-
sight a necessary form of Pearson’s series of frequency curves.
The expression, however, for his Type III is e~'and
if p be put equal to zero, we obtain the exponential e~iK
which gives the series we want. This possible limit was casually
pointed out by me in “ Frequency Curves and Correlation,” but
I did not investigate generally the circumstances in which this
happened, nor did I appreciate that other interesting special
cases might arise with other types. A recent paper*  by Prof.
Pearson deals with various special cases which are so different
from the curves to which we are accustomed that he has dealt
with them as new types. These types arise in certain limiting
cases of Types I, II and VI, and give straight lines, curves
starting with an infinite and ending with a finite ordinate, two
separated blocks of frequency, and curves starting at a finite
ordinate and ending at zero either at a finite point or at infinity :
among these last is, of course, the exponential to which we have
already referred.

Before turning to the expressions for these new types it may
be useful to give a table of various peculiar distributions that
tave been obtained from insurance and other material.

Examples of uncommon Frequency Types.

4G9 45 119 4,165 33 68
186 38 100 2,028 53 24
166 46 86 982 65 17
134 53 75 480 81 14
122 43 61 266 101 12
112 38 50 132 131 11

49 39 71 186 10
1 ... 41 27 36 350 10
1 44 22 17 10

oli 12 9 11
3 2 12

1 20
1
1
1

1,189 449 594 8,192 1,000 219

• Phil. Trans. J., vol. ccxvi, pp. 429-457.
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This table shows distributions which at first sight have little
likeness to the frequency curves with which we are familiar;
they can, however, be fitted with reasonable accuracy by
Pearson’s generalized curve. Some of them are rather like the
J-shaped curve, of which examples are given on pp. 66, 101 of
“ Frequency Curves and Correlation”, but others have little
resemblance even to this extreme type. The table includes
(col. 6) areas of a U-shaped curve which is rare ; in fact, I have
not succeeded in finding a suitable distribution of this shape
among actuarial statistics, but such a distribution might occur
among terminations (including withdrawals) in term policies of
ten years, say, or similar endowment assurances.

It will now be convenient to take each curve in order and
give the formulae to enable it to be fitted to the statistics, the
circumstances in which it arises (i.e., the criterion), and numerical
examples. It may be remarked that the types can be easily
picked out from a diagram given in Prof. Pearson’s paper ; this
diagram sets out for all possible values of /2, and the type
that should be used.

Type VIII.
. n,\ —in

v=y°(j + 'a)

Range from an infinite ordinate at —a to a finite ordinate
y0} at 0.
m is found from the solution of

m3(4-ft) 4-m2(9ft-12)-24ftm4-16/2, = 0
and must be not <0 or >1.

a= + o-(2-m)./( ----- )> \1 —mJ
y0=N(l — m)-^a

The distance of the mean from x= —-a is a(l — 7?i)-h(2 — m).
When /z.-, is positive a is negative.

The curve is a special case of Type I when w2 is zero, that
is, when

r-2 = 7-(r + 2)x/{A^[A(r + 2)a+16(7-4-1)]}
where 7- = 6 (ft—/2, — 1) -=- (6 4- 3/2,—2ft)
that is when
(4ft-3ft)(10ft-12ft-18) —ft(ft + Wft-9&-12)
(3ft - 2ft + 6) {ft (ft + 3ft+ 4/3^02 - 3ft) (3ft - 2ft + 6)}
is zero.
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The criteria for Type VIII can be reduced to (1) special
case of Type I, (2) X=0, (3) 5/32—6/3, —9 is negative. It may
be added that 24/32—27/3, —38 is small; theoretically positive.

If /3, = 0 an interesting special case arises, in which m = 0,
and the curve becomes a horizontal line, which is also the
limit of Types IX and XII.

The solution of the cubic for m gives trouble, m can also
be found from m= — 2(5/32 —6/3, —9)-^-(3/3, —2/324-6), and
though this involves /32 it should theoretically give the same
value of as the cubic. As the criterion is not exactly
reached in practice the two results differ, and it seems
preferable to find m from the cubic by using

24/3, - v/{24W-64/3,(m' (4-/3,) + 93,-12)}
m~ 2(TO'(4-/3,)+9/3,-12)

where m' is found from the expression in /3, and /32 given
above or by some other trial method.

An alternative is to find from the criteria or from the
diagram at the end of Pearson's paper the value of /32 which
is the consequence of the particular value of /3, when a
Type VIII curve occurs, and use this theoretical value in
finding m instead of the /32 given by the actual statistics.

Example.

Frequency Graduation (1) Graduation (2)

469 437 436
186 222 209
166 165 161
134 136 141
122 120 127
112 109 115

1,189 1,189 1,189

The mean is *65518  of an interval after the centre of the
186 group. The constants were

^2 2*986
3*295

18-252
•408

& 2-047
X — •05

* In the numerical work, with a few exceptions, I used more figures than
arc shown.
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5/32 9 negative.
m *500
a —5’797

t/o 102’6

Hence Type VIII
can be used.

The curve runs from ’277 before the middle of the first to
*02 after the end of the last group. The graduation is shown
(No. 1) above.

The areas can be calculated by the expression

i/_rx (a—r)-e-(l—th)

which gives the area of the remainder from — r to —a. In
the particular case the range could be fixed as 6 as the data
related to six months’ experience of maturities among endowment
assurances, and remembering that the meanisa(l — ??i)-j-(2—??i)
we found

m ’439
7/0 UM

The areas resulting are given in graduation (2). The following
table gives the calculation of the areas in this case. The equation
to the curve is

7/ = lll’l

with range from 0 to 6, a being negative because is positive.

x 1—x/6 Colog (2) (3) x m (4) 4-log 111’1
= log#r

r VxLog ■ • —
1 — m

Antilog (6) Remainder
of range (7)x(8) Area

required

1 <’> (2) (3) (4) (5) (6) (7) (8) (9) (10)

0 6 1,189 115
1 •8333 •0792 •0348 2-0804 2-3318 214-7 n 1,074 127
2 ■6G67 -17GI •0774 2-1230 2-3744 236-8 4 947 141
3 •5000 •3010 •1323 2-1779 2-4293 268-7 3 SOG 161
4 •3333 •4815 •2118 2-2574 2-5088 322-7 2 645 209
5 •1GG7 •7781 •3419 2-3875 2-G3S9 435-5 1 43G 436

Some of the columns can be dispensed with : they are shown
in detail to make the method clear.

Both graduations are reasonably close to the facts.
An example of the limiting case will be found in the following

statistics :
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No. Frequency Graduation Theoretical

1 45 42 45
2 38 45 45
3 4G 45 45
4 53 45 45
5 43 45 45
6 38 45 45
7 49 45 45
8 41 45 45
9 44 45 45

10 52 48 45

449 450 450

The mean is -57 after the middle of the 5 group ; the moments
are

/z2 8*374
-026

124-46
-on

& 1-78

Hence y =449-r-2\/ 3/4o
= 44-8

The range is from -57 to 10-43.
The series was found by summing in tens the last figure of

arlisle 31 per-cent Table of Ax and the mean should be at 5-5
vheoretically instead of 5-57 and y should be 45. The range should
be -5 to 10-5. The example is interesting as showing how the
Pearson-curves graduate in an extreme case. The “ graduation ”
and theoretical results are shown. In the “ graduation ”
decimals have been neglected.

Type IX.

(O’X1 + 0
Range from a-=— a where y = 0 to x=0 where y = yo

a=±<7(m + 2)7(™ + 3



tn is found by solving

m3(ft - 4) + m2(9ft -12)+ 24mft + 16ft = 0
y = N(??i+ l)-r-a

The distance of the mean from a?= —« is a(m+l)-j-(?n4-2).

As in Type VIII the value of m can be found by simplifying
the cubic into a quadratic, or by the other method indicated.

The criteria are reached through the same equation as
those for Type VIII, and can be reduced to (1) special case
of Type I, (2) X = 0, (3) 5ft — 6ft — 9 is positive, (4) 2ft—3ft — 6
is negative.

If ft, = 2’4 and ft = *32  the curve becomes a sloping line

_ v/2XA * AV 3<r V + 3\/2<J

If ft = 0 we reach a horizontal line as the limit, while if
ft=9 and ft = 4, we have the other limit of Type IX, and find
the exponential series (Type X).

Example.

Duration
Exposed to

Risk in
Annuity

Experience
Type IX Frequency

Line

0 119 118 108
1 100 98 97
2 86 85 86
3 75 74 76
4 61 63 65
5 50 52 51 j
6 39 41 43
7 27 30 32
8 22 20 22
9 12 11 11

10 3 2 0

594 594 594 j

The mean is at 2-909 assuming the exposed to risk to be an
ordinate at the duration or an area from n — to n + T).
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M2 6’27
^3 10’99

102’50
& •490
& 2-606

5ft,-6ft-9 positive
2ft.,-3ft-6 negative0

The curve is not far from Type IX, and if ft had been
*32 and ft, 2’4, we should have reached a straight line
?/ = ll 1’8( 1 — r/fts ) with range from — ’6 to 10’0 and obtainedJ k 10’63/ 0
the graduation shown. The whole area — ’6 to 4-*5  is taken
as the frequency for duration 0. Using Type IX, the
following constants are reached :

1-123 
a -10’913
y0 115’54

The curve runs from —’586 to 10’3275. The 118 in the first
group has been taken as the area from —’586 to 4-’5.
Theoretically there cannot be an exposed before duration —’5,
but as we are merely giving an example of fitting a curve to a
series of numbers this need not concern us. The difficulty could
be met by fitting a system of ordinates or by assuming a
starting point for the curve.

If m happens to be less than unity the shape of the curve
is somewhat different, e.g.> if y= 100^1 4- ^0 we have the

following ordinates:
100, 98, 95, 91, 88, 84, 79, 74, 67, 56, 0.

The actual deaths in a select mortality experience may take this
form, but the shape of the curve will be less flat at the start,
e.g., in the recent American Medico-Actuarial experience age
group 30-34.

Type X.
N -x/<r?/= e x,<rJ a

Range from 0 to co .
Distance of origin from the mean is a.

The curve is a special case of Type III when 7a =0, that
is when ft. = 4.
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The condition for Type III is better stated by 2/32=6 4-3/3,
than by k = co as mentioned in Frequency Curves, p. 50, &c.
Hence the exponential form is given by /?, = 4 and /32 = 9.
The curve is also the limit of Types IX and XI.

Example.

Frequency Graduation Theoretical

1 4,165 4,132 4,096
2 2,028 2,016 2,018
3 982 1,015 1,024
4 480 511 512
5 266 257 256
6 132 130 128
7 71 65 61
S 36 33 32
9 17 17 16

10 9 8 8
11 2 4 4
12 1 2 2
13 1 1 1
14 1 1 1 .
15 1 ...

... 8,192 8,192 8,192

The unadjusted mean is 2-0087.

pi 2-045
pi 6-290
Pi 39-720

4-629
A 9-502

1-43
When the curve is an exponential the moments and mean

require adjustment, but the Sheppard high contact adjustments
are, of course, unsuitable. If the curve starts at the beginning
of the first group, I think that the mean is overstated when
/z3 is positive by approximately, and the second moment
about the true mean is understated by pj approximately*

* The adjustments for the moments for J and U-shaped curves call for con­
sideration. I think something might be done by assuming an exponential form.
But I have not had an opportunity of going sufficiently into the point. It is
clear that unadjusted moments will not always give entirely satisfactory results.
The student should also remember that when the jB’s are large their probable
errors are large too.
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Making use of the adjustments the mean is now 1’934, p..2 is
2*123,  and a is 1*457.

The statistics relate to sequences in coin-tossing and the
theoretical figures are added. In the statistics as published the
sequence of 11, 12, &c., were 2, 1, 0, 1, 0, 2. In calculating the
graduated areas of the curve it is useful to remember that the
area from a to b is (ya—

It is interesting to notice how the “ graduation ” keeps closer
to the frequency than the theoretical result.

I give as a second example the following series based on
cricket scores known to start at the beginning of the first group :

Score 0-19 20- 40- GO- 80- 100- 120- 140- 160-
Series 64 34 18 9 6 3 3 0 0
Graduation 64 34 18 10 5 3 1 1 1

The ratio of each term to the preceding is -54, and the graduation
is almost exact. Owing, however, to the 3 at the group 120,
the moments give a criterion considerably removed from the
theoretical /3, = 4, 52=9.

If we had assumed the start of the curve in the previous
example, we should have reproduced the theoretical result almost
exactly.

Type XI.

y=y^~m
Range from a*=6  where y=yj)~m to a;=co where y = 0.

m is found from

m3(4-ft) 4-m2(9&- 12)-24/31m4-16/3, =0

y0=N bm~1 (?n — 1)

The distance of mean from origin is b(m—l)-j-(?n —2).

As in Type VIII m can be found by simplifying the cubic
into a quadratic or by the other method indicated.
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Tti may have any value from 5 to co, but in practice its
value is not less than 9.

The curve is a special case of Type VI when q^—0.
The criteria can be expressed as (1) special case of Type VI,

(2) X = 0, (3) 2/32—3/3j —6 is positive.

Example.

Duration Withdrawals Graduation by XI

0 165 183
1 65 53-9
2 23 32-6
3 32 200
4 13 12-4
5 8 7-6
6 1 4-9
7 6 31
8 3 1-9
9 3 1-2

10 1 •8
11 3 1-6

i
... 323 323

I have not come across a distribution really represented
by this type, but I give an unsuccessful attempt to apply it
to a series of withdrawals. The constants were

4*97
m 29'69
b 57'14 

log y0 54'3563
distance of mean from origin 59'205

In calculating areas we use I) as the area
from a to oo .

Type XII.

_ 3 + & 4- \//3i) +

Range from a:=a(x/3+/9i—v/A) to —<r(\/3 + #i4-\/A).



The origin is at the mean.

12

N
4r(m + l)r(l-m)

where m = \l and b = 2a\/'3 +
’ o + pi

When /x3 is positive the negative sign is taken for the
square roots.

The limit of the curve when fii = 0 is a horizontal line.
The criterion is 5/32—6/9, — 9 = 0.

Example.

Frequency Graduation Ordinates

2 18-5
33 31 31-6

40-6
53 49 49-3

57-0
65 65 65-2

73-4
81 83 82-4

92-3
ioi 103 103-3

114-6
131 13 i 132-9

155-5
186 191 186-0

244-2
350 342 405-4

1,000 1,000

The mean is -051 after the centre of the 131 group. The
constants are

^2 4-266
^3 -7-688

48-154
& •761
A 2-646

5ft-6&-9 •368
y=87-2{(5-808+#)-r-(2-204—a>)}’45

In addition to the graduation a number of equidistant 
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ordinates is given. They show that the curve rises abruptly, then
less abruptly and then again more abruptly. The withdrawals in
select tables are sometimes of this shape (e.y., Japanese experience
age 52, females). A somewhat similar twist occurs in a population
curve. The twist is found in Type I where both 7zij and ?zi2 are
numerically less than unity and one is negative. Type XII is a
particular case.

U-shaped Curve.
This shape arises in Type I when 7Hj and (or m in Type II)

are negative. There are difficulties in fitting it to statistics
because we do not know how to adjust the rough moments.
The figures given in the table of examples (p. 2, col. 6) were
found by calculating the areas of the curve

The limit of the U-curve is two separate blocks of frequency
at the ends of the range. This limit is reached when

^-^-1=0.

The curves with which we have dealt are rare and in practical
curve-fitting may be avoided, for they depend on certain definite
values of and and the chance of reaching these exact
values is negligible. In other words, if the object of fitting a
curve in any particular case is to obtain the closest agreement
between the actual figures given and the graduated figures, then
Types I, IV and VI are all that are necessary, for the other types
being transition types and depending on specific values of
Pi and p2 need not arise. If, however, our object is to study
probability in a wider sense, the transition types are of importance
and they may, of course, be properly used when the values of
the /3’s only differ from those indicated by the criteria to a
small extent. This “ small extent ” means within the limit
suggested by the probable errors of the /3’s.

I may here deal with a little difficulty that students sometimes
encounter in connection with the Types I and VI which can be
expressed in the same algebraic form, and may more obviously
be found with Types VIII, IX and XI. all of which can be written
in the form hx,:> and the question may be asked why we should
not fit hxk from a to b and find h, k, a and b from the equations 
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for the moments. The answer is that the criteria afford in effect
a simplification of the equations and automatically tell us a good
deal about the value of the constants and the range of the curve.

The curves arising from the equation

dlog?/_ +
dx bu + b 4- b2x2

give us a means of graduating frequency distributions that vary
from two separated lumps of frequency, through U-shaped
curves to J-shaped curves, then to the “ cocked hat ” shaped
with which we arc familiar ; incidentally they give straight lines,
the exponential and the Gaussian curve.

In the paper dealing with the curves of which we have given
examples Pearson indicates that the whole range of these shapes
can be obtained from samples from a large population in which
each individual carries any number of characteristics which are
correlated together. If the correlation be calculated from m
samples of equal size we shall not reach the correlation r known
to exist in the whole population, but shall have a frequency
distribution giving the number of samples that show various
values of the correlation between — 1 and +1. The distributions

ill vary with the size of the sample and the value of r in the
hole population and these distributions, although they do not
sually lend themselves to expression by simple functions, give

lie various shapes that are found from the frequency curve
system we have discussed.

II.—Calculation of the Coefficient of Correlation in a
Two-row Table.

The method of calculating the coefficient of correlation
when both the variates are continuous and quantitative is dealt
with in Chapter VI of “ Frequency Curves and Correlation ” and
the method to be used when the variates are not quantitatively
measurable is given in Chapter VII. There are, however,
intermediate cases where one variate is, and the other is not,
quantitatively measurable, as, for instance, in the following
table relating to the effect of enlarged glands on the weight of
children (boys).*

* The method is given by Prof. Pearson in Biomelrika, Vol. VII, pp. 96 et seq.,
and the example is taken from that paper.
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Weight Boys with
good glands

Boys with
bad glands Total

14 2 2
16 3 5 8
18 15 26 41
20 20 40 60
22 28 47 4 • >
24 34 30 61
26 30 31 61
28 29 20 49
30 30 30 60
32 21 11 35
34 18 11 29
36 18 n 23
38 6 7 13
40 5 2 7
42 7 3 10
44 1 ... 1
46 ... ...
48 3 ... 3
50 1 1
52 1 1

62 o ... 2

Total 274 271 515

If the reader considers a volume of frequency built out of a
complete table such as that for endowment assurances on p. 107
of “ Frequency Curves and Correlation,” or out of a correlation
table giving relative ages of husbands and wives, he will see that
he has a complete distribution. Now if a volume of frequency
be cut off from such a complete volume by a vertical plane at
a given value of one variate, then the vertical through the centroid
of this volume cuts the regression line. The vertical plane in the
two-row table is at the division of the rows; in our example
where the good glands end and the bad ones begin. If p and q
be the co-ordinates of the point of section where the vertical
through the centroid of the volume cut off cuts the regression
line then we have, o-j and a2 being the standard deviations of
the two variates and r the correlation

or r=2L^Z_
i cr-j

Now p is the mean value of the quantitatively measurable 
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variate for all the pairs with a certain one of the alternative
variates, in our example, the mean weight of boys with bad
glands and o-i is the standard deviation of all the boys. We
cannot calculate q and cr2 in a similar way because they relate
to glands of which no quantitative measure is available. If we
assume the non-measurable variate (glands) to follow the normal
probability distribution the proportion of the non-measurable
variate gives, with the help of tables of the probability integral,

the ratio of — for the distance from the mean at which the
(To

division of this variate occurs, and then
1 y- 1 i/3

q N "2a/ N [“-2a/
i = 7o ~ \ve - e dy

1 , 1
i -oCv/a..- 1 r'73 ~ 2y2

= /^e ' r
v\/27r.Iy/<r3

The numerator is z and the denominator ^(1 — a) in the

notation used in Sheppard’s tables of the probability integral.
The working of the numerical example may help to make the

method clearer ; it is as follows:
The mean weight of all the boys is  27-7522
The standard deviation is  6-7502
The mean weight of boys with bad glands is ... 27-3737

(1 —a) = 271->545 = ’4972

1 (1 + a) = ’5028 and this value corresponds with

z = ‘3989 in Sheppard’s tables.
The correlation of good glands and weight is

(27’7522 —27’3737) . ‘3989
6-7502 ’ -4972

= •070

III.—The Correlation Ratio.

The correlation coefficient which is discussed in Chapters
VI and VII of “ Frequency Curves and Correlation ” is a
satisfactory measure of correlation when the regression line is a
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straight line, that is when the means of the columns (and the
means of the rows) are in a straight line ; but in other circum­
stances its use is open to objection. In Chapter X another
method was described which is not open to the same objection,
and it may now be of interest to add a short note on a function
known as the “ correlation ratio ” (?;) which is a useful measure
in many cases.

The value of 77 is given by

S{n/y—j/J2}
? ~ No-,2

where yx is the mean of the y's corresponding to the particular
array x, nx is the number of cases in the array x and y is the
mean of all the y’s. The summation extends over all the
arrays. In a similar way we can work from the y-arrays and
have

S{ny(x—xv)2}
v = XV?—

These values of 7; will not be the same except in the limiting case
when regression is linear. The correlation ratio can alternatively
be expressed as the ratio of the standard deviation of the means
of the y-arrays, each array being weighted with the number in
it, to the standard deviation of the y’s. The values of y vary
between 0 and 1 and are equal to those of r when regression is
linear.

Taking the example on p. 107 of “ Frequency Curves and
Correlation ” we should find y as follows :

.Mean nnexplred
term in

each column
.Vz

Deduct
mean of whole

(20-312)
y*-y

(yx-y)2 «x «x(yz-y)2

10-333 -9-979 99-6 6 598
13-250 7*062 49-9 4 200
13-176 7-136 50-9 17 865
16-113 4-199 17-6 62 1,091
17-230 3-082 9-50 584 5,548
20-141 •171 •029 643 19
21-877 + 1-565 2-45 1,098 2,690
21-665 1-353 1-83 388 710
21-500 1-188 1-42 60 85
27-625 7-313 53-4 8 427

... 2,870 12,233
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o_ 12233
2870 x (7-6067)2

or ^ = •271

The figure 7’6067 is the value of <r2 on p. 118, multiplied
by 5 the unit of grouping. The probable error is approximately
•012 being calculated as •67449—^==-, which is an accurate

expression when regression is linear and can be used as a guide
in cases which do not depart widely from this condition.

Working similarly with the maturity ages we obtain the
following:

Xy— X 1

: hi »x(jry-®)2

3-48 12-11 678
2-20 4-84 832
1-38 1-90 821
•64 •41 273
•35 •12 82
•65 •42 227

2-71 7-34 1,813
3-81 14-52 1,117
5-27 27-77 222
7*77 60-37 60

... ... 6,125

6125
v - 2870 x (5-6818)2

or Tj — '257 + *012

It may be of interest to set out the various values found as
measures of the correlation of the same table:

Correlation coefficient ......................... *254
Correlation ratio (first value) .............. *271
Correlation ratio (second value) .............. -257
Contingency method (Chapter X) ... ... -287



Diagram showing transition, from two separated blocks of frequency through U-shaped and 3-shaped curves to the more common “ cocked hut ” shapes.

(1) represents two separated blocks of frequency developing into the U-shaped curve in (2). The horizontal straight line of (3) is, as it were, the bottom piece of
the U-curve and the Type VIII curve of (4) is like a part of the U-curve. (5) and (6) are limits when straight lines are reached. (7) is Type IX and (8) is the
exponential. The next two curves (9) and (10) are the 3-shaped curves of Types III and I, and (11) is Type XII. From this we proceed to Types I, III, IV, V and VI,
curves of the “cocked hat" shape; three examples being given in (12), (13) and (14).
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ERRATA, &c.
Page

15, § 3 ............... ... The value of a should be -23, and
the resulting values of y should be
increased by 2-5

18, line 4 from top ... For SyrXr read Xy,.Xr
26, line 5 from bottom ... For yn read yn-i

27, Table V, first column For 35-58 read 35-42, and for 8-26
read 8-22

27, Table V, total, and
28, line 3 from top jFor 208-38 read 207-18

30, line 8 from top ... After IV add “of Table I”
30, line 9 from top ... After “contact”, delete remainder of

sentence, and substitute and in
“ I the rough moment should be
“used. In II and V there is more
“doubt, and in the calculation of
“the moments for II (seep. 55) no
“adjustment was made.”

31, Equation II ... ... For fl' and /F read fl'
33, heading of third column) F o < n o7

of table ............... J 1 1
37, line 10 from bottom... For n read ?i+ 1
39, line 15 from top ... Delete y = 0

40, line 16 ... ... Insert a minus sign before the right-hand
side of the equation

43, line 9 from bottom ... Insert as a divisor for the right­
hand side and as a divisor for the
indices in the following line

43, line 1 from bottom ... The suffix 2 has been dropped in some
copies in the index to the second
bracket

44, line 6 from bottom ... Insert before second integral
o2

c c44, lines 4 & 5 from bottom. For - read -' A Ao2

44, line 4 from bottom ... For 2Z>2 read -j-
20o

45, line 9 from top ... The sign after the first bracket should
be minus, and consequently the sign
of the corresponding index in the two
following lines should also be negative
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Page

-15, line 10 from top ... For b read />•>; and for ~ read
b.2 2b2

52 ... ... ... The fourth moment
Kj = V 4 — 4(71'3 — 6fZ"l'o — (V

59, line 3 from top ... In some copies the suffix, 1, to the lower
limit of the integral and the minus
sign before the limit have been
dropped

59, lines 4,5 & 12 from top. For z - 1 read 1 - z
60, line 5 from top ... For —2?” read 4-2?”
GO, line 10 from bottom... The denominator should be 3/?! - 2/?._» 4- 6
63, heading to col. (5) ••• For y0 read logy0
72, heading to col. (7) ... Insert minus sign before m
74, line 6 from top ... For cos2'"0 under integral read cos2"’d

74, line 9 from bottom ... For </>+ 0 read = 0 + <l>
•J —i

74, line 2 from bottom ... For cosr+,‘+’0 read cosr"n+10

76, line 9 from top ... For — read — -

77, last line ... ... The numerator should be 2I'7re’’rt'
83 ... ... Instead of lines 5 and 6 read

q2 and - arc given by
’ fr - 2 ± r(r + 2) J-----------&_______ x I

V/?1(r + 2)2+16(r+l)J

83, last line and line 3 from]™ 7’4-2
bottom ... ... J1 01 r 4- 2 read 7—

r -

o
Q

85, heading to col. (5) ... The suffix, 2, has been dropped in some
copies

89, heading to fourth col. oflpQr 1/, ,
table ... ...J1 a ‘ 2' a

99, line 2 from top ... For y read yQ

99, insert as a note to the formula) in § 12 :
“ Care is necessary with regard to the value used for y0» and

consequently with regard to A and B. If Sheppard’s tables of
ordinates be multiplied by, say, 105 and used as the exposed
to risk, the values of A and B resulting from the work will be
Xj4-(105ct) and N2 4- (10'TIcr). The reason is that his tables
are in terms of standard deviation. In the example,
pp. 99, 100, § 14, this is obscured because the assumed standard
deviation is 10.”
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112, top line

123, line 7 from top

153, line 2

153, line 5

127, line 9 from top
152, line 2 from bottom ... Insert a’"-1 under integral
152, line 1

... For <r2 read <r3
t-» (To i cr«»... ror — read —

Wlo 71l3
... For V2-a-j read

from bottom ... For read re”*" 1, and for dx read dr.
The upper limit of the integral on
the left-hand side is co

from top ... The limits of the integral on the left­
hand side are 0 to co, and the
expression under the integral on the
right-hand side should be e~yy™+n~1

 1
from bottom should be r(x+ 1)= J 2irx rfe^e'2*

Page

99, line 15 from bottom... For “duration” read “deviation
102, line 10 from top
103, line 12 from top
111, lines 4 & 6 from bottom) 1

and foot-note

... For 29-268 read 25-093

... For 1-0875 read 1-1018

.-—5 should be —, and the suffixes of
2<r~ ar~

the o-’s should be interchanged
7-' C10 , C10... 1«or r - ----- — read r = - —7—

... For 2- read r112, line 3...
118, second line below table should read

Mean unexpired term = 22-5- 1 -68815 = 20-81185
123, line 6 from top

153, line 3 from bottom should be
log10T(x + 1) = log 10 V2- + fa + i\og 10a - (x - ik)losio<

157, line 13 from top should be - (ar + y~ - 2rxy)r(\. -'r)~2 &c.

158, footnote
165

The last symbol should be vn not vn

The volume of tables for statisticians
has been recently published by the
Cambridge University Press. •

Note on Type III, example on pp. 66, 67.
As implied at the top of p. 66, the usual shape of a Type III

curve is “ cocked-hat.” This has been over-looked, not unnaturally,
by some readers who thought that the example of a J-shaped curve
meant that this was the more usual shape for Type III. The
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particular example was used to bring out the difficulty mentioned
at the foot of p. 66. It should have been explained on p. 66 that
the value of t/0 was calculated by the expression Nyp+1 -? T(p + 1),
cf. p. 103. This expression is used when p is negative to avoid
dealing with the logarithms of negative numbers. The value should
be 194*2.  The method of adjusting the moments in such exceptional
cases given on p. 103 is correctly indicated, but the arithmetical
values given below the table arc inaccurate.

Arithmetical results.—The opportunity may be taken of dealing
with two points. The first is with regard to possible arithmetical
slips in some of the work. A general check has been put on figures
wherever possible, but it could not disclose a slip which did not
affect the graduation or the final figures of a constant or coefficient.
Thus, if the last three figures of logy0 on p. 79 were wrong (which
I have no reason to suppose) the mistake would be regrettable, but
the graduation in the table on that page would be unaffected. The
second point relates to certain difficulties found in reproducing
exactly the numerical result of another calculator, owing to the usual
unreliability of the end figures when many operations have been
made. In lengthy arithmetic the two final figures maybe unreliable,
and two different arithmetical processes may therefore both be
correct and yet give considerable divergencies.
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